
156 IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 1, NO. 1, JUNE 2007

Maximizing MIMO Capacity in Sparse Multipath
With Reconfigurable Antenna Arrays
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Abstract—Emerging advances in reconfigurable radio-fre-
quency (RF) front-ends and antenna arrays are enabling new
physical modes for accessing the radio spectrum that extend and
complement the notion of waveform diversity in wireless commu-
nication systems. However, theory and methods for exploiting the
potential of reconfigurable RF front-ends are not fully developed.
In this paper, we study the impact of reconfigurable antenna
arrays on maximizing the capacity of multiple input multiple
output (MIMO) wireless communication links in sparse multipath
environments. There is growing experimental evidence that phys-
ical wireless channels exhibit a sparse multipath structure, even at
relatively low antenna dimensions. We propose a model for sparse
multipath channels and show that sparse channels afford a new
dimension over which capacity can be optimized: the distribution
or configuration of the sparse statistically independent degrees of
freedom (DoF) in the available spatial signal space dimensions.
Our results show that the configuration of the sparse DoF has a
profound impact on capacity and also characterize the optimal
capacity-maximizing channel configuration at any operating SNR.
We then develop a framework for realizing the optimal channel
configuration at any SNR by systematically adapting the antenna
spacings at the transmitter and the receiver to the level of spar-
sity in the physical multipath environment. Surprisingly, three
canonical array configurations are sufficient for near-optimum
performance over the entire SNR range. In a sparse scattering en-
vironment with randomly distributed paths, the capacity gain due
to the optimal configuration is directly proportional to the number
of antennas. Numerical results based on a realistic physical model
are presented to illustrate the implications of our framework.

Index Terms—Antenna arrays, correlation, fading channels, in-
formation rates, MIMO systems, reconfigurable architectures.

I. INTRODUCTION

ADVANCES in wireless technology are enabling new
paradigms for efficiently using the scarce radio spec-

trum for communications. With the inevitable trend towards
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proliferation of wireless devices, there is a growing need for
developing new theory and methods for harnessing the poten-
tial of emerging wireless technology for spectral efficiency
and interference management. Several recent lines of research
address this multifaceted challenge from different dimen-
sions, including software defined radio and cognitive wireless
systems, waveform diversity techniques, and cross-layer tech-
niques for dynamic spectrum management. However, most of
these approaches implicitly assume communication devices
with fixed radio-frequency (RF) front-ends and focus on system
optimization at a “software” or algorithmic level.

Advances in reconfigurable RF front-ends, particularly re-
configurable antenna arrays, afford a new “hardware” dimen-
sion for optimizing the performance of wireless communica-
tion systems by adapting the array configuration to changes in
the communication environment. However, theory and methods
for maximal utilization of such new wireless devices is still in
its infancy. Most existing approaches that point to their poten-
tial are based on experimental studies; see, e.g., [1], [2]. From
a theoretical perspective, while the intense research on multiple
input multiple output (MIMO) wireless communication systems
was pioneered by initial results in rich multipath environments
[3], [4], there is growing evidence that physical wireless chan-
nels exhibit a sparse multipath structure even at relatively small
antenna dimensions [5]–[7]. That is, there are fewer degrees
of freedom (DoF) in the channel than the number of spatial
signal space dimensions. Recent studies indicate that in certain
sparse or correlated environments reducing the antenna spac-
ings can actually increase capacity and that this effect is most
pronounced in the low SNR regime [6], [8], [9]. Thus, under-
standing the impact of reconfigurable antenna arrays on MIMO
capacity, and developing strategies for sensing and adapting to
the environment, is of significant interest both theoretically and
practically.

In this paper, we present a theoretical framework for studying
the impact of reconfigurable antenna arrays on the capacity of
MIMO wireless communication systems. We show that the spar-
sity of multipath can be exploited for dramatically increasing
MIMO capacity at low SNRs by matching the array configura-
tions (antenna spacings) to the level of sparsity. We focus on
uniform linear arrays (ULAs) of antennas and provide a sys-
tematic characterization of the impact of antenna spacing on ca-
pacity. Our results confirm, extend and complement recent ex-
perimental (see, e.g., [1], [2]) and theoretical studies [6], [8],
[9].

