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Abstract—Multi-beamforming and data multiplexing is a key
functionality for realizing the spatial multiplexing gains in
multiuser MIMO systems at millimeter-wave (mmW) frequencies.
Due to prohibitive complexity of conventional digital beamforming, two main approaches to hybrid analog-digital beamforming
are being investigated that use either phased arrays or lens
arrays for analog beamforming. While the two approaches are
equivalent from a purely communication-theoretic perspective,
they offer very different tradeoffs in terms of performance,
complexity and power consumption. In particular, all existing
phased array-based prototypes are limited to a single beam per
aperture, due to hardware constraints, thereby necessitating the
use of multiple smaller sub-arrays for multi-beam operation.
On the other hand, the beam switching network presents a
hardware challenge in lens array-based systems, thereby limiting
the coverage achieved by particular radio-frequency chain. In this
paper, we apply the beamspace MIMO framework to compare
the achievable sum-rates in a small cell served by an access point
using a lens array-based or phased array-based architecture. We
also discuss the hardware complexity of the two architectures to
enable performance-complexity-energy optimization.

I. I NTRODUCTION
Millimeter-wave (mmW) wireless is emerging as a key
technology for achieving multi-Gigabits/s (Gbps) rates and
millisecond latency requirements as part of the vision for 5G
cellular and beyond [1]–[4]. There are two key characteristics
of mmW frequencies (30 GHz-300 GHz) that make them
attractive for high-rate and low-latency use cases: i) large
bandwidth (on the order of 1 GHz or more), and ii) highlydirectional, quasi-optical communication through high gain
narrow beams due to the small wavelength. As a result, dynamic beamspace MIMO – multiplexing data simultaneously
over multiple beams with changing directions – is a key
operational functionality for achieving high spatial reuse and
spectral efficiency.
Transceiver architectures for multi-beamforming and tracking are thus critical for realizing beamspace MIMO in practice.
The number of transmit/receive (T/R) mmW chains – each
consisting of a mixer, amplifier, filter and data convertor – is
a key measure of transceiver complexity and cost. Conventional digital beamforming is limited to arrays with a small
number of antennas due to the requirement of a T/R chain
for each antenna. [4]. Hybrid beamforming architectures that
combine analog mmW beamforming with low-dimensional
digital processing are attractive for high-dimensional array
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needed at access points (APs) [4]. There are two main hybrid
beamforming architectures, as illustrated in Fig. 1. The widely
known phased array-based architecture, in Fig. 1(a), uses a
network of mmW phase shifters for beamforming. However,
due to the high complexity of the phase shifter network
for multiple beams, all existing phased array-based prototype
systems are limited to single-beam phased arrays - multiple
phased sub-arrays are needed for generating multiple beams.
Fig. 1(b) illustrates another promising hybrid beamforming
architecture - first proposed in [5] and called continuous
aperture phased (CAP)-MIMO - that uses a lens array for
beamforming [5], [6]. In this architecture, a mmW lens is
used for spatial focusing and an antenna array on its focal
surface is used for transmittin and receiving beams from
different directions. It can be shown using the beamspace
MIMO framework that a lens array approximates a spatial
discrete Fourier transform inherent to beamforming, and an
appropriately designed lens array can generate approximately
orthogonal beams that span the entire spatial coverage area
[5], [6]. Significantly, a lens array is not limited to a single
beam – multiple beams can be simultaneously generated using
a mmW beam selector network as shown in Fig. 1(b).
Lens arrays and phased arrays offer different tradeoffs in
terms of performance, complexity, and energy efficiency [4].
However, this work is still not complete and new results
continue to be reported [7], [8], [8]–[10]. In this paper, we
investigate the design and performance analysis of phased
arrays and lens arrays from the viewpoint of an AP serving
multiple single-antenna mobiles stations (MSs) in a small
cell [11], [12]. Our approach is based on the beamspace
MIMO framework [4]–[6], [13], [14] that is naturally relevant
to mmW MIMO systems. In Sec. II we discuss the basic
parameters for describing an AP, equipped with a 2D antenna
array, serving multiple users in a small-cell. In Sec. III, we
discuss the optimum design of a phased array AP – consisting
of multiple sub-arrays for generating multiple beams – from a
per-user rate perspective. This optimum design naturally leads
to the optimum number of beams or T/R chains for the phased
array AP. In Sec. IV, we discuss the design of a CAP-MIMO
AP using a lens array with the same number of T/R chains
and the same total array size as the optimum phased array
AP. Sec. V discusses dimension/complexity reduction at the
AP using the concept of dominant beam selection [6], [15],
and considers two linear processing receivers, the matched
filter (MF) or maximal ratio combiner, and the minimum

