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Probability of Error and Capacity of
Multipolarization Antenna Systems for Downlink

Mobile Communications
Yan Zhou, Student Member, IEEE, and Akbar M. Sayeed, Senior Member, IEEE

Abstract—A theoretical channel model is proposed to study the
probability of error and channel capacity of multipolarization an-
tenna systems for downlink mobile communications. The effect
of scattering on polarization is first studied based on Fresnel re-
flection law. Expressions for correlation between antennas at both
sides are derived for different polarizations. To simplify the analy-
sis, it is assumed that there is only a single reflection and the path
angular spread at the base station is approximately zero. Next,
the probability of error and channel capacity are studied numeri-
cally for different antenna configurations. The impact of scattering
environment on performance is also investigated. It is found that
when a three-branch orthogonal structure is used for diversity at
the mobile station, the error probability is invariant to receiver
orientations, and the improvement is insignificant for more receive
antennas. At the base station, both probability of error and channel
capacity are substantially improved by using two transmit anten-
nas that produce orthogonal polarizations in the direction of the
mobile station, and the performance is invariant to rotations of
the two transmit antennas. In addition, for almost all configura-
tions, the performance becomes better in general for larger angular
spread of reflectors.

Index Terms—Channel capacity, mobile communications, polar-
ization diversity.

I. INTRODUCTION

THE POLARIZATION of an electromagnetic wave has
been studied over several decades and also has many appli-

cations in wireless communications. For instance, two orthogo-
nal polarizations have been utilized in microwave and satellite
communication systems for orthogonal transmission, while they
are usually used for diversity reception in mobile communica-
tions. One major advantage of polarization diversity is its low
cost and complexity, since only two colocated antennas with
orthogonal polarizations are required. Therefore, it is especially
suitable for mobile handsets, in which space is normally lim-
ited. Numerous measurement campaigns have been conducted
to assess the performance of polarization diversity in the up-
link [3], [6], [9], [10], [13], [19]. The branch correlation and
mean power difference were measured in [3] and [9] when ver-
tical and horizontal polarizations are used for diversity, while
the results for a ±45◦ slanted antenna configuration can be
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found in [6]. Measurement was further extended to the case
of 1.8 GHz transmission [13], [19], and polarization diversity
was also compared with other diversity methods in indoor en-
vironments [10]. On the other hand, the downlink counterpart
seems to have received disproportionately little attention, and
to the authors’ knowledge, the corresponding literature is not
plentiful [8], [25], [28], [29]. Both vertical/horizontal and ±45◦

configurations were compared in [25] and [28], while the per-
formance of a three-branch orthogonal structure was evaluated
in [29].

Most of the work on performance assessment of polarization
diversity is based on measurements, which strongly depend
on the environment, and excessive measurements in various
environments are impractical. Theoretical studies are indis-
pensable to get a comprehensive and complementary under-
standing of diversity performance. In addition, as previously
mentioned, most research has been aimed at performance in
the uplink. Polarization diversity is more desirable at the mo-
bile station, where the space is much more limited. This mo-
tivates the theoretical analysis of polarization diversity in the
downlink. On the other hand, channel capacity of multiple-
input-multiple-output (MIMO) systems have become an im-
portant research area in recent years [17], [20], [23]. Multiple
antennnas are employed on both sides to construct several par-
allel channels, which can greatly enhance the data rate for a
given bandwidth. The channel capacity can also be increased
by using colocated multipolarization antennas. This paper con-
siders MIMO systems with multipolarization antennas at both
sides and studies two key performance metrics: probability of
error and channel capacity, which quantify the diversity ad-
vantage, and the maximum information rate of the system. The
overall goal of this work is to evaluate the performance improve-
ment achieved by different polarization configurations and to
determine the most efficient configuration for a given scattering
environment.

The remainder of this paper is organized as follows. In Sec-
tion II, the effect of scattering on polarization is studied based
on Fresnel reflection law [7], which has been verified in realis-
tic mobile radio environments [14]. Expressions for correlation
between transmit/receive antennas are then derived for differ-
ent polarizations. In Section III, the probability of error and
channel capacity are studied numerically for different antenna
configurations. Through analysis, the performance relationship
between different configurations is investigated. Relation to ex-
isting work is described in Section IV, and concluding remarks
are presented in Section V.
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Fig. 1. System geometry.

II. SYSTEM MODEL

Before the analysis, the assumptions on the channel model
are briefly described as follows. 1) Assumptions about reflector
distribution: the Model Station (MS) is surrounded by a large
number of local reflectors uniformly distributed within the solid
region defined in (15). Each reflector has uncorrelated ampli-
tude, equal power, and the same dielectric constant kε . The sum
of reflector powers is normalized to 1. 2) Assumptions about
reflection: each wave received by the MS is only reflected by
a single reflector. The reflector radius is much smaller than
the MS-BS distance and, therefore, the waves from the BS are
approximately parallel when reaching the reflectors.1 Each re-
flector is further modeled as a properly oriented small plane so
that the wave is redirected to the MS in the specular reflection
direction.

A. Polarization Vector of Reflected Field

1) System Geometry: In this section, the effect of reflection
on polarization will be examined. First, the MS is assumed to
be located at the origin O of the rectangular coordinate system
in Fig. 1(a), where

−→
i x ,

−→
i y , and

−→
i z represent the unit vectors

1Equivalently, the path angular spread at the BS is approximately zero.

corresponding to the three coordinate axes. Without loss of gen-
erality, the direction of the (BS) is assumed to be

−→
i y , as seen

from the MS. Assuming the distance between the MS and the
BS is much larger than the radius of the local reflectors around
the MS, the propagation direction of each ray from the BS is
approximately parallel to −−→

i y before reaching each reflector.
In other words, the path angular spread is small at the BS. With
the far-field assumption [2], [4], the reflector in Fig. 1(a) can be
regarded as a point source in a distinct direction {θ, φ}, where
θ and φ denote the elevation angle and azimuthal angle, respec-
tively. It is also assumed that each signal received at the MS is
a plane wave and has interacted with only a single reflector in
the channel [15], [18], [22].