Our approach is based on the virtual channel representation
[10] that provides an accurate and analytically tractable model
for physical wireless channels. Let denote an vir-
tual channel matrix representing antennas at the transmitter
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Fig. 1. (a) Sparse 9� 9 virtual channel matrix. (b) Capacity versus SNR for different channel configurations for D = N = 25. Virtual beam directions for
N = 25 and different spacings (c) large spacing, (d) medium spacing, and (e) small spacing.

and the receiver. The dominant nonvanishing entries of the vir-
tual channel matrix reveal the statistically independent DoF,

, in the channel which also represent the number of resolv-
able paths in the scattering environment. In rich multipath chan-
nels, , as in the i.i.d. model [3], [4]. In contrast, for
sparse channels, since there are not enough resolvable
paths to excite all the dimensions in . This is illustrated
in Fig. 1(a) with where the boxes marked with
circles represent the dominant nonvanishing entries in . Thus,
sparse channels afford a new dimension over which capacity can
be optimized: the distribution (or configuration) of the DoF
in the available dimensions in the virtual channel matrix.
The contributions in this paper build on our recent results in [6],
[11] in which we revisited coherent capacity scaling (with ) in
MIMO channels and argued that the DoF (and channel power)
can at best scale at a sub-quadratic rate, .1 Con-
sequently, the capacity of physical channels can at best scale at
a sub-linear rate and cannot exceed . We
also introduced the notion of an ideal MIMO channel configu-
ration that achieves scaling.

The results in [6], [11] also reveal a fundamental new tradeoff
in sparse channels between the multiplexing gain (MG) (or the
number of parallel channels) and the received SNR per parallel
channel that governs channel capacity as a function of SNR for a
fixed [12]. We introduced a family of channel configurations
described by two parameters with , that repre-
sent different configurations of the DoF in the di-

1We use the standard big-O (O) and little-o (o) notations.

mensions of the channel matrix. We showed that for all feasible
pairs, the MIMO capacity of the corresponding channel

configuration is accurately approximated by the simple formula

(1)

where denotes the transmit SNR, represents the MG,
represents the DoF per parallel channel, and

denotes the received SNR per parallel channel.
Thus, increasing comes at the cost of and vice versa. This
is illustrated in Fig. 1(b) for where the dotted
curves represent capacity for different values of generated via

with ten uniformly sampled values of . In par-
ticular, three channel configurations are highlighted: the beam-
forming (BF), the ideal (IDEAL) and the multiplexing (MUX)
configurations corresponding to
and , respectively. The names for these configu-
rations will become clearer later in the paper. The most impor-
tant observation is that for any , there is an optimal channel
configuration (value of ) that optimizes the MG-received SNR
tradeoff and yields the highest capacity. We term this optimal
configuration as the Ideal MIMO Channel at the particular SNR.

Summary of Results. In this paper, we propose a model for
sparse multipath channels and develop the concept of the Ideal
MIMO channel in sparse channels that serves as the theoret-
ical workhorse for MIMO capacity optimization through re-
configurable antenna arrays. We then develop a framework for
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Fig. 2. Family of structured mask matrices. (a)  2 [0; 1]. (b)  2 [1; 2).

maximizing capacity in sparse environments by systematically
adapting the antenna spacings at the transmitter (Tx) and the re-
ceiver (Rx). Unlike existing characterizations of the capacity-
maximizing input, that are explicit only in low- or high-SNR
regimes, our results characterize the capacity-maximizing array
configurations and corresponding optimal signaling schemes for
all SNRs. Surprisingly, only three canonical array configura-
tions are sufficient for near-optimum performance over the en-
tire SNR range. The MUX configuration in Fig. 1(b)
is optimal at high SNR, , and is realized by suffi-
ciently large spacings at both ends, illustrated in Fig. 1(c). The
BF configuration is optimal at low SNR, , and
is realized by closely spaced antennas at the Tx [Fig. 1(e)] and
large spacing at the Rx [Fig. 1(c)]. The IDEAL configuration

that yields the fastest capacity scaling [6] is a robust
choice for and is realized by medium spacings
at the Tx and the Rx [Fig. 1(d)]. As is evident, the capacity gains
achievable by adapting antenna spacings to channel sparsity are
very substantial, especially in the low-SNR regime. We quantify
these gains, illustrate the results with realistic numerical simu-
lations, and provide a physical source-channel matching inter-
pretation of the proposed methodology.

The rest of the paper is organized as follows. In the next
section, we review the virtual MIMO channel modeling frame-
work, and propose a model for sparse multipath channels. In
Section III, we introduce a canonical family of sparse channel
configurations and develop the theoretical concept of the Ideal
MIMO channel that yields the highest capacity at any oper-
ating SNR. In Section IV we develop a systematic approach for
adapting the antenna spacings at the transmitter and the receiver
to realize the Ideal MIMO channel in practical sparse scattering
environments. Numerical results are presented to illustrate our
approach. Section V presents concluding remarks.