mean squared error (MMSE) receiver. Expressions for the
sum-rates of the two AP transceivers are developed, including
idealized (interference-free) expressions for per-user rate as
a benchmark. Sec. VI presents numerical results illustrating
the design and analysis framework outlined in this paper. The
results indicate that the lens array-based CAP-MIMO AP can
deliver significant performance gains over the phased-array
transceiver, and offers a flexible platform for near-optimal
performance-complexity optimization.
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Fig. 2. (a) Elevation angular spread for a small cell of radius Rmax served
by an AP at a height of hAP . The AP array is pointed so that the broadside
direction bisects the elevation and azimuth angular spreads. (b) Azimuth
angular spread for the coverage area.

A. Sector Angular Spreads
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Fig. 1. (a) A multi-beam phased array transceiver. (b) A multi-beam CAPMIMO transceiver with a lens array.

II. BASIC S MALL C ELL AND ACCESS P OINT PARAMETERS
Consider an AP with a 2D antenna of size L = La × Le ,
where a and e represent azimuth and elevation, respectively.
The antenna dimension is given by
2La
2Le
n = na × ne ; na =
, ne =
(1)
λ
λ
and λ is the wavelength of operation. The array gain is given
by [6]
G=n
and the array can generate n orthogonal beams over the hemisphere. However, a smaller number of beams lie within the
coverage area. Let φe,max ∈ (0, π/2] and φa,max ∈ (0, π/2]
represent the maximum one-sided angular spreads for the
coverage area in elevation and azimuth, as illustrated in Fig. 2.
The number of orthogonal beams within the coverage area is
given by
2θa,max
2θe,max
nb = nb,a × nb,e =
×
∆θa
∆θe
= na 2θa,max × ne 2θe,max
= na sin(φa,max ) × ne sin(φe,max )
= n sin(φe,max ) sin(φa,max )

(2)

nb,a = na sin(φa,max ) , nb,e = ne sin(φe,max )
(3)
1
1
where ∆θe =
and ∆θa =
(4)
ne
na
are the spacings between orthogonal beams which also represent the array resolution in azimuth and elevation.

How are φe,max and φa,max determined? Basically, φa,max
is determined by the (two-sided) sector angular spread in
azimuth as illustrated in Fig. 2(b). For example for a 120
degree two-sided sector in azimuth, φa,max = π/3 (60
degrees). The elevation angular spread is determined by the
height of AP, hAP , relative to the maximum cell radius Rmax
as illustrated in Fig. 2(a):


1
Rmax
φe,max = tan−1
(one-sided)
(5)
2
hAP
where we have assumed that the AP array is oriented so that
its broadside direction bisects the angular spreads in elevation
and azimuth as illustrated in Fig. 2.
B. AP Antenna Size and Aspect Ratio
One of the first questions is: what is the size of the AP
antenna array? The array size n determines the array gain and
the number of orthogonal beams, and it choice depends on
the SNR requirements, cell size, the number of users K, and
the number of RF chains. From a system perspective, a useful
constraint is that the total number of orthogonal beams nb
within the coverage area is related to the number of users K;
ideally nb ≥ K to exploit multiplexing gain. At the very least,
nb should be bigger than the number of RF chains. Thus, we
have
nb ≥ NRF or nb ≥ K

(6)

Regardless of how we choose nb , knowing the angular spreads,
we can determine the size of antenna array using (2) as
n=

nb
nλ
, L=
.
sin(φa,max ) sin(φe,max )
2

(7)

Once we know n (or L), the next question is how do we
choose na and ne (or La and Le )? This essentially determines
the aspect ratio of the antenna array:
α=

na
.
ne

There are three main possibilities.