In order to study the polarization of the scattered wave, the
scattering has to be modeled in a more detailed manner. Let
−→a i and −→a r in Fig. 1(a) be the unit vectors for the directions
of the incident and scattered waves, respectively, and another
unit vector is defined as −→n = (−→a r −−→a i)/ ‖ −→a r −−→a i ‖. It is
natural to model the reflector, which is magnified in Fig. 1(b), as
a small plane perpendicular to −→n so that the induced wave can
just go along the specular reflection direction.2 The polarization
of the scattered wave can be determined by considering the
reflection on this small plane. As shown in Fig. 1(b), the unit
vectors for the directions of the incident and reflected plane
waves are, respectively, given by

−→a i = −−→
i y

−→a r = −(cosθ−→i z + sinθcosφ−→i x + sinθsinφ
−→
i y ). (1)

Accordingly, the incident angle θi is determined by cosθi =‖
−→a r −−→a i ‖ /2 and the unit vector normal to the small reflection
plane is −→n = (−→a r −−→a i)/(2cosθi).

2) Polarization Vector of Reflected Field: Suppose the inci-
dent wave from the transmitter travels in the negative y direction
with linear polarization. The expression of the instantaneous in-
cident field at an arbitrary point on the small plane in Fig. 1(b)
is given by

−→
E i = Ei

−→g t = Eix
−→
i x + Eiz

−→
i z (2)

where the direction of the transmit polarization−→g t is determined
by the transmit antenna and is given by

−→g t = ηx
−→
i x +

√
1 − η2

x
−→
i z (3)

which rotates from
−→
i x to

−→
i z as ηx varies from 1 to 0. The two

field components in (2) now can be specified as Eix = Eiηx

and Eiz = Ei

√
1 − η2

x .
The reflected field is determined by the Fresnel reflection

law [1, ch. 6, Eqn. 1.13] in (4), shown at the bottom of the
next page, where “·” and “×” represent dot product and vector
product, respectively. The reflection coefficients for the field
components parallel and perpendicular to the incident plane are
given by [1] and [7].

2This is based on the idea from rough surface scattering that states that the
polarization of the scattered field is the same as that of a field reflected from
a plate oriented so that the specular reflection coincides with the scattering
direction [27].
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rl =
kεcosθi −

√
kε − sin2θi

kεcosθi +
√

kε − sin2θi

=
kε

√
1 − sinθsinφ −

√
2kε − 1 − sinθsinφ

kε

√
1 − sinθsinφ +

√
2kε − 1 − sinθsinφ

rs =
cosθi −

√
kε − sin2θi

cosθi +
√

kε − sin2θi

=
√

1 − sinθsinφ −
√

2kε − 1 − sinθsinφ√
1 − sinθsinφ +

√
2kε − 1 − sinθsinφ

(5)

where kε denotes the dielectric constant.3 After substituting
the terms between (1) and (2) for their counterparts in (4) and
following the steps in Appendix A, we can get the expression
for the reflected field

−→
E r = Ei(fx

−→
i x + fy

−→
i y + fz

−→
i z )

�
= Ei

−→g r (6)

where

fx =
[
rs

(
ηxcos2θ −

√
1 − η2

xsinθcosθcosφ
)

+ rl

(
ηxsin3θcos2φsinφ

+
√

1 − η2
xsin2θcosθsinφcosφ

)]/
(1 − sin2θsin2φ)

fy =
[
rl

(
ηxsin3θsin2φcosφ +

√
1 − η2

xsin2θcosθsin2φ

− ηxsinθcosφ −
√

1 − η2
xcosθ

)]/
(1 − sin2θsin2φ)

fz =
[
rs

(√
1 − η2

xsin2θcos2φ − ηxsinθcosθcosφ
)

+ rl

(
ηxsin2θcosθsinφcosφ

+
√

1 − η2
xsinθcos2θsinφ

)]/
(1 − sin2θsin2φ). (7)

The polarization vector −→g r defined in (6) can be fully ex-
panded by (7) and (5). It accounts for the changes of both polar-
ization direction and amplitude of the field during the reflection
process. Note that the norm of−→g r is almost always less than one
due to the reflection attenuation. Although the full expression of
−→g r is somewhat complicated, it relates the polarization vector
with only four essential parameters, θ, φ, ηx , and kε .

B. Correlation of Multipolarization Antennas

1) Model of Received Signals: In this section, the expression
of the received signal at the MS is derived when several colo-
cated antennas with different polarizations are employed at both
ends for diversity. Assuming binary-phase-shift-keying (BPSK)
modulation, the baseband modulated symbol waveform is repre-
sented by s(t) for +1 and −s(t) for −1, where the pulse-shape
waveform s(t) is assumed to be constant during [0, T ] and 0

3Typical values of dielectirc constants of some prominent dielectric materials
are tabulated in [7].

elsewhere. Without loss of generality, +1 is assumed to be sent
by the BS. Moreover, there are K colocated transmit antennas
with different polarizations at the BS and, as an example of
transmit diversity signaling, a distinct orthogonal code ck (t) is
assigned to the kth transmit antenna4 so that the baseband signal
on this antenna is dk (t) = s(t)ck (t). Therefore, the signals on
the K transmit signals are orthogonal to each other∫ T

0

dk (t)dk ′(t) dt =
Eb

K
δkk ′ (8)

where T represents the symbol duration, and Eb/K is the energy
of dk (t). The total energy of the K transmit signals is Eb and is
always constant. Moreover, dk (t) is assumed to be narrowband.

