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Revisiting Non-coherent Detection in Doubly
Selective Multipath
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Abstract—We revisit the problem of non-coherent signal detec-
tion in multipath scattering by exploring the effect of bandwidth
and signaling duration on detection performance in doubly
selective rich and sparse multipath. We begin with a general
sampled representation of multipath channels that allows us
to quantify the independent degrees of freedom (DoF) in non-
uniform and sparse channels as a function of the physical
propagation environment and the signaling parameters. We then
develop the optimal non-coherent detector for such channels.
Based on analytical and numerical results, we conjecture that de-
tection performance is optimized in any multipath environment,
rich or sparse, if two conditions are met: C1) the number of
independent DoF induced by the transmit signal on the channel
is approximately SNR/3, a condition empirically observed in
earlier work, and C2) the variance of the channel coefficients
(each corresponding to a DoF) is identical. We then show how
to achieve these conditions given statistical characterization of
the channel. In the most general setting of non-uniform power
distribution across both delay and Doppler, it may not be possible
to meet the two conditions above.

I. INTRODUCTION

In this paper, we revisit the well-studied problem of signal
detection in a multipath fading environment. Specifically, we
explore the dependence of non-coherent detection performance
on signaling duration and bandwidth in rich and sparse, doubly
selective, multipath environments.

Wireless multipath channels can be generally modeled as
randomly time-varying linear systems. Most existing works
are based on the assumption of rich multipath, influenced by
the seminal work of Bello [3] in which he proposed the well-
known wide-sense stationary uncorrelated scattering (WSSUS)
model. Motivation for revisiting the detection problem is that
physical arguments as well as recent experimental results
indicate that the assumption of rich multipath may be violated
in physical channels encountered in practice; see, for example
[4]–[7] and references therein. In particular, such channels
exhibit a sparse structure, especially at high signal space
dimension (i.e., large time-bandwidth product). For example,
sparsity of multipath is the motivation for the so-called “finger-
management” in RAKE receivers in spread-spectrum CDMA
systems – some of the RAKE “fingers” corresponding to
resolvable delays exhibit weak signal strength [8]. This effect
gets even more pronounced in ultra-wideband channels in
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which the channel impulse response exhibits a sparse structure
as well as specular rather than Gaussian fading [9].

Signal detection in multipath environments is an important
problem in a number of applications: non-coherent com-
munications, detection problems in sensor networks, global
positioning systems, and radar. It also arises in the so called
interweave paradigm in cognitive radio. In the interweave
paradigm, unlicensed spectrum users opportunistically use
licensed spectrum when primary transmitters are not active
[10]. In order to facilitate detection, licensed users transmit a
‘beacon’ signal to warn that the spectrum is occupied. What
type of transmit beacon maximizes the probability of detection
at a receiver? This depends on the multipath channel - if we
know the statistics of the channel, we can design a beacon
signal to meet a specification with minimal resources – or
conversely, given a resource constraint, we can design a signal
to maximize probability of detection.

In doubly selective multipath channels, the choice of signal-
ing duration, T , and bandwidth, W , have a significant impact
on detection performance, controlling both the number and
variance of the degrees of freedom (DoF) induced by the
channel on the received signal [11], [12]. As the number of
DoF increase (each corresponding to an eigenvalue of the
channel covariance matrix) we have two competing effects:
i) an increase in multipath diversity (as the probability that
all DoF fade simultaneously diminishes) and ii) the signal to
noise ratio (SNR) per DoF decreases. These competing effects
result in a trade off and an optimal probability of detection for
some T and W (although not necessarily unique).

This leads us to the focus of this paper: which T and W
result in optimal performance? At a high level, we pose this
question as an optimization problem:

max
T,W

PD (1)

subject to PFA = constant

γ = constant

where PD is the probability a signal is detected, PFA the
probability of false alarm and γ the total received SNR.

Through analytic evidence and numerical results we conjec-
ture that (1) is optimized when two conditions are satisfied:
• C1) the number of statistically independent DoF induced

by the transmit signal on the channel are approximately
equal to γ

3 , and
• C2) the variance of the channel coefficients is equal.

Fig. 1 and Fig. 2 show signal configurations that can achieve
these conditions in different multipath environments. As an
example, if the multipath scattering environment is uniform
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in Doppler, but non-uniform in delay, detection probability
is maximized by a signal which is narrow in bandwidth, but
long in duration, as this induces little diversity in delay, but
much diversity in Doppler. Here, uniform refers to wireless
channels that disperse signal power uniformly across the
delay or Doppler spreads of the channel. If the scattering
environment is non-uniform in both delay and Doppler it may
not be possible satisfy the second condition above. Under these
conditions, an efficient search can be implemented to find the
optimal configuration.

Delay Doppler Optimal Signal
Configuration

uniform uniform c1, c2, or c3
non-uniform uniform c3

uniform non-uniform c1

non-uniform non-uniform search over T , W

Fig. 1. Signal configurations that result in maximum probability of detection.
Configurations c1, c2 and c3 correspond to the illustrations in Fig. 2.