II. PHYSICAL AND VIRTUAL MODELING OF

MULTIPATH CHANNELS

We consider a single-user MIMO system with ULAs of
transmit and receive antennas. The transmitted signal and
the received signal are related by

(2)

where is the MIMO channel matrix and is the AWGN at
the receiver. A physical multipath channel can be accurately
modeled as

(3)

where the transmitter and the receiver arrays are coupled
through propagation paths with complex path gains ,
Angles of Departure (AoD) and Angles of Arrival (AoA)

. In (3), and denote the receiver response
and the transmitter steering vectors for receiving/transmitting
in the normalized direction

(4)

where is related to the physical angle (in the plane of the ar-
rays) as

(5)

with the antenna spacing and the wavelength of propagation.
Both and are periodic in with period 1 [10].
Furthermore, the steering and response vectors in (4) have unit
norm and the factor in (3) reflects this normalization.

While the physical model accurately captures the scattering
environment, it is rather difficult and cumbersome for capacity
analysis due to the nonlinear dependence of on the propaga-
tion parameters in (3). The virtual MIMO channel representa-
tion [10] characterizes a physical channel via coupling between
spatial beams in fixed virtual transmit and receive directions

(6)

where and are fixed vir-
tual receive and transmit angles that uniformly sample the unit

period and result in unitary discrete Fourier transform (DFT)
matrices and . Thus, and are unitarily equivalent:

. The virtual representation is linear and is char-
acterized by the matrix .

A key property of the virtual representation is that it induces
a partitioning of propagation paths [10]: each is as-
sociated with a set of physical paths—paths whose AoDs and
AoAs lie in the intersection of the th transmit and th receive
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beams—and is approximately equal to the sum of the gains of
the corresponding paths

(7)

where
denotes the set of all paths whose AoDs lie within the th
spatial resolution bin of width centered around
the th transmit beam, and

denotes the set of all paths whose AoAs
lie within the th spatial resolution of width
centered around the th receive beam. Thus, distinct virtual
channel coefficients correspond to approximately disjoint sub-
sets of paths and as a result the virtual channel coefficients are
approximately independent due to the statistical independence
between the complex path gains. We will assume that the virtual
channel coefficients are statistically independent zero-mean
Gaussian random variables (Rayleigh fading; sufficiently many
unresolvable paths contributing to each in (7)). This
assumption has been validated with experimental measurement
results [7], [5].

For the rest of the paper, we consider a system with
for simplicity of exposition.

A. Channel Statistics and Degrees of Freedom

Channel statistics play a key role in our characterization of
optimal array configurations. In Rayleigh fading, the statistics
of are characterized by the virtual channel power matrix

. The matrices and
constitute the matrices of eigenvectors for the transmit and re-
ceive covariance matrices, respectively:
and , where and

are the diagonal matrices of transmit and
receive eigenvalues (correlation matrices in the virtual do-
main). We can interpret as the joint distribution of channel
power as a function of transmit and receive virtual angles—a
sampled version of the angular power spectrum at the virtual
transmit and receive angles [10]. and serve as the
corresponding marginal distributions:
and .

We next introduce the notion of degrees of freedom (DoF) in
the MIMO channel to motivate and develop a model for sparse
multipath channels.

Definition 1 (Independent DoF and Channel Power): Let
and denote the channel matrix, its virtual channel

matrix and the virtual channel power matrix, respectively. We
define , the number of independent DoF afforded by as the
number of entries in with nonvanishing power

(8)

We also define the channel power, , as

(9)

where the last equality corresponds to the physical model (3).
Due to the path partitioning property of the virtual representa-
tion, the DoF reflect the number of resolvable sets of paths that
contribute to channel power.

We note that in practice, the threshold of 0 in (8) could be
replaced by an appropriate pseudo-noise level , wherein
channel entries with variances larger than contribute signifi-
cantly to channel power and hence channel capacity.

B. Sparse Channel Modeling

Arguments based on basic physical power conservation prin-
ciples show that all physical MIMO channels must exhibit spar-
sity in DoF, that is, , in the limit of large [11]. Fur-
thermore, measurement studies have shown that the dominant
virtual coefficients tend to be sparse (see, e.g., [5], [7]) even for
relatively small . We abstract the notion of sparsity in the
following definition.

Definition 2 (Sparse Virtual Channels): An is
sparse if it contains nonvanishing coefficients. We as-
sume that each nonvanishing coefficient is
reflecting the power contributed by the unresolvable paths as-
sociated with it; see (7). reflects the statistically independent
DoF in the channel and the channel power

(10)

To model the range of sparse DoF, , we will use
the parametric representation, .

Sparse virtual channel matrices provide a model for spatial
correlation in : in general, the sparser the in the virtual
domain, the higher the correlation in the antenna domain . It
is convenient to model a sparse as

(11)

where denotes element-wise product, is an i.i.d. matrix
with entries, and is a mask matrix with unit
entries and zeros elsewhere. Under these assumptions,
and the entries of and represent the number of nonzero
elements in the rows and columns of , respectively.