It is assumed that there are N local reflectors around the MS,
which is located at the origin O in Fig. 1(a). The reflector num-
ber is large and they are uniformly distributed within the solid
region defined in (15). Without loss of generality, the reflector in
Fig. 1(a) represents the nth reflector. The wave introduced by
the kth transmit antenna reaches the nth reflector in the di-
rection −→a i with transmit polarization direction −→g k

t , which is
determined by ηk

x in (3). After the reflection, the reflected wave
reaches the MS with the field

−→
E

k

n (t) = dk (t − τn )αn
−→g k

rn (9)

where rn is the corresponding propagation delay, αn represents
the amplitude decay and phase shift caused by the distance, and
the polarization vector of the reflected field −→g k

rn is specified
in (6). Supposing the MS antenna array consists of M colo-
cated dipole antennas with different orientations, the unit vector
for the orientation of the mth receive antenna is illustrated in
Fig.1(a) and is given by

−→
l m = sinθm cosφm

−→
i x + sinθm sinφm

−→
i y + cosθm

−→
i z

(10)
which is a function of θm and φm . According to [3], [6], and [9],

the received signal voltage induced by
−→
E

k

n (t) is proportional to

uk
nm (t) = −→

E
k

n (t) · −→l m (11)

and the total signal brought by the kth transmit antenna is the
sum of signals from all N reflectors

∑N
n=1 uk

nm (t). The signal
on the mth receive antenna comprises the contributions from all
K transmit antennas plus the background noise

rm (t) =
K∑

k=1

N∑
n=1

uk
nm (t) + wm (t)

=
K∑

k=1

dk (t − τ)
N∑

n=1

αn (−→g k
rn · −→l m ) + wm (t) (12)

4This method is named orthogonal TD-simulcast in [21].

−→
E r =

rs [−→n · (−→a i ×
−→
E i)](−→n ×−→a i) − rl(−→n · −→E i)(cosθi

−→a i + cos2θi
−→n )

sin2θi

(4)
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where all paths are assumed to have the same delay τ due to the
narrowband assumption. The matched filter output at the mth
receive antenna corresponding to the kth transmit antenna can
be then written as

Uk
m =

∫ T +τ

τ

rm (t)dk (t − τ) dt

=
Eb

K

N∑
n=1

αn (−→g k
rn · −→l m )

+
∫ T +τ

τ

wm (t)dk (t − τ) dt
�
=

Eb

K
Hk

m + Nk
m (13)

where Hk
m denotes the channel coefficient associated with the

mth receive and kth transmit antennas.
2) Correlation of Channel Coefficients: It is assumed that

the reflector amplitude αn is uncorrelated with equal power:
E[αnα∗

n ′ ] = δnn ′/N . The correlation between the channel co-
efficients associated with different tranmit-receive antenna pairs
is given by

RH (m,m′, k, k′)

= E
[
Hk

m Hk ′∗
m ′

]

=
N∑

n=1

1
N

[
−→g k

r (θn , φn ) · −→l m

] [
−→g k ′

r (θn , φn ) · −→l m ′

]

�
=

N∑
n=1

1
N

f(θn , φn ) (14)

where −→g k
r (θn , φn ) is used instead of −→g k

rn to emphasize that it
is a function of the reflector direction. The reflector number N
is large, and they are assumed to be uniformly distributed within
a solid region

Ω(υ, β) =
{

(θ, φ)
∣∣∣ θ ∈

[π

2
− υ,

π

2
− β

]
with − π

2
≤ β < υ ≤ π

2
, φ ∈ [0, 2π)

}
. (15)

The solid angle of this region is AΩ =
∫∫

Ω(υ ,β) dΩ =
2π(sinυ − sinβ). As N approaches infinity, the reflector num-
ber in dΩ at (θ, φ) is (N/AΩ)dΩ, and their contributions to
RH (m,m′, k, k′) are (f(θ, φ)/AΩ)dΩ. Therefore, as N → ∞,
(14) can be written as

RH (m,m′, k, k′)

=
∫ ∫

Ω(υ ,β)

f(θ, φ)
1

AΩ
dΩ

=
∫ 2π

0

∫ π
2 −β

π
2 −υ

[
−→g k

r (θ, φ) · −→l m

]

×
[
−→g k ′

r (θ, φ) · −→l m ′

] 1
2π(sinυ − sinβ)

sinθ dθ dφ (16)

where
−→
l m is given by (10), and −→g k

r is defined in (6). It is clear
that the correlation is a function of the elevation of reflectors
[β, υ], the receive antenna orientations {−→l m ,

−→
l m ′ }, the trans-

mit antenna polarizations {ηk
x , ηk ′

x }, and the dielectric constant
kε . Recall that −→g k

r is also a function of ηk
x and kε . Here, all

reflectors are assumed to have the same kε to simplify the anal-
ysis. The channel power E[|Hk

m |2] can be obtained by setting
k′ = k and m′ = m in (16).

The effectiveness of a polarization diversity system is often
assessed by cross polarization discrimination (XPD), which is
equal to the ratio of channel powers associated with two orthog-
onal receive antennas in the (17), shown at the bottom of the
page.

3) Probability of Error and Channel Capacity: The proba-
bility of error is used to evaluate the performance of the polariza-
tion diversity system. It is assumed that the complex Gaussian
noise wm (t) in Nk

m defined in (13) is white with power spec-
trum density N0 : E[wm (t)w∗

m (t′)] = N0 δ(t − t′), and hence,
we have

E
[
|Nk

m |2
]

= E

{∫ T +τ

τ

wm (t)dk (t − τ) dt

×
∫ T +τ

τ

w∗
m (t′)dk (t′ − τ) dt′

}

= N0

∫ T +τ

τ

d2
k (t − τ) dt = N0

Eb

K
. (18)

Consequently, the average signal to noise ratio (SNR) at the
matched filter output at the mth receive antenna corresponding
to the kth transmit antenna is

γ̄k
m =

E2
b E

[
|Hk

m |2
]

K2E [|Nk
m |2] =

EbE
[
|Hk

m |2
]