(8)

Case I: Equal number of orthogonal beams in the azimuth
√
and elevation angular spreads; that is, nb,a = nb,e = nb
na
sin(φe,max )
α=
=
ne
sin(φa,max )
√
√
nb
nb
na =
, ne =
sin(φa,max )
sin(φe,max )
√
nb,a = nb,e = nb

(9)
(10)
(11)

Case II: Equal number
√ of antennas in azimuth and elevation;
that is, na = ne = n
na
=1
(12)
α=
ne
r
√
nb
na = ne = n =
(13)
sin(φa,max ) sin(φe,max )
s
s
nb sin(φa,max )
nb sin(φe,max )
, nb,e =
(14)
nb,a =
sin(φe,max )
sin(φa,max )

III. M ULTI -A PERTURE P HASED A RRAY O PTIMIZATION
In this section, we discuss the optimum design of an AP
with a phased array transceiver. We assume that only a single
beam can be generated from a single phased array, reflecting
the state-of-the-art. Thus, in order to generate multiple simultaneous beams, multiple sub-arrays (multiple apertures) are
needed. In order to compare lens arrays and phased arrays,
we assume a fixed array size for both kinds of arrays.
A. Array Partitioning
Consider a phased of dimension n which is partitioned into
Ns = Ns,a × Ns,e sub-arrays where n = Ns ns and ns is the
dimension of each sub-array which can be factored as:

ns,a

Case III: The number of antennas azimuth/elevation is proportional to the corresponding angular spreads:
na
sin(φa,max )
=
ne
sin(φe,max )
√
√
nb
nb
na =
, ne =
sin(φe,max )
sin(φa,max )
√
√
nb sin(φa,max )
nb sin(φe,max )
, nb,e =
nb,a =
sin(φe,max )
sin(φa,max )
α=

(15)
(16)
(17)

C. User Coordinates

(x, y) ⇐⇒ (φa , φe ) ⇐⇒ (R, φa )

(18)

where R is the distance of the user from the base of
the AP (origin). For given angular directions (φa , φe ) ∈
[−φa,max , φa,max ] × [−φe,max , φe,max ] for a user, its (x, y)
coordinates and distance R from the AP are given by
q
R = hAP tan(φe + φe,max ) , RAP = R2 + h2AP
x = R sin(φa ) , y = R cos(φa )

(19)

For a given (R, φa ) ∈ [0, Rmax ] × [−φa,max , φa,max ], the
(x, y) coordinates and RAP are given as above with


R
−1
φe = tan
− φe,max
(20)
hAP
For a given (x, y)
p

x2 + y 2 , φa = sin−1

and φe is determined via (20).

nb,s =

nb
= nb,sa × nb,se
Ns

nb,a
na
sin(φa,max ) =
Ns,a
Ns,a
ne
nb,e
= ns,e sin(φe,max ) =
sin(φe,max ) =
(23)
Ns,e
Ns,e

nb,sa = ns,a sin(φa,max ) =

B. Optimum Partitioning

We now describe user coordinates within the 3D geometry
of the small cell illustrated in Fig. 2. The base of the AP is at
the origin (x, y, z) = (0, 0, 0) with the location of AP given
by (x, y, z) = (0, 0, hAP ). The users are located in the x − y
plane and the y − z plane contains the broadside direction for
the AP array. The user coordinates are uniquely determined
by specifying any one of the following pairs of variables:

R=

(22)

The number of maximum number of orthogonal beams (within
the coverage area) associated with each sub-array is given by

nb,se

We will primarily consider Case I in this paper.

na
ne
n
= ns,a × ns,e =
×
Ns
Ns,a
Ns,e
na
ne
=
; ns,e =
Ns,a
Ns,e

ns =

x
R

(21)