C. Capacity-Achieving Input

The coherent ergodic capacity of a MIMO channel, assuming
knowledge of at the receiver, is given by [3], [4]

(12)

where is the transmit SNR, and is the transmit
covariance matrix and is the transmit covari-
ance matrix in the virtual domain. When the channel is reg-
ular2 or when no information is available at the transmitter,
uniform-power input, , is optimal [14]. When
channel statistics are available at the transmitter, as assumed
in this paper, it is shown in [15] that capacity is achieved by

2All columns ofH have the same average power and the same is true for all
the rows [13].
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a diagonal in the virtual domain; that is, independent sig-
naling over different virtual beam directions is optimal from a
capacity viewpoint. For general, nonregular correlated channels,
a full-rank uniform-power is optimal at high SNRs, whereas
a rank-1 (beamforming) input is optimal at low SNRs (the power
is focused on the column of with the largest power). As
is increased from low to high SNR, the rank of the optimal
increases from 1 to . Note that at low and medium SNRs, the
optimal input excites a subset of the transmit dimensions and
hence couples only a fraction of the channel power to the re-
ceiver. This loss in channel power is significant at low SNRs.
Capacity optimization as a function of SNR via reconfigurable
antenna arrays studied in this paper is aimed at avoiding this
channel power loss at lower SNRs.

When the virtual matrix is characterized by a mask matrix
, we will refer to the corresponding channel capacity explic-

itly as in (12).

III. IDEAL MIMO CHANNEL

The capacity of a sparse virtual channel matrix depends
on three fundamental quantities: 1) the transmit SNR , 2) the
number of DoF, , and 3) the distribution of the DoF
in the available dimensions. Our asymptotic results on ca-
pacity scaling of sparse channels in [6], [11] showed that, for
sufficiently large , for any there is an optimal configuration
of the DoF, characterized by an optimal mask matrix ,
that yields the highest capacity at that . We term the corre-
sponding MIMO channel the Ideal MIMO Channel and the re-
sulting capacity the ideal MIMO capacity at that .

Definition 3 (Ideal MIMO Channel): Consider a fixed and
and let denote the set of all mask ma-

trices with nonzero (unit) entries. For any , the ideal MIMO
capacity is defined as

(13)

and an that achieves defines
the Ideal MIMO Channel at that .

is not unique in general. In [6], [11] we proposed an
explicit family of mask matrices, illustrated in Fig. 2, to char-
acterize a particular for any given . The family of mask
matrices is defined by two parameters such that
and . The parameter refers to the mul-
tiplexing gain (number of parallel channels) supported by the
channel and refers to the DoF per parallel channel. A mask
matrix corresponding to a particular choice of consists
of nonzero columns and nonzero entries in each column. For

, the matrices can be further parameterized
via where
and and . In each case illustrated
in Fig. 2 ( or ), three regimes are identified
in the family of mask matrices:

Beamforming (BF) Regime: This regime corresponds to
the range of for ; that is ranges
between and .
Ideal (IDEAL) Configuration: This configuration corre-
sponds to and results in the fastest
capacity scaling in sparse channels [6], [11].

Multiplexing (MUX) Regime: This regime corresponds
to the range of for ; that is,
ranges between and .

Remark 1 (Three Canonical Configurations): Capacities
of three canonical configurations — beamforming (BF), mul-
tiplexing (MUX) and ideal (IDEAL) — are highlighted in
Fig. 1 and correspond to and

, respectively, for .
The dotted curves in Fig. 1 represent capacities of intermediate
channel configurations between these three canonical configu-
rations, corresponding to 10 equally spaced values of between

and , that span the entire family of mask matrices.
As evident from Fig. 1, there exist and such that the
BF configuration yields the highest capacity for , the
MUX configuration yields the highest capacity for
and the IDEAL configuration is a robust choice for the inter-
mediate range . Thus, these three canonical
channel configurations suffice for maximizing capacity over
the entire SNR range. We will quantify the values of and

and also identify the antenna array configurations that
realize the three channel configurations in practice.

The following proposition summarizes the properties of the
mask matrices relevant to this paper.

Proposition 1: For a given , and any
, the mask matrix is an

matrix but its nonzero entries are contained in a nonzero
sub-matrix of size , consisting of nonzero
columns, and nonzero (unit) entries in each column. The cor-
responding virtual sub-matrices defined by (11) satisfy

and their transmit and receive correlation matrices are
given by

(14)

(15)

Corollary 1 (Channel Rank): Since the entries in an de-
fined by a particular are independent, it follows that

has rank with proba-
bility 1.

Corollary 2 (Optimal Input): Since each defines a reg-
ular channel [13] (see also footnote 1), the capacity maximizing
input allocates uniform power over the nonvanishing transmit
dimensions, , and no power in the remaining
dimensions; that is, the rank of the input is matched to the rank
of the transmit covariance matrix in (14).