KN0
. (19)

In addition, the KM × 1 channel coefficient vector is de-
fined as h = [h1, . . . ,hK ]T with hk = [Hk

1 , . . . , Hk
M ], and

the corresponding KM × KM channel correlation matrix is
R = E[hhH ]. Eigendecomposition is further performed on the
correlation matrix: Λ = QH RQ, where Q denotes the com-
plete set of orthonormal eigenvectors of R. According to [32],
the power for each equivalent independent channel is repre-
sented by λj , which is the jth diagonal element of Λ, and the
corresponding transformed branch SNR is given by

γj =
Ebλj

KN0
, j = 1, . . . ,KM. (20)

XPD =




E [|H k
m |2] with ηk

x =0 and
−→
l m =

−→
i z

E [|H k
m |2] with ηk

x =0 and
−→
l m =

−→
i x

, for vertical transmit polarization

E [|H k
m |2] with ηk

x =1 and
−→
l m =

−→
i x

E [|H k
m |2] with ηk

x =1 and
−→
l m =

−→
i z

, for horizontal transmit polarization.

(17)
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The optimal symbol decision is obtained by combining the
KM matched filter outputs with a maximum ratio combiner,
and the corresponding probability of error is given by [12]

Pe =
1
2

K M∑
j=1

πj

[
1 −

√
γj

1 + γj

]
, where πj =

K M∏
i=1
i �=j

γ̄j

γ̄j − γ̄i
.

(21)

On the other hand, for a M × K MIMO system, the ergodic
channel capacity with uniform power allocation is given by [17],
[20], [23]

C = E
[
log2det

(
IM +

ρ

K
HHH

)]
bps/Hz (22)

where H = [hT
1 , . . . ,hT

K ] denotes the M × K channel trans-
fer matrix, ρ = Eb/N0 is the total transmit SNR, IM represents
the M × M identity matrix, and the expectation is over different
realizations of H.

III. NUMERICAL RESULTS

A. Channel Depolarization

This section investigates the depolarization effect caused by a
channel with a large number of reflectors uniformly distributed
within the solid region in (15). In most experiments, the channel
depolarization is measured by XPD, which reflects the decou-
pling of signal energy into the orthogonal polarizations. The
XPD was evaluated according to (17) and is plotted in Fig.
2(a) for vertical transmit polarization. Since the MS is usually
close to the ground, most reflectors are higher than the MS and,
therefore, β in (15) is chosen to be 0◦ in all subsequent results.
The impact of different β values on the performance will be
discussed in Section III-B. Moreover, four kε values from 2 to
16 are considered, and this range includes most solid materials.
It is apparent that XPD decreases with the increase of υ, which
represents the range of the reflector elevation angle θ. The re-
duction of XPD is about 9 dB when υ changes from 15◦ to 75◦

for each kε . When υ is small, each incoming wave contains a
large proportion of vertical polarization and, hence, the corre-
sponding XPD is high. However, more oblique incoming waves
with abundant horizontal components will be included when υ
increases, and that leads to the decrease of XPD. Overall, the
reduction of XPD is less than 4 dB when kε increases from 2 to
16 for each fixed υ.

It is also necessary to compare the analysis with measured
values. In [8], XPD measurement was conducted in outdoor
mobile radio environments. Vertical polarization was used for
transmission, and half-wave dipole antennas were employed at
the MS as the vertical and horizontal reference antennas. The
measured XPD is about 4–7 dB in urban areas and is more
than 11 dB in rural areas. The variation trend of XPD in the
measurements is basically consistent with that in Fig. 2(a), in
which XPD decreases for larger υ which could represent the
change from the rural area to the urban area. In addition, the
measured XPD in most uplink experiments [3], [6], [9] is about
6–7 dB in urban areas and is around 12 dB in rural areas. It is also

Fig. 2. Cross polarization discrimination. (a) Vertical transmit polarization.
(b) Horizontal transmit polarization.

reported in [6] that XPD is larger for high-low mixed building
areas and is lower for high-building-concentrated areas. The
variation trend of XPD in these experimental results basically
agrees with the analysis.

The results for horizontal transmit polarization are plotted
in Fig. 2(b). Compared with that in Fig. 2(a), XPD varies less
significantly with υ. In addition, most values are confined to
the range of 4–10 dB and are less than those in vertical case,
especially when υ is small. For both transmit polarizations, the
XPD decreases in general for larger υ, which implies that the
effect of channel depolarization becomes more significant as υ
increases.

B. Error Probability for Different Antenna Configurations

In the downlink communication from the BS to the MS,
the MS is located at the origin O in Fig. 1(a), while the BS
is in the direction

−→
i y . Both MS and BS are equipped with
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Fig. 3. Multipolarization antenna configurations at the MS.

a certain number of colocated multipolarization transmit and
receive antennas. Several possible multipolarization antenna
configurations at the MS are illustrated in Fig. 3 and are denoted
by C1–C7. C1–C4 contain two orthogonal antenna branches,
whose polarizations are vertical/ horizontal, double horizontal,
double 45◦ slanted, and 45◦ slanted/horizontal, respectively.
C5–C7 have three orthogonal branches, whose polarizations are
vertical/double horizontal, double 45◦ slanted/horizontal, and
triple 54.7◦ slanted, respectively. The horizontal orientation an-
gle φm of the branch m is marked to identify the rotations of the
configuration in the horizontal plane. In the following results,
kε is fixed as 8, which is typical for construction materials.