For optimum phased array design, a natural questions is: For
a given array dimension n, what is the optimum number of
sub-arrays, Ns , and the corresponding dimension of each subarray, ns , that maximizes the small cell sum-rate (or average
per-user rate)?
The answer to this question depends on the SNR and is
guided by two cases. First, consider the case when Ns = 1
and ns = n. In this case, there is a single sub-array and hence
only one beam. This results in no beamspace multiplexing
but it gives the highest antenna gain. This configuration is
optimum in the low SNR regime.
The second case is more interesting for which 1 < Ns <
n and 1 < ns < n. In this case, we can have Ns beams,
with one beam associated with each sub-array. This is useful
from the viewpoint of multiplexing gain as long as the SNR is
sufficiently high. Thus, we want Ns as large as possible in the
high-SNR regime. However, even in the high-SNR regime,
there is a limit to how large Ns can be. This is due to the
fact that each of the Ns sub-arrays must be able to generate
at least Ns orthogonal (or sufficiently linearly independent)
beams within the coverage area in order for the full array
to achieve an Ns -fold multiplexing gain; that is, nb,s ≥ Ns .
However, recall that nb,s = nb /Ns . Thus, we have
Ns ≤

√

nb ⇐⇒ Ns,a × Ns,e ≤

√

nb,a ×

√

nb,e

and for sufficiently high SNR, the optimum (largest) value of
Ns is given by
√
Ns,opt = nb
(24)
m
Ns,a,opt =
Ns,e,opt =

√
√

nb,a =
nb,e

q

na sin(φa,max )
q
= ne sin(φe,max )

(25)

For the above optimum array partitioning, we have the following dimensions for each sub-array
√
nb
n
n
ns,opt =
=√ =
Ns,opt
nb
sin(φa,max ) sin(φe,max )
= ns,a,opt × ns,e,opt
(26)
r
na
na
na
ns,a,opt =
=√
=
(27)
Ns,a,opt
nb,a
sin(φa,max )
r
ne
ne
ne
ns,e,opt =
=√
=
(28)
Ns,e,opt
nb,e
sin(φe,max )
In terms of the beams generated by each sub-array, we have
√
nb
= nb = Ns,opt
nb,s,opt =
Ns,opt
√
√
(29)
= nb,sa,opt × nb,se,opt
nb,a
nb,a
nb,sa,opt =
=√
= Ns,a,opt
Ns,a,opt
nb,a
q
= na sin(φa,max )
(30)
nb,e
nb,e
nb,se,opt =
=√
= Ns,e,opt
Ns,e,opt
nb,e
q
(31)
= ne sin(φe,max )
Recall that an AP with an Ns -aperture phased array can
generate Ns simultaneous beams, each driven by one of the
NRF = Ns RF chains. For K users to serve in the coverage
area, the number of users per RF chain/beam is given by
KRF =

K
K
=√
Ns
nb

where the last equality is for the optimum design. Thus, the
total bandwidth W is shared by KRF users on average in
each beam. The idealized (interference-free) per-user uplink
rate (bps) at a distance R is given by



2
W
P Gs γ
λ
CP A (R) =
log2 1 +
, γ=
KRF
No W/KRF
4πR
where γ is the free-space pathloss, Gs = ns is the array
gain for each sub-array, No = kT is the noise power spectral
density1 , and P is the per-user transmitted power. The average
per-user rate for a phased array AP is illustrated in Fig. 3 for
√
different values of 1 ≤ Ns ≤ nb . For every SNR there is an
√
optimum Ns and for high SNR Ns = nb is optimal. This is
related to results on reconfigurable antenna arrays in [16].
1 k = 1.38 × 10−23 is the Boltzmann constant, and T is the operating
temperature in degrees Kelvin (T = 300K at room temperature).

Fig. 3. The ideal per-user rate for a phased array AP for different number of
sub-arrays Ns for n = 240 and nb = 144.