We showed in [6], [11] that the channel capacity for any
is characterized by the formula (1) which was derived

for large but yields accurate estimates even for relatively
small . A heuristic argument for (1) is as follows. For a given
mask matrix corresponding to a given and we have

(16)

(17)
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(18)

(19)

(20)

where the first equality follows from Corollary 2, the third ap-
proximation replaces the individual eigenvalues of with
the average eigenvalue, and the fourth approximation replaces
the average eigenvalue with its expected value

. Note from (14) that all the eigen-
values of are the same and equal .

We summarize this result in the following theorem [6], [11].
Theorem 1: For sufficiently large , the capacity of the

MIMO channel defined by the mask is accurately
approximated as a function of by

(21)

In order to characterize the Ideal MIMO Channel at any given
, it suffices to characterize the optimal , that yields

the highest capacity at that . For this, we consider the first and
second derivatives of in (21) as a function of

(22)

(23)

First note that in (22) at . Furthermore,
in (23) reveals an inflection point of at

is strictly convex for and strictly con-
cave for . It follows that

yields the capacity maximizing value of

(24)

We summarize this result in the following theorem that char-
acterizes the mask matrix from the family associated with the
Ideal MIMO Channel at any .

Theorem 2: For a given , let
and .

For a given , the Ideal MIMO Channel is characterized by
where

(25)

and

(26)

In (25)

(27)

(28)

Proof: The expression for directly follows from (24).
The expressions for and directly follow by solving
(24) for the pairs and , respectively.

Remark 2 (Multiplexing Gain Versus Received-SNR
Tradeoff): Different values of reveal a multiplexing gain
(MG) versus received-SNR tradeoff. In (21)

(29)

is the received SNR per parallel channel [6], [11] for the optimal
input. Thus, increasing the MG comes at the cost of a reduction
in and vice versa. For , the optimal configuration
(BF in Fig. 1; ) maximizes , whereas for ,
the optimal configuration (MUX in Fig. 1; ) maxi-
mizes the MG. The optimal choice for
optimizes this tradeoff via a judicious balance between the MG
and to maximize capacity.

Remark 3 (Optimal Number of Antennas): The ratio
attains its largest value, , for

, whereas it achieves its minimum value of
unity for or . Thus, the
MG- tradeoff does not exist for the extreme cases of highly
sparse/correlated and i.i.d. channels. On the
other hand, the impact of the MG- tradeoff on capacity is the
highest for . This is illustrated in Fig. 3 which
plots the capacity as a function of SNR for the three canonical
channel configurations (BF, MUX, IDEAL) for a given value
of , reflecting the number of resolvable paths in the
environment, and three different values of . Fig. 3(a) shows
the plots for for which the effective is 2

. As evident the capacity curves for all three config-
urations coincide since in this case and all
channel configurations in the family correspond to a 5 5 i.i.d.
channel. Fig. 3(b) shows the plots for corresponding
to . In this case, the IDEAL configuration is the
same as in Fig. 3(a) but the BF and MUX configurations yield
higher capacities at low and high SNRs, respectively, compared
to the case in Fig. 3(a). Fig. 3(c) shows the plots for

for which the effective is 1 (same as Fig. 1)
and the capacity gains due to the BF and MUX configurations
in the low- and high-SNR regimes, respectively, are even
more pronounced. Comparing the three figures, it is evident
that choosing so that the effective yields the
highest capacity at any SNR (through the capacity maximizing
configuration at that SNR). The capacity curves for the IDEAL
configuration are identical in all cases; the gains in capacity
due to the case are in the low- and high-SNR regimes
via the BF and MUX configurations. It is easy to verify that
choosing yields the same capacity perfor-
mance as the case; thus, there is no point in increasing

beyond .
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Fig. 3. Capacity as a function of SNR for the three canonical channel configu-
rations in a scattering environment withD = L = 25 DoF/resovable paths: (a)
N = 5 and  = 2; all three configurations are identical (5� 5 i.i.d. channel),
(b) N = 10 and  � 1:39, and (c) N = 25 and  = 1.

The above results suggest that for a given number of resolv-
able paths in the environment , the number of antennas

should be chosen as so that the effective . With
this choice of , choosing as a function of SNR, as in
Theorem 2, yields the highest capacity for the given sparse
scattering environment over the entire SNR range.

IV. MAXIMIZING CAPACITY WITH RECONFIGURABLE

ANTENNA ARRAYS

In this section, we apply the theoretical development in the
previous section to present a systematic approach for maxi-
mizing MIMO capacity in sparse multipath environments by
varying the antenna spacings at the transmitter and the
receiver . We focus on the case when ,
since for a given , choosing is most advantageous
from the viewpoint of maximizing capacity, as we argued in
Remark 3. Note that yields a and yields
a . We first define the notion of randomly sparse physical
channels.