A single transmit antenna is first considered at the BS. For
each MS configuration, the error probability Pe is computed
using (21) for fixed φm and υ, and Eb/N0 is chosen to be
30 dB. The Pe at each υ is further averaged over 36 different
φm with 10◦ apart5 and is plotted in Fig. 4(a) for vertical trans-
mit polarization, which is in the direction

−→
i z in Fig. 1(a). As a

reference, a single vertical (SV) receive antenna is also included
in the comparison. It is obvious that the Pe of SV is large due
to the lack of diversity. As for the two-antenna configurations
C1–C4, C2 always gives the larger Pe , which is even higher
than that of SV when υ is less than 25◦. This is because both
antennas in C2 receive horizontal polarization, which is rela-
tively scarce especially when υ is small. However, as implied
in Fig. 2(a), the horizontal component becomes increasingly

5Since the MS configuration may rotate in the horizontal plane due to the
mobile movement, Pe is evaluated at different rotation angle φm in Fig. 3
and is further averaged to remove the impact of receiver rotations on the error
probability. However, the rotation will not affect the Pe for C5–C7, as explained
later.

abundant with the increase of υ, and that leads to the decrease
in Pe . Meanwhile, both C1 and C3 achieve the smaller Pe of
the four. As for the three-antenna configurations C5–C7, great
Pe improvements are achieved by all of them, and they also
have the same performance. As shown in Appendix B, the error
probability6 is indeed invariant to the orientations of the three-
branch orthogonal structure, since the three-dimensional signal
space is spanned by three mutually orthogonal vectors with any
orientation. Numerical investigation also indicates that adding
the fourth or more receive antennas only yields a slight Pe im-
provement, which is caused not by diversity but by capturing
more power. Finally, it can be observed in Fig. 4(a) that Pe gets
smaller for C1–C7 as υ increases due to the reduction of XPD.

The Pe performance in case of one transmit antenna with
horizontal polarization is presented in Fig. 4(b). In contrast to
Fig. 4(a), the performance varies less significantly with υ for
all MS configurations, since the XPD for horizontal transmit
polarization is less sensitive to υ. Without diversity, the Pe of
a single horizontal (SH) antenna is naturally above those of
other configurations. Among all twoantenna configurations, C2
achieves the best performance, since horizontal polarization is
used for transmission. Both C1 and C3 result in the same Pe , and
the performance of C4 is in between. As for the three-antenna
configurations, identical performance is again observed for all
of them.

In the following, the diversity performance is investigated for
more than one transmit antenna. Two colocated antennas are
first considered at the BS with vertical and horizontal (V/H)
polarizations. The polarization directions are

−→
i z and

−→
i x , re-

spectively, when their signals reach the reflector in Fig. 1(a). The

6This is determined by the eigenvalues of channel correlation matrix.
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Fig. 4. Probability of error for different MS antenna configurations in case of
one transmit antenna. (a) Vertical transmit polarization. (b) Horizontal transmit
polarization.

results are presented in Fig. 5, in which Eb represents the total
transmitted signal energy. Compared with Fig. 4, the error prob-
ability has decreased by about one or two orders of magnitude
for all MS configurations. Among two-antenna configurations,
C4 achieves the lowest error probability. The improvement is
again significantly boosted by all three-antenna MS configura-
tions C5–C7, which have the same performance as observed
before.

Besides the V/H configuration, we are also interested in the
error probability when the two transmit antennas are rotated to
other directions. The Pe is calculated for the ±45◦ configuration
formed by rotating the V/H configuration by 45◦. It is observed
that the error probability curves are exactly the same as those in
Fig. 5. The same performance is because the eigenvalues of R
are independent of the rotations, as shown in Appendix C. This

also coincides with the intuition that two orthogonal vectors at
any rotation angle span the same two-dimensional signal space.

We now summarize the results for the rank of R, which pri-
marily determines the diversity performance. For one transmit
antenna, the rank is the same as the number of orthogonal receive
antennas and is limited to three. In case of two orthogonal trans-
mit antennas and three orthogonal receive antennas, the rank of
the 6× 6 channel correlation matrix will be six corresponding
to the same number of independent diversity branches. If the
above polarization configurations are incorporated into spatial
diversity, the number of diversity branches will be increased by a
factor of six for the same space, and hence, a great performance
improvement can be expected.

However, since the path angular spread is assumed to be
approximately zero at the BS, only two orthogonal transmit an-
tennas perpendicular to the direction of the MS are considered.
This is because if the third orthogonal antenna is used, it will
be parallel to the MS direction and cannot transmit signal in
that direction. As pointed out in [31], for large angular spread,
the third transmit polarization can be utilized as well, since the
signal transmitted by the third antenna can reach the MS via
the paths not in the MS direction. In this case, the optimum BS
configuration would be the one exploiting all three orthogonal
transmit polarizations.

Another interesting observation is that almost in all cases,
the error probability goes down with the increase of υ, which
controls the reflector elevation, e.g., large υ corresponds to high-
building-concentrated areas. Therefore, one can infer that po-
larization diversity will have better performance in urban areas
with densely located highrise buildings than in rural areas with
lowrise structures. In addition, it is also instructive to study the
Pe for β greater than zero.7 To do this, the Pe in Fig. 5 is recom-
puted by setting υ = 75◦ while varying β from 0◦ to 60◦. It is
interesting to note that the Pe increases with β for all configura-
tions, while the relation between them remains the same. This re-
sult essentially coincides with Fig. 5 and again confirms the fact
that smaller distribution range of reflectors will generally cause
higher Pe due to the decreased channel depolarization effect.
This observation is similar to the relation between scattering and
spatial correlation [23]: The spatial correlation increases as the
reflector angular spread decreases, and that causes performance
degradation.

The impact of SNR on diversity performance has also been
studied, and five combinations with different diversity orders8

are selected for comparison. In Fig. 6, V-SV refers to the case
when a single vertically polarized antenna is used at each end,
V-C1 represents the combination of C1 and one vertically polar-
ized transmit antenna, and VH-C1 includes the second transmit
antenna with horizontal polarization. From V-SV to VH-C5
in the figure, the diversity order increases from one to six.
Apparently, for each combination, Pe decreases for higher
SNR. At a given SNR, Pe decreases from V-SV to VH-
C5 due to the increased diversity order. In addition, the Pe

7Note that β is chosen to be 0◦ in the previous results.
8This is equal to the rank of channel correlation matrix.
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Fig. 5. Probability of error for different MS antenna configurations in case of two transmit antennas with vertical/horizontal polarizations.