IV. M ULTI -B EAM CAP-MIMO O PTIMIZATION
Suppose that we have chosen the optimum antenna dimension n, the beams over the coverage area nb , the antenna
aspect ratio α and the optimum phased array AP configuration. The number of sub-arrays in the optimum phased
array configuration determines the number of RF chains:
√
NRF = Ns,opt = nb . For comparison with CAP-MIMO,
a natural question is: Given an array size n and the optimum
phased array AP configuration, what is the optimum CAPMIMO configuration for the same number of RF chains,
√
NRF = nb , that maximizes the sum-rate (or average peruser rate)?
An obvious choice is to use the full aperture for each beam
so that we have the highest antenna gain. So, we choose
a single aperture of maximum dimension n and maximum
number of orthogonal beams nb within the coverage area.
How do we allocate the RF chains? The simplest solution
√
is to partition the coverage area into Nsec = NRF = nb
sectors and associate each sector with one RF chain. Let us
assume uniform-sized sectors for simplicity. The number of
orthogonal (high-resolution) beams per sector is given by
√
nb
nb,sec =
= nb
(32)
Nsec
which is identical to the number of orthogonal beams, nb,s,opt ,
generated by each sub-array in an optimized phased array AP
(to span the entire coverage area). In this case, each RF chain
for each sector can be mapped to one of the nb,sec beams
through a 1 7→ nb,sec switch.
We can reduce the switch complexity if the maximum
number of expected users is K. A good extreme design choice
is to have a total of nb,2 = K (broader) orthogonal beams over
the coverage area and
nb,sec,2 =

K
nb,2
= √ (= KRF )
Nsec
nb

(33)

(broader) orthogonal beams in each disjoint sector. This requires a 1 7→ nb,sec,2 switch in each beamspace sector,

which would be of lower complexity as long as K ≤ nb ,
which would typically be the case for the high-resolution
beams; see (6). Note that, in this case, the feed antennas will
have to designed appropriately to generate broader beams. In
general, the size/area of the feed antenna is proportional to
the beamwidth. The number of (high resolution) orthogonal
beams within the broader beam is given by
nb,sec
nb
nb,f =
=
(34)
nb,sec,2
K
and thus the new composite feed antennas would cover the area
of about nb,f (highest resolution) feed antennas to generates
a correspondingly wide beam to avoid holes in coverage.
In general, for a given number of users K and the antenna
size n (or equivalently nb ), we have a whole family of choices
for the switch dimension (SD)
√
K
(35)
√ ≤ SD ≤ nb
nb
with the corresponding composite feed size (relative to the
high-resolution feed size) given by
nb
nb,sec
≤
(36)
1 ≤ nb,f =
SD
K
√
which ranges between nb,f = 1 (for the largest SD = nb )
and nb,f = nKb (for the smallest SD = √Knb ). The number of
beams in azimuth and elevation in a composite feed are related
through the choice of the antenna aspect ratio α as discussed
in Sec. II-B. For equal beams in the azimuth and elevation
directions (Case I), we have
√
nb,f a = nb,f e = nb,f .
The idea of a composite is also attractive from the viewpoint
of maximizing the power transfer from the feed to the lens.
It can be shown that, in order to get the best coupling to
the aperture, the feed size needs to be a bit larger than that
specified by the critical spacing.
For a given number of RF chains, there are other possibilities as well for CAP-MIMO. For example, multiple apertures
may be more attractive from an implementation viewpoint.
However, multiple apertures will usually result in a loss of
SNR. But it will still be less than that in a phased array system
as long as the number of apertures used in CAP-MIMO is less
that in the phased array system.
One interesting possibility of multiple apertures in CAPMIMO is related to the feed complexity. For a given nb,f > 1,
typically a composite feed with an area of about nb,f criticallyspaced (high resolution) feeds would be needed for generating a broader beam. However, an alternative is to use nb,f
apertures, with each aperture of a smaller size by a factor
of nb,f compared to the maximum aperture size, resulting
in correspondingly larger beams. In this case, we can use
regular, single-beam (high-resolution) feeds. The signal for
each (broader) beam is now generated coherently by multiple
apertures, and the combined signal would compensate for the
SNR loss due to smaller apertures/wider beams from each
aperture. However, the wider beams will result in higher
interference.