Definition 4 (Randomly Sparse Physical Channels): For a
given array dimension , a class of channels is said to
be randomly sparse with DoF if it contains re-
solvable paths that are randomly distributed over the maximum
angular spreads for sufficiently large antenna spacings
and ; that is, in
(3). We assume that all paths have path gains
(Rayleigh fading).

The maximum antenna spacings serve as an anchor point for
relating to the Ideal MIMO channel development in Section III
and correspond to the choice (MUX configura-
tion); that is, . For a randomly sparse
scattering environment with DoF, it readily follows that
the channel power matrix for the MUX configuration (maximum
antenna spacings) is given by

(30)

where is the matrix with all ones. The first
equality in (30) follows from the assumption that the channel
power is randomly distributed over the different entries of

and the second equality from . Note that while
the power matrix (joint statistics) of this MUX configuration
for randomly sparse environments is different from the power
matrix of the MUX configuration in Section III, the transmit
and receive marginal statistics are identical. The next result
describes the required antenna spacings to create a MIMO
channel whose transmit and receive statistics match those
induced by for any desired as in Proposition 1 and
Theorem 2.

Theorem 3: Consider the class of randomly sparse physical
channels with DoF. For any

, define the antenna spacings

(31)

where and . Then, for each , the
nonvanishing entries of the resulting are contained within
an sub-matrix with power matrix .
Furthermore, the transmit and receive correlation matrices,
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Fig. 4. Contour plots of	 for the three canonical configurations in a physical environment with N = D = 25 randomly distributed paths: (a)	 , (b)	 ,
and (c)	 . (d) Monte Carlo average of capacities of the three configurations with uniform power inputs, along with the theoretical values.

and , respectively, of match those generated by the mask
matrix as in Proposition 1.

Proof: First, using the physical model (3) it is easy to see
that, for a given scattering environment, the channel power is
independent of antenna spacing. By assumption we have

. Also by assumption, the randomly dis-
tributed paths cover maximum angular spreads (AS) in the
domain (see (5) at the maximum spacings cor-
responding to the MUX configuration). Since ,
where is the physical angle associated with a path, the spac-
ings and in (31) result in smaller ASs in the domain
since the angular spreads in the domain remain fixed:

at the transmitter and
at the receiver. That is, for a given in (31), the transmit angular
spread in the domain is and the receive angular spread
is . Since the spacing between virtual angles is
[see (6)], it follows that only virtual angles lie within the re-
duced AS at the transmitter and only virtual angles lie within
the reduced angular spread at the receiver). Thus, the nonzero
entries in are contained in a sub-matrix of size .
By definition of randomly sparse channels, the channel power

is uniformly distributed over the entries of so that
and

, where the expectation is over the sta-
tistics of the nonvanishing coefficients as well as their random
locations. The theorem then follows by comparison with Propo-
sition 1.

Corollary 3: The power matrix of the reconfigured channel
corresponding to the spacings in (31) satisfies:
for , but for .

Remark 4 (Ideal MIMO Capacity): Theorem 3 and Corollary
3 imply that in randomly sparse physical channels, the virtual
channel matrix generated by reconfiguring antenna spacings has
identical statistics (marginal and joint) to those generated by the
mask matrix for , but only the marginal statistics
are matched for . It follows that the reconfigured channel
achieves the capacity corresponding to for , but
the capacity may deviate a little for especially at high
SNRs since the reconfigured channel always has a Kronecker
(separable) structure whereas is nonseparable for

[13]. With this qualification, we have the following
corollary.



164 IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 1, NO. 1, JUNE 2007

Corollary 4: In randomly sparse physical channels, the
(capacity maximizing) Ideal MIMO Channel at any transmit
SNR can be created by choosing and in (31)
corresponding to defined in (25).

Remark 5 (Three Canonical Array Configurations):
As mentioned earlier in Remark 1, three channel con-
figurations are highlighed in Fig. 1 corresponding to

;
; and

. The BF and MUX configurations repre-
sent the Ideal MIMO Channel for and ,
respectively. As evident from the figure, the IDEAL config-
uration is a good approximation to the Ideal MIMO Channel
for (the Ideal MIMO capacity does not vary
much in this range). In view of Theorem 3 and Corollary 4,
the corresponding three array configurations suffice for maxi-
mizing the capacity over the entire SNR range in practice.