Fig. 6. Probability of error for different SNR.

reduction due to higher diversity order is more evident at higher
SNR.

To realize polarization diversity, implementation issues need
to be considered at both sides, especially at the MS due to
the space constraints. One implementation example can be

found in [30]. At the MS, a dual polarized array with 45◦

slanted monopole elements is mounted on the top of a lap-
top, while at the BS, a dual polarized array with 45◦ slanted
elements is oriented toward the served sector. In [34], the po-
larization diversity is realized by two orthogonal branches of a
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cross-shaped patch antenna which could be mounted on the
surface of a handset. It is also possible to exploit the third po-
larization by installing a monopole orthogonal to that surface.
Another design for small terminals can be found in [16], in
which two orthogonal elements are located at one side of a
wireless IC card.

C. Channel Capacity for Different Antenna Configurations

The channel capacity is first studied in case of one transmit
antenna. For each MS configuration, the channel correlation
matrix matrix R is computed via (16) for fixed φm and υ.
Using this correlation matrix, 103 channel vector realizations
are generated according to h = R1/2w, where w is a KM ×
1 complex Gaussian random vector with zero mean and unit
variance. Next, each h is reshaped to the M × K channel matrix
H, and the corresponding ergodic capacity is computed using
(22). The transmit SNR ρ is 30 dB in the evaluation. The capacity
is further averaged over 36 different φm with 10◦ apart and is
plotted against υ in Fig. 7(a) for vertical transmit polarization. It
can be observed that the capacity improves from C2 to C7. This
improvement is due to the increase of received signal energy.
Since both antennas in C2 receive horizontal polarization, it
always gives the lowest capacity, which is even lower than that
of SV. However, the capacity of C2 increases for larger υ, since
more signal energy is decoupled into the horizontal polarization,
but that also results in the capacity reduction of SV. The three-
antenna configurations C5–C7 again achieve the same capacity,9

but compared with the great Pe improvement in Fig. 4(a), the
capacity improvement over twoantenna configurations is not
significant. For instance, the capacity improvement of C5 over
C1 is always less than 3.2%. This is due to the fact that in
diversity, the improvement is mainly determined by the rank of
R, while for capacity, the improvement is mainly controlled by
the number of parallel channels, which is the rank of HHH .
For one transmit antenna, only one parallel channel exists, and
more receive antennas result in higher channel SNR, which only
improves the channel capacity logrithmicaly.

Fig. 7(b) shows the channel capacity in case of one transmit
antenna with horizontal polarization. The capacity improvement
from SH to C7 is again due to the increase of received signal
energy. Because the horizontal polarization is used for transmis-
sion, C4 achieves the highest capacity among all two antenna
configurations, but the improvement over SH is still insignifi-
cant.

The capacity performance for two transmit antennas with V/H
polarizations is presented in Fig. 8, and like the case in diver-
sity, the capacity is invariant to the configuration rotations. The
capacity improvement brought by the second transmit antenna
is significant, and the improvement is more than 70% for almost
all MS configurations over their counterparts in Fig. 7. This is
because the rank of HHH now is two. In addition, the ratio of
the two nonzero eigenvalues of HHH on average is between
four to eight for most MS configurations when υ = 15◦, and the
ratio decreases to about 1 as υ increases to 75◦.

9The slight difference is due to the finite number of realizations.

Fig. 7. Ergodic channel capacity for different MS antenna configurations in
case of one transmit antenna. (a) Vertical transmit polarization. (b) Horizontal
transmit polarization.

Based on above results, one can observe that most capacity
gain is achieved by both C1 and C3 in conjunction with two
transmit antennas in Fig. 8. The improvement brought by the
third receive antennas is only about 10%. However, since the
angular spread is assumed to be small at the BS, only two
orthogonal transmit antennas perpendicular to the MS direction
are considered. In the presence of large angular spread, all three
transmit polarizations could be utilized to create three parallel
channels, and the optimum configuration in this case would
be the one with three orthogonal antennas at both sides. In
addition, from Figs. 7(a) and 8, it is interesting to note that the
capacity of C2 increases significantly with υ whenever vertical
transmit polarization is used. The capacity improvement for
larger υ is because more signal energy is captured by both
horizontal antennas due to the increased leakage from vertical
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Fig. 8. Ergodic channel capacity for different MS antenna configurations in case of two transmit antennas with vertical/horizontal polarizations.

component to horizontal component. It would be instructive to
compare the results with existing work. In [37], channel capacity
is simulated for a configuration with three uncorrelated transmit
antennas and three receive monopoles forming a structure like
C7. The reflector elevation υ is chosen to be 30◦ for outdoor
urban environment and 90◦ for indoor environment. It is found
that the former almost achieves the same capacity as the latter.
This is basically consistent with Fig. 8 in which the capacity of
C7 only slightly increases with υ.

IV. RELATION TO EXISTING WORK

Recently, a channel model for polarization diversity was pro-
posed in [33], which compared polarization diversity with spa-
tial diversity, and the channel conditions where the use of polar-
ization diversity is beneficial were identified from the viewpoint
of error probability. In [33], two ±45◦ slanted antennas are as-
sumed at both ends, and the corresponding 2× 2 MIMO chan-
nel transfer matrix comprises two parts: the fixed component H̃;
e.g., line-of-sight component, and the scattered component H̃,
which is also the emphasis of our work. The 4× 4 channel corre-
lation matrix Cỹ corresponding to H̃ is modeled by (10) in [33].
For the particular ±45◦ slanted antenna configuration, the en-
tries of Cỹ are symmetric and can be fully described by three
parameters: the receive correlation r, the transmit correlation t,
and α, which is related to the XPD. Although the symmetric pat-
tern in Cỹ is appealing to analysis, it usually does not hold for
other antenna polarization configurations, and thus, the analysis
may not be applicable to other configurations, especially when
the antenna configuration is not 2× 2. Moreover, the relation

between correlation and some physical channel characteristics,
e.g., the reflector distribution, is not clear.