V. S YSTEM M ODEL AND B EAMSPACE P ROCESSING AT AP
Consider a small cell in which an AP with a 2D uniform
planar array of dimension n = na × ne serves K users in a
sector of radius Rmax and angular spreads φa,max and φe,max .
We consider uplink operation. The received signal at the AP
is given by
r=

K
X

hk βk sk + w = Hβs + w , H = [h1 , · · · , hK ]

k=1

β = diag(β1 , · · · , βK ) , s = [s1 , · · · , sK ]T

(37)

where w ∼ N (0, No I n ) is the n × 1 complex AWGN
noise vector with power spectral density No , and sk is the
transmitted signal, βk the complex path loss, and hk the n × 1
channel vector for user k:
λ
, hk = an (θk ) , θk = (θa,k , θe,k ) (38)
βk = ejψk
4πRk
In (38), Rk is the distance from the AP, and an (θk ) is the
n × 1 the array response (column) vector in the direction θk =
(θa,k , θe,k ), relative to broadside of AP, of user k:
an (θ) = an ((θa , θe )) = ana (θa ) ⊗ ane (θe )


an (θ) = e−j2πθi i∈I
n


(n − 1)
: i = 0, · · · , n − 1
In = i −
2

(39)
(40)
(41)

where ⊗ denotes the kronecker product [17]. We assume that
the transmitted signals of different users are independent with
powers ρk = E[|sk |2 ]. The beamspace representation of r is
given by [12]
r b = U H r = H b βs + wb , H b = [hb,1 , · · · , hb,K ] (42)
h
i h
i
H
hb,k = U H hk = U H
a
(θ
)
⊗
U
a
(θ
)
(43)
n
a,k
n
e,k
na
ne
a
e
where U = U na ⊗ U ne is a 2D DFT matrix and


1
1
, ∆θn =
U n = √ an (∆θn i)
n
n
i∈I(n)

(44)

denotes an n × n unitary DFT matrix whose columns are
steering vectors in uniformly spaced directions θi = ∆θn i
with spacing ∆θn , the spatial resolution of an n-dimensional
array. The columns of U n represent an orthonormal basis for
the n-dimensional spatial signal space of the array. In (43),
the component vectors of hb,k (in azimuth and elevation)


1 sin(πn(θ − i∆θn ))
√
(45)
UH
a
(θ)
=
n
n
sin(πθ)
n
i∈I(n)
are samples of√a scaled Dirichlet sinc function with a maximum value of n reflecting the array gain.
A. Dimension Reduction through Beam Selection
A key advantage of beamspace MIMO is that it enables
transceiver complexity reduction by exploiting the sparsity
of mmW channels in beamspace. The NRF available mmW
transmit/receive chains are connected to NRF dominant beams
carrying most of the multiuser signal power. One simple way

to select these dominant beams is to choose the beams with
the largest aggregate power; that is, define the sparsity mask
M as the set of indices of the NRF largest entries of the
beamspace power vector
pb =

K
X

|hb,k |2 ; pb (i) = |hb,k (i)|2 , i = 1, · · · , nb (46)

k=1

The AP selects the beams in M and connects them to the
NRF chains and the corresponding NRF beams in (42) are
then processed.2 From now on, we refer to r b as this NRF dimensional vector corresponding to an NRF × K submatrix
of H b in (42).
B. Linear Interference Suppression in Beamspace
We consider linear interference suppression schemes at
the AP for both CAP-MIMO and phased array receivers
represented by an NRF × K matrix Lb = [`b,1 , · · · , `b,K ]
that operates on the selected NRF dominant beams:
H
H
z b = LH
b r b = Lb H b βs + Lb w b

(47)

H
where LH
b w b ∼ N (0, No Lb Lb ). We consider two types of
spatial filtering matrices Lb
H
LH
b,mf = H b

(48)

H
H
H
H
−1
LH
b,mmse = Λs β H b (H b βΛs β H b + No I)

(49)

where Lb,mf represents the matched filter (MF) receiver,
Lb,mmse represents the minimum mean squared error (MMSE)
receiver, and Λs = E[ssH ] = diag(ρ1 , · · · , ρK ) is a diagonal
matrix of transmit signal powers for the different users [14].
For a given Lb , the spatially filtered signal for the k-th user
is
zb,k =