A. Numerical Example

We now present a numerical example to illustrate the creation
of the three canonical channel configurations, ,
and , by adapting the antenna spacings as in Theorem
3. We consider and first generate the
AoAs and AoDs
for paths, where the AoA/AoDs of different
paths are randomly distributed over the entire angular
spread. This defines the MUX configuraton corresponding
to , without loss of gen-
erality [Fig. 1(c)]. These AoA/AoDs are then fixed and
the capacities of the three canonical channel configurations

are estimated via 200 realizations of
the scattering environment simulated using (3) by indepen-
dently generating -distributed complex path gains.
The random locations of the paths for the MUX configura-
tion are illustrated in Fig. 4(a), which shows the contour plot of
the channel power matrix . Using (31) and Remark 5, the
spacings for are and
and the corresponding beampatterns are illustrated in Fig. 1(e)
and (c), respectively. Similarly, the spacings for are

and the corresponding beam-
patterns are illustrated in Fig. 1(d). The contour plots of the
resulting channel power matrices, and , are illustrated
in Fig. 4(b) and (c) and confirm the sizes of the nonvanishing
sub-matrices in Theorem 3 (the corresponding and

in Fig. 4 are approximately and , respec-
tively; compare also with Fig. 2). The numerically estimated
capacities for the three configurations, corresponding to the
uniform-power input, are plotted in Fig. 4(d) along with the
theoretical curves [identical to Fig. 1(b)] using (21).

We note that the uniform-power input is not optimal for the
simulated channel since it is not regular (the path locations re-
main fixed). As illustrated in Fig. 5, the agreement with The-
orem 3 is even more striking if averaging is done over the lo-
cations of paths as well. In this experiment, 50 realizations of
path locations are generated to realize the notion of randomly
sparse channels. For each such realization of the path locations,
200 channel realizations (as described above) are generated, ca-
pacity estimated and averaged over the channel realizations. For

Fig. 5. Capacity of the three channel configurations averaged over the location
of the DoF/resolvable paths. The number of resolvable paths remains fixed at
D = L = 25.

the three channel configurations, the resultant capacity aver-
aged over the path locations in Fig. 5 shows a better match than
Fig. 4(d). Note that in conformity with Corollary 3 and Remark
4, both Figs. 4(d) and 5 illustrate a slight mismatch in the MUX
regime where ; However, the gap between the theoretical
and Monte Carlo estimates is smaller in the latter case.

B. Discussion

Theorem 3 and Fig. 5 establish the equivalence of MIMO
channels created with reconfigurable antenna arrays with the
Ideal MIMO Channel in Theorem 2 by averaging over all ran-
domly sparse channels with scattering paths. While the chan-
nels in Theorem 3 and Theorem 2 are regular [13] over the non-
vanishing transmit dimensions, in practice, we will encounter a
particular sparse scattering environment, as illustrated in the nu-
merical example in Fig. 4, which will result in irregular chan-
nels in general (the nonvanishing transmit eigenvalues will be
nonuniform). In such cases, optimizing the input power alloca-
tion, as in (12), would lead to higher data rates as illustrated in
Fig. 6. In this case, the optimal input covariance matrix is com-
puted using the recursive algorithm in [14].

Compared to communication with fixed arrays, the gains due
to reconfigurable antenna arrays are most pronounced at low
SNRs. This low SNR gain is particularly relevant in the wide-
band regime since the available power has to be distributed over
the large bandwidth [16]. To quantify the gains due to adaptive
array configurations at low SNRs, we compare with .

represents the optimal array configuration at high SNRs
and its capacity as a function of reflects the performance if we
optimized the input, as in (12), while keeping the antenna spac-
ings fixed. on the other hand reflects capacity optimization
at low SNRs by adapting antenna spacings. The following result
quantifies the capacity gains due to reconfigurable arrays.

Proposition 2: Let and denote the capacities of
and for . Define the capacity gain in

the low-SNR regime due to reconfigurable arrays as

(32)
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Fig. 6. Capacity with the optimal input for the three channel configurations in
a scattering environment withD = 25DoF/resolvable paths andN = 25;  =
1.

Then, the capacity gain satisfies

(33)

where denotes the largest eigenvalue of the transmit co-
variance matrix of . The largest gain is achieved for
regular channels and the smallest gain 1 is achieved if
has only one nonzero eigenvalue.

Proof: First note that for
for both regular and irregular channels since . How-

ever, for , as , the optimal input in (12) will con-
centrate all the power in the virtual dimension corresponding
to the largest eigenvalue of the transmit covariance ma-
trix and the resulting capacity will be

. Thus, it follows that
. Now since

, it is easy to see that

(34)

where the upper bound corresponds to the highly irregular (and
highly unlikely) channel in which all the channel power is con-
centrated in one transmit eigenvalue, whereas the lower bound
corresponds to a regular channel in which all transmit eigen-
values are the same and equal 1. This completes the proof.