Fig. 2. Three beacon signals used for detection. While the time-bandwidth
product (area) of each signal is the same, the aspect ratio is different, critically
impacting detection performance. The signals correspond to the three plots in
Figs. 8(a) - 10(a).

The study of signal detection in multipath fading is not
by any means a new problem. In fact, although studied in
the context of a minimum probability of error over a fading
binary communications channel (as opposed to the Neyman-
Pearson setting we study), condition C1 was originally ob-
served by Pierce [13] in 1961. Implicitly limited to rich
frequency selective channels, subsequent work agreed with
Pierce’s observation [14], [15]. In brief, this paper confirms
and expands the results of Pierce to doubly selective channels
and sparse channels by first 1) developing the optimal non-
coherent detector, then 2) deriving conditions C1 and C2 by
studying the optimization in (1) using numerical and analytic
techniques, and lastly 3) studying how to achieve conditions
C1 and C2 in any multipath environment (rich or sparse,
uniform or non-uniform).

The remainder of the paper is organized is as follows.
In Sec. II we review the sampled channel representation for
doubly selective multipath channels which quantifies the DoF
and effects of sparsity, before developing the optimal non-
coherent detector. Sec. III studies the detection problem as an

optimization and presents conditions under which performance
is optimal. In Sec. IV, we look at analytic support for the
conjectured optimality conditions. Sec. V presents numerical
results, and Sec. VI concludes the work.

II. SYSTEM MODEL

This section develops the system model that serves as the
basis for assessing signal detection performance. In particular,
we use a sampled representation of physical multipath chan-
nels [3], [4], [12], [16] that captures the randomness of doubly
selective multipath environments as a function of signaling
parameters T and W .

A. Channel Representation

Beginning with the physical discrete-path model [17] the
(noise-free) received signal, r(t), is modelled as a sum of
scaled, phase-shifted, delayed and Doppler-shifted versions of
the transmit signal, x(t):

r(t) =

Np∑
n=1

βnx(t− τn)ej2πνnt (2)

where βn = αne
jφn is the complex path gain, Np is the

number of discrete propagation paths, and τn and νn are the
delay and Doppler shifts of the n-th path, respectively. The
corresponding time-varying channel impulse response is

h(t, τ) =

Np∑
n=1

βnδ(τ − τn)ej2πνnt

for τn ∈ [0, τmax], νn ∈ [−νmax/2, νmax/2], where τmax
and νmax are the delay and Doppler spreads of the channel.
The physical channel can be equivalently represented by its
time-varying frequency response

H(t, f) =

∫
h(t, τ)e−j2πfτdτ

=

Np∑
n=1

βne
−j2πτnfej2πνnt. (3)

Signal detection depends critically on two key character-
istics – the signal duration T and the (two-sided) essential
signal bandwidth W . The sampled virtual representation of
the physical channel samples the delay-Doppler space at a
resolution commensurate with signaling duration and band-
width [3], [4], [16], [17]: ∆τ = 1/W and ∆ν = 1/T .
The sampled channel representation can be construed as a
truncated Fourier series representation of H(t, f) restricted
to (t, f) ∈ [0, T ] × [−W/2,W/2] and the finite delay and
Doppler spreads:

H(t, f) =

L−1∑
`=0

M−1∑
m=−(M−1)

h`,me
j2πm

T te−j2π
`
W f (4)

and

h`,m =
1

TW

∫ T

0

∫ W/2

−W/2
H(t, f)e−j2π

m
T tej2π

`
W fdtdf. (5)
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The set of Fourier series coefficients, {h`,m} for ` =
0, 1, ..., L− 1 and m = −(M − 1), ...,M − 1, are referred to
as the sampled delay-Doppler channel coefficients (or simply
the channel coefficients). The minimum number of coefficients
required to accurately represent the channel (the number of
terms in the sum in (4)), D, depends on the bandwidth,
signaling duration, and delay and Doppler spreads of the
channel:

D = L(2M − 1) L = dWτmaxe M = dTνmax/2e .
By substituting (3) into (5), the virtual channel coefficients

can be related to the physical model as

h`,m =

Np∑
n=1

βne
−jπ(m−νnT )sinc(m− νnT )sinc(`− τnW )

≈
∑

n∈S`,m
βn (6)

where the approximation (a phase factor has been absorbed
into the βn’s) is due to a key property of the virtual channel
representation – virtual path partitioning [4], [16]: distinct
h`,m’s correspond to (approximately) disjoint subsets of prop-
agation paths. In (6), S`,m is the set of all paths whose delays
and Doppler shifts fall within a delay-Doppler resolution
bin of size 1/W × 1/T centered on the `-th virtual delay
(τ = `/W ) and m-th virtual Doppler shift (ν = m/T ). The
grid in Fig. 8(b) illustrates the delay-Doppler bins.