`H
b,k H b βs

+

`H
b,k w
N
RF
X

= `H
b,k hb,k βk sk +

H
`H
b,k hb,k0 βk0 sk0 + `b,k w

k0 =1,k0 6=k

= sigk + intk + noisek

(50)

from which SINRk , the signal-to-interference-and-noise ratio
for the k-th user, conditioned on a particular channel realization, can be calculated as
E[|sigk |2 ]
(51)
E[|intk |2 + E[|noisek |2 ]
2
2
|`H
b,k hb,k | |βk | ρk
= PNRF
H
2
0 2
0 2
0
k0 =1,k0 6=k |`b,k hb,k | |βk | ρk + No k`b,k k

SINRk =

We note that the relations (50)-(51) correspond to a system
with only NRF users (rather than K). It is based on the
assumption of time-division multiplexing of the K users
through NRF RF chains/spatial channels. That is, in any given
frame or time-slot, only NRF users are simultaneously served.
All the K users are served by selecting the dominant beams of
different subsets of NRF users over different frames. A more
2 This beam selection assumes roughly comparable powers for each user.
For other approaches to beam selection, see [11], [15].

detailed discussed of this “resource allocation” issue will be
reported elsewhere.
C. Sum-Rate and Average Per-User Rate
The ideal (interference-free) per-user rate is given by


P Gγ
C = Wu log2 1 +
bits/s (bps)
(52)
No Wu
where G is the array gain, γ is the free-space path loss, Wu is
the per-user bandwidth and KRF is the number of users per
RF chain:
K
W
W NRF
KRF =
, Wu =
=
NRF
KRF
K
The main difference between the phased array and CAPMIMO APs is in the array gain: G = n for CAP-MIMO
and Gs = n/NRF for phased array. Thus, the per-user rate
for phased array and CAP-MIMO APs is given by


P nKγ
W NRF
log2 1 + 2
CP A (R) =
K
NRF No W


W NRF
P nKγ
CCM (R) =
log2 1 +
(53)
K
NRF No W
Accounting for interference, for a given Lb , and treating the
interference as Gaussian noise, it can be shown that the actual
average per-user rate (bps) is given by [14]:
#
"
NRF
W X
log2 (1 + SINRk (Lb , H b )) (54)
C(Lb )= EH b
KRF
k=1

where SINRk is defined in (51).
VI. N UMERICAL R ESULTS
In this section, we present some numerical results to illustrate the capacity comparison between phased array and CAPMIMO APs in a small cell environment. The basic small cell
parameters are: Rmax = 100m hAP = 10m, φa,max = 60o
and φe,max = 42o . The operating frequency and bandwidth
are fc = 28 GHz and W = 1 GHz, and K = 100 users.
We start with a given number of beams nb from which n, na
and ne can be determined by choosing a particular strategy for
determining the array aspect ratio α, as discussed in Sec. II-B.
The optimum phased array and CAP-MIMO configurations
can be determined as discussed in Sec. III and Sec. IV. In
particular, for the optimum phased array configuration, we
have
√
Ns,opt = nb,s,opt = nb = NRF
√
nb
n
(55)
ns,opt =
=
Ns
sin(φa,max ) sin(φe,max )
Then we can determine the azimuth and elevation parameters
as in Sec. III for the different aspect ratio cases. For Case I:
1/4

Nsa,opt = Nse,opt = nb

1/4

1/4

nsa,opt =

nb
nb
, nse,opt =
sin(φa,max )
sin(φe,max )
1/4

nb,sa,opt = nb,se,opt = nb

.

(56)

We illustrate our results by comparing the two types of
APs for a scenario in which we span the coverage area with
√
nb = 144 beams, with nb,e = nb,a = nb = 12. This
yields the antenna aperture size of n = 240 = na × ne =
16 × 15, corresponding to La = 3.4” and Le = 3.2”. The
optimum phased array and CAP-MIMO AP configurations, in
the aperture and beamspace domains, are shown in Fig. 4.
The optimum phased array configuration consists of 12 sub-

(a)

AP can readily incorporate more RF chains to generate a larger
number of simultaneous beams, thereby increasing the per-user
bandwidth Wu . Two idealized plots for CAP-MIMO AP rate
for NRF = K/4 and NRF = K are shown. As evident, CAPMIMO can achieve a 3 to 10 fold increase in per-user rate by
increasing NRF .