Remark 6 (Physical Source-Channel Matching): The ca-
pacity maximizing input for fixed spacings (see (12)) allocates
all power to the strongest virtual beam direction at low . As a
result, the channel power in the weaker transmit dimensions is
wasted. This loss is channel power is significant at low SNRs
and capacity maximization through array reconfiguration is
aimed at eliminating or minimizing it. With reconfigurable
arrays, rather than concentrating all power in one dimension,
the transmit antenna spacing is decreased with to con-
centrate channel power in fewer nonvanishing virtual transmit
beams: the number of nonvanishing transmit eigenvalues (rank

of the transmit covariance matrix) gets smaller but their size
gets bigger. This reflects a form of source-channel matching:
the rank of the optimal input is better-matched to the rank of
the transmit covariance matrix of the effective . As a result,
compared to optimal power allocation with fixed spacings, no
channel power is wasted (for regular channels) as the mul-
tiplexing gain is optimally reduced by adapting the transmit
antenna spacing . Physically, as is decreased
fewer data streams are transmitted over a correspondingly
fewer number of virtual spatial beams, whereas the width of the
beams gets wider (see Fig. 1(c)–(e)). In effect, for any
closely spaced antennas coherently contribute to each beam to
sustain a constant power over the -times wider beamwidth.

Remark 7 (Practical Considerations): A few comments
about realizing the capacity maximizing array configuration in
practice are in order. The first step is determining the MUX
configuration corresponding to signaling and reception at the
highest resolution. Knowledge of physical angular spreads (in
the domain) of the scattering environment at the transmitter
and the receiver can be used to determine the antenna spacings
( and ) for the MUX configuration so that the
scattering environment induces maximum angular spreads in
the -domain [see (5)] [10]. At this spacing, channel estimation
can be performed at the receiver [17] to estimate from
which the effective value of can be determined, representing
the dominant virtual channel coefficients with nonvanishing
power. Once is estimated, the optimal number of antennas

can be adjusted so that (see Rem. 3). This part may
involve a few iterations since the number of resolvable paths
and hence may change for different values of . Once the
optimal MUX configuration is determined, corresponding to

, the desired capacity-maximizing configuration at any
desired operating SNR can be determined via Theorem 3. We
note that for randomly distributed paths, only the knowledge
of is required at the transmitter. In mobile environments,
the effective value of may change over time and thus the
calibration for the anchor MUX configuration would also need
to be updated over time. However, since channel statistics
typically vary much more slowly than channel realizations,
this is feasible. Finally, we note that for any given value of ,
the actual location of dominant scattering paths may also
change over time but this does not effect array reconfiguration;
the procedure described in this paper applies for any random
spatial distribution of dominant resolvable scattering paths.

V. CONCLUSION

In this paper, we have proposed a systematic framework for
adapting the antenna spacings at the transmitter and the receiver
to the multipath scattering environment for maximizing the ca-
pacity of MIMO wireless communication systems. The work is
motivated by two observations. First, in contrast to the emphasis
on rich multipath in most existing works on MIMO capacity,
recent measurement campaigns have shown that most physical
MIMO channels exhibit a sparse multipath. Second, technolog-
ical advances are enabling new wireless communication devices
in which the antenna array configurations can be adapted for op-
timized system performance. The results in this paper provide
the first systematic theoretical framework for adapting the array
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configurations to the level of multipath sparsity for maximizing
MIMO capacity.

The results in this paper build on our recent results on ca-
pacity scaling of sparse multipath channels with the number
of antennas [6], [11]. Sparse multipath channels afford a new
dimension for optimizing capacity: the distribution (or config-
uration) of the sparse DoF in the available di-
mensions in the channel matrix. The theoretical component of
our results is based on a canonical family of channel configu-
rations that facilitate characterization of the optimal capacity-
maximizing channel configuration for a given and oper-
ating SNR. In particular, we introduce the notion of an Ideal
MIMO Channel configuration that maximizes capacity at any
operating SNR for a given number of antennas and level of spar-
sity. The Ideal MIMO Channel concept is then leveraged to de-
velop a systematic approach for adapting the antenna spacings
at the transmitter and the receiver to the level of sparsity and op-
erating SNR to realize the capacity-optimizing channel config-
uration. Surprisingly, three canonical array configurations suf-
fice for near-optimal performance over the entire SNR range,
thereby greatly facilitating practical operation of such reconfig-
urable MIMO systems.

The approach for maximizing capacity through adaptive array
configurations in this paper is based on a scattering environment
in which the paths are randomly and uniformly distributed over
the angular spreads. In practice, multipath is likely to exhibit
a nonuniform distribution over the angular spreads. Extending
the results in this paper to such scenarios is an interesting and
important direction for future research. Another promising di-
rection for future work is to extend the framework in this paper
to other array geometries and configurations, such as fractal an-
tennas that can simultaneously support different radiation pat-
terns at different frequencies.
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