It is convenient to express (6) as:

h = Fβ (7)

where h = vec({h`,m}) ∈ CD is a vector containing h`,m for
all values of (`,m) ∈ {0, 1, ..., L} × {−(M − 1), ...,M − 1},
β = [β1 ... βNp

]T ∈ CNp is a vector of path gains, and F
is a D ×Np matrix with each entry given by

Fi,n = e−jπ(m−νnT )sinc(m− νnT )sinc(`− τnW )

evaluated for all D values of (`,m) and n = 1, ..., Np. Under
the approximation in (6), F is a sparse matrix with Fi,n 6= 0
if a path lands in the corresponding delay-Doppler bin, and
zero otherwise. F represents a linear operator that maps the
physical channel into the virtual channel coefficient domain.

B. Channel Statistics and Degrees of Freedom

In non-coherent detection, the vector of channel coefficients,
h, is a random variable unknown to the receiver. To develop
the statistics of h, we make the assumption that τn and νn
change at scales much slower than φn, which is well justified
if fc � W (see [18], [19]). φn are i.i.d. uniform random
variables – φn ∼ U [0, 2π] – which implies that h is a zero
mean random vector.

The channel covariance matrix is defined as:

Σh = E[hhH ] = FE[ββH ]FH (8)

where E[ββH ] is a diagonal matrix as the phase of path
gains are statistically independent. Under the approximation
in (6), F has exactly one non-zero entry per column, and
the resulting Σh is diagonal. Without this approximation, the

virtual channel coefficients are only approximately statistically
independent and Σh is only approximately diagonal. For the
remainder of this paper we assume Σh is exactly diagonal,
and define

σ2 = (σ2
1 , ..., σ

2
D) = diag(Σh).

From (6), and the independence of φn, the variance of the d-th
channel coefficient is given as

σ2
d = E[h2

d] ≈
∑

n∈S`,m
E[|βn|2]. (9)

If we assume there are no line-of-sight propagation paths and
if there are sufficiently many unresolvable paths contributing
to each non-zero channel coefficient, the central limit theorem
(CLT) can be invoked. This is a Rayleigh fading scenario and
h is a zero-mean complex Gaussian random vector:

h ∼ CN (0,Σh).

Lastly, the variance of the virtual channel coefficients can
be related to the physical multipath channel through the
continuous statistical characterization known as the delay-
Doppler scattering function [17], denoted S(τ, ν), which is
well interpreted as the two dimensional power spectral density
of H(t, f). Provided the multipath is not sparse, as we discuss
in the following section, the elements of σ2 can be equated
to well known channel models (such as exponential and
‘bathtub’, see section V-A) by evaluating S(τ, ν) at discrete
points in the delay-Doppler plane:

σ2
`,m = S

(
`

W
,
m

T

)
. (10)

The number of dominant channel coefficients represents the
number of DoF in the channel. The number of DoF also
represents the level of delay-Doppler diversity [12] afforded
by the channel to combat fading and thus critically impacts the
detection performance. In rich multipath, D = L(2M − 1) =
TWτmaxνmax, which represents the maximum number of DoF
– the maximum number of channel coefficients.

Nearly all existing statistical channel models are implicitly
based on the assumption of rich multipath, consisting of
infinitely many diffuse scattering paths, influenced by the sem-
inal WSSUS model for randomly linear time-varying channels
[3]. Under this assumption of rich scattering, all delay-Doppler
bins are populated with paths – |S`,m| ≥ 1 for all (`,m) –
regardless of signaling dimension.

Physical arguments as well as recent experimental results
indicate that physical channels encountered in practice violate
the assumption of rich scattering, especially at large band-
widths; see, for example, [4], [5] and references therein. Such
environments exhibit a sparse sampled channel representation.
As the delay and/or Doppler resolution is increased, there will
be some bins which are not populated by any paths and thus
the corresponding h`,m will contribute negligible power. We
refer to such channels as sparse [4], [5].

In order to quantify the DoF in sparse channels, we define
the effective degrees of freedom, Deff , as:

Deff = rank(Σh) ≈ |{(`,m) : |S`,m| ≥ 1}|. (11)
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Deff represents the effective number of DoF – the rank of
the channel covariance matrix Σh. The rank of Σh is approx-
imately the number of delay-Doppler bins that contain physical
paths. Using the sampled virtual channel representation, we
make the following observations. First, Deff ≤ D, where D
increases linearly with the time-bandwidth product N = TW .
Second, Deff ≤ Np since

Deff = rank(Σh) = rank(FE[ββH ]FH) (12)
≤ min(Np, D) ≈ min(Np, TWτmaxνmax).

A key observation is that physical channels will appear
rich (Deff = D) at low signaling duration and bandwidth,
i.e. Np � TWτmaxνmax. As W and/or T are increased,
they will exhibit a progressively sparser structure (as D =
TWτmaxνmax gets progressively large compared to Np).
Deff will exhibit linear scaling with N = TW at low time-
bandwidth products, followed by a sub-linear scaling at larger
N , and eventual saturation of Deff to Np.

C. Detector Structure

Using the virtual channel representation, the physical model
for the (noiseless) received signal (2) can be accurately ap-
proximated as [12]

r(t) ≈
L−1∑
`=0

M−1∑
m=−(M−1)

h`,mx

(
t− `

W

)
ej2π

m
T t. (13)

We assume the receiver operates by extracting the channel
coefficients using a delay-Doppler RAKE