In our analysis, the channel correlation is studied theoreti-
cally based on the proposed model. An explicit expression (16)
is derived for each entry in the channel correlation matrix. The
correlation is described as a function of the antenna polariza-
tion configurations and the reflector distribution. Therefore, it
is applicable to various antenna configurations, and the impact
of the reflector distribution on performance can be assessed as
well.

V. CONCLUSION

In this paper, a theoretical channel model has been pro-
posed to study the performance of multipolarization antenna
systems for downlink mobile communications. This model
attempts to connect electromagnetics with communication
theory and, based on this connection, the probability of er-
ror and channel capacity are studied numerically for dif-
ferent antenna configurations and scattering environments.
The results enable us to predict the performance relationship
between different configurations in realistic communication
systems.

To simplify the analysis, a small path angular spread is as-
sumed at the BS, while the MS is located in a rich scattering
environment. As for the probability of error, considerable im-
provement can be achieved by increasing the number of orthog-
onal receive antennas from one to three at the MS. Furthermore,
the error probability of the threebranch orthogonal structure
is independent of its orientations, and the improvement is in
significant for more receive antennas. At the BS, the
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performance is greatly enhanced by using two transmit anten-
nas that produce orthogonal polarizations in the direction of
the MS, and the error probability is independent of rotations
of the two transmit antennas. In case of three orthogonal re-
ceive antennas and two orthogonal transmit antennas, the 3× 2
MIMO system results in a diversity order of six. As for the
channel capacity, most capacity gain is achieved by the receive
configuration C1 and C3 in conjunction with two orthogonal
transmit antennas. The corresponding 2× 2 MIMO system pro-
vides two parallel channels between the MS and the BS. Note
that since the angular spread is small at the BS, only two or-
thogonal transmit antennas perpendicular to the MS direction
are considered, and hence, the number of parallel channels is
limited to two. It is also noteworthy that larger υ yields bet-
ter performance in general. Therefore, multipolarization an-
tenna systems would be more beneficial in areas with high rise
structures.

In the presence of a large angular spread at the BS, the
third orthogonal transmit polarization could be exploited as
well, and the optimum configuration in this case would be the
one with three orthogonal antennas at both sides. The corre-
sponding 3× 3 MIMO system will afford a diversity order of
nine and three parallel channels, which further improve prob-
ability of error and channel capacity. In our future work, the
analysis will be extended to array configurations incorporat-
ing both polarization diversity and spatial diversity, and the
analytical results will be compared with other simulation tech-

niques, such as the method of moments (MOMs) and the finit-
difference timedomain (FDTD) techniques. Another important
issue is the mutual coupling between antennas with different
polarizations. Recent investigations [35], [36] show that mutual
coupling can generally increase channel capacity. Therefore,
it would be instructive to incorporate mutual coupling into the
channel modeling and evaluate its impact on performance in our
future work.

APPENDIX I

EXPRESSION OF THE REFLECTED FIELD

The scenario for the problem is depicted in Fig. 1, where
−→a i,−→a r , θi , and−→n are specified in (Section II-A1). The purpose
is to find the reflected field through (4) for an incident field at a
point on the small plane in Fig. 1(b):

−→
E i = Eix

−→
i x + Eiz

−→
i z .

First of all, individual terms in (4) can be specified as (23),
shown at the bottom of the page. Based on (23), the two terms in
the numerator of (4) can be separately written as (23). The final
expression of the reflected field (25) can be achieved by inserting
(24) into (4). Both (24) and (25) are shown at the bottom of the
next page. It can be easily shown that

−→
E r · −→a r = 0, and thus,

the derivation can be partially verified. The reflected field can
be further rewritten as (6) by using the relations Eix = Eiηx

and Eiz = Ei

√
1 − η2

x .

cosθi
−→a i

= −
√

1 − sinθsinφ

2
−→
i y

cos2θi
−→n

=
sinθsinφcosθ−→i z + sin2θsinφcosφ−→i x − sinθsinφ(1 − sinθsinφ)−→i y√

2(1 − sinθsinφ)

cosθi
−→a i + cos2θi

−→n

=
sinθsinφcosθ−→i z + sin2θsinφcosφ−→i x + (sin2θsin2φ − 1)−→i y√

2(1 − sinθsinφ)
−→n ×−→a i

=
−cosθ−→i x + sinθcosφ−→i z√

2(1 − sinθsinφ)

−→a i ×
−→
E i

= Eix
−→
i z − Eiz

−→
i x

−→n · (−→a i ×
−→
E i)

=
Eiz sinθcosφ − Eixcosθ√

2(1 − sinθsinφ)

−→n · −→E i

=
−Eixsinθcosφ − Eiz cosθ√

2(1 − sinθsinφ)
. (23)
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APPENDIX II

PROOF OF THE STATEMENT THAT ERROR PROBABILITY IS

INDEPENDENT OF THE ORIENTATIONS OF THREE ORTHOGONAL

RECEIVE ANTENNAS

It is first assumed that three mutually orthogonal anten-
nas are at the MS, and their orientation vectors are

−→
l m =

lmx
−→
i x + lmy

−→
i y + lmz

−→
i z , m = 1, 2, 3. In case of a single

transmit antenna (K = 1), the corresponding channel correla-
tion matrix is R = E[hhH ], where h = [H1

1 ,H1
2 ,H1

3 ]T is the
channel coefficient vector whose elements are specified in (13),
and the elements of R are specified by (16)

[R]mm ′ = E
[
H1

m H1∗
m ′
]

= EΩ

[(
−→g 1

r ·
−→
l m

)(
−→g 1

r ·
−→
l m ′

)]
(26)

where EΩ[·] is used to denote the integral over Ω to simplify
the notation. Meanwhile, the polarization vector of the reflected
field is −→g 1

r = g1
rx
−→
i x + g1

ry
−→
i y + g1

rz
−→
i z . The channel corre-

lation matrix now becomes

R = EΩ[V V T ] = LEΩ

[
G1G

T
1

]
LT (27)

where

V =


−→g 1

r ·
−→
l 1

−→g 1
r ·

−→
l 2

−→g 1
r ·

−→
l 3


 =


 l1x l1y l1z

l2x l2y l2z

l3x l3y l3z




 g1

rx

g1
ry

g1
rz


 �

= LG1.