(a)

(b)

(c)

(d)

(b)

√
Fig. 4. Array configurations for nb = 144 and NRF = nb = 12 RF
chains. (a) Optimal 12-aperture/12-beam phased array configuration. (b) CAPMIMO configuration with 12 beamspace sectors, each sector consisting of 12
beams and driven by one RF chain.

arrays each of size 4 × 5 and driven by one RF chain. The
CAP-MIMO configuration consists of 12 beamspace sectors,
each with 12 beams and driven by an RF chain via a 1-to12 switch. The switch dimension can be reduced by using
multi-aperture or composite-feed CAP-MIMO configurations
as discussed in Sec. IV. For example, composite feeds covering
2 high-resolution beams can be used to reduce the switch
dimension from 12 to 6.

Fig. 5. Average per-user rate comparison of phased array and CAP-MIMO
APs.

The comparison between phased array and CAP-MIMO
APs in terms of per-user rate (in Gbps) as a function of transmit per-user power (in dBm) is shown in Fig. 5. The dashed
lines represent the idealized rates from (53) for NRF = 12. As
evident, for the same number of RF chains, the CAP-MIMO
AP achieves a nearly 10dB gain in SNR due to the higher array
gain. However, unlike the phased array AP, the CAP-MIMO

Fig. 6. Illustration of user LoS path parameters in the simulations. (a) the
(x, y) coordinates of the user locations in the coverage area. (b) The user
location coordinates in (Rrad , φa ). (c) The user location coordination in
(φa ,φe ). (d) Path loss of the user LoS paths as a function of the user location
realization index.

Next we compare the actual performance of the two APs
with interference suppression. For each realization, we generate the location of NRF users in the coverage area. The
locations are based on randomly drawing user coordinates
(Rrad , φa ) ∈ [0, Rmax ] × [−φa,max , φa,max ]. Figs. 6(a)-(c)
show the locations of randomly chosen user coordinates in
(x, y), (Rrad , φa ), and (φa , φe ). Fig. 6(d) shows the path loss
for different user location realizations.
Returning back to Fig. 5, the solid line plots show the
actual performance of the CAP-MIMO and phased array APs
for the same number of RF chains, NRF = 12, using the
MMSE receiver for interference suppression. It is clear that
the performance with interference suppression closely tracks
the idealized performance, especially for the CAP-MIMO AP.
The beamspace representations of the channels seen by
the phased array AP and the CAP-MIMO AP are illustrated
in Fig. 7. The beamspace channel matrices H b defined in
(42) and (43), corresponding to kronecker-product beamspace
channel vectors hb,k for NRF = 12 users, are shown in
Figs.7(a)-(b). The corresponding channel matrices in azimuth
and elevation orthogonal beam directions for one of the users
are shown in Fig. 7(c)-(d). (Essentially reshaping one column
of the kronecker matrices in Fig. 7(a)-(b) into a elevationazimuth matrix.) The narrower beamwidth of the CAP-MIMO
AP compared to the phased array AP is evident.
In fact, it can be shown that the beam area (product of the

(a)

(b)

(a)

(c)

(d)

Fig. 7. Illustration of beamspace channel matrices. (a) Kronecker channel
matrix for CAP-MIMO AP for 12 users. (b) Kronecker channel matrix for
phased array AP for 12 users. (c) Azimuth-elevation beamspace channel
matrix for one user for CAP-MIMO AP. (d) Azimuth-elevation beamspace
channel matrix for one user for phased array AP.

beamdwidths in elevation and azimuth) of the CAP-MIMO AP
√
is NRF = nb = 12 times smaller than that of the phased
array AP. This is directly related to the difference in the array
gains, which is reflected in the SNR gain of CAP-MIMO AP in
the idealized plots. But it also results in higher interference in
the phased array AP relative to the CAP-MIMO AP. This effect
is illustrated in Fig. 8 in which the idealized and actual peruser rates of the two APs are compared for: (a) MMSE receiver
(interference suppression) and (b) MF receiver (no interference
suppression). As evident, the loss in (actual) performance of
MF receiver relative to MMSE receiver is larger for phased
array AP than that for CAP-MIMO AP.
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