It can be shown that L is a unitary matrix, and, consequently,
R and EΩ[G1G

T
1 ] in (27) have the same set of eigenvalues.

The eigenvalues of R remain the same for different orthogonal
sets of

{−→
l 1,

−→
l 2,

−→
l 3

}
, and the resultant Pe is thus independent

of the orientations of the threebranch orthogonal structure. By
modifying h properly, the proof can be extended to the case of
more than one transmit antenna.

APPENDIX III

PROOF OF THE STATEMENT THAT ERROR PROBABILITY IS

INDEPENDENT OF THE ROTATIONS OF TWO ORTHOGONAL

TRANSMIT ANTENNAS

First of all, the polarization vector of the reflected field −→g r

defined in (6) can be simplified to

−→g r = (ηxfx1 +
√

1 − ηxfx2)
−→
i x

+ (ηxfy1 +
√

1 − ηxfy2)
−→
i y

+ (ηxfz1 +
√

1 − ηxfz2)
−→
i z

= (−→g t ·
−→
F x)−→i x + (−→g t ·

−→
F y )−→i y + (−→g t ·

−→
F z )

−→
i z

(28)

where fa1 and fa2 for a = x, y, z are functions of kε, θ, and

φ,
−→
F a

�
= fa1

−→
i x + fa2

−→
i z is also a function of those variables,

and −→g t is defined in (3). We first consider the case when only
one receive antenna is at the MS with orientation vector

−→
l 1,

and two transmit antennas are at the BS with orthogonal transmit

rs [−→n · (−→a i ×
−→
E i)] · (−→n ×−→a i)

=
rs(Eixcos2θ − Eiz sinθcosθcosφ)

2(1 − sinθsinφ)
−→
i x

+
rs(Eiz sin2θcos2φ − Eixsinθcosθcosφ)

2(1 − sinθsinφ)
−→
i z

rl(−→n · −→E i)(cosθi
−→a i + cos2θi

−→n )

=
rl(−Eixsin3θcos2φsinφ − Eiz sin2θcosθsinφcosφ)

2(1 − sinθsinφ)
−→
i x

+
rl(Eixsinθcosφ + Eiz cosθ − Eixsin3θsin2φcosφ − Eiz sin2θcosθsin2φ)

2(1 − sinθsinφ)
−→
i y

+
rl(−Eixsin2θcosθsinφcosφ − Eiz sinθcos2θsinφ)

2(1 − sinθsinφ)
−→
i z . (24)

−→
E r =

rs(Eixcos2θ − Eiz sinθcosθcosφ) + rl(Eixsin3θcos2φsinφ + Eiz sin2θcosθsinφcosφ)
1 − sin2θsin2φ

−→
i x

+
rl(Eixsin3θsin2φcosφ + Eiz sin2θcosθsin2φ − Eixsinθcosφ − Eiz cosθ)

1 − sin2θsin2φ

−→
i y

+
rs(Eiz sin2θcos2φ − Eixsinθcosθcosφ) + rl(Eixsin2θcosθsinφcosφ + Eiz sinθcos2θsinφ)

1 − sin2θsin2φ

−→
i z . (25)
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polarization directions −→g 1
t and −→g 2

t . According to (28), we have

−→g k
r · −→l 1

= (−→g k
t · −→F x)l1x + (−→g k

t · −→F y )l1y + (−→g k
t · −→F z )l1z

= −→g k
t · (−→F xl1x + −→

F y l1y + −→
F z l1z )

�
= −→g k

t · −→q 1 (29)

where −→g k
r is the polarization vector of the reflected field corre-

sponding to −→g k
t for k = 1 and 2. Since the

−→
F a defined above

does not contain
−→
i y component, −→q 1 in (29) actually lies in

the plane perpendicular to
−→
i y and, hence, can be simplified

to −→q 1 = q1x
−→
i x + q1z

−→
i z . Furthermore, the channel vector in

this case is h = [H1
1 ,H2

1 ]T whose elements are specified in
(13). Similar to (27), the corresponding correlation matrix is
given by

R = E[hhH ] = EΩ[V V T ] (30)

where

V =
[−→g 1

r ·
−→
l 1

−→g 2
r ·

−→
l 1

]
=
[−→g 1

t · −→q 1−→g 2
t · −→q 1

]

=
[

g1
tx g1

tz

g2
tx g2

tz

] [
q1x

q1z

]
�
= BQ1.

Consequently, the correlation matrix can be rewritten as

R = BEΩ

[
Q1Q

T
1

]
BT . (31)

It can be easily shown that B is unitary and, therefore, the
eigenvalues of R are independent of the two orthogonal direc-
tions −→g 1

t and −→g 2
t . In case of two receive antennas, V in (30)

will take the form

V =
[
−→g 1

r ·
−→
l 1,−→g 2

r ·
−→
l 1,−→g 1

r ·
−→
l 2,−→g 2

r ·
−→
l 2

]T

=
[
B 0
0 B

] [
Q1

Q2

]
�
= BdQd .

Since Bd is still unitary, the eigenvalues of the correlation
matrix are again independent of −→g 1

t and −→g 2
t . Similarly, the

proof can be extended to any number of receive antennas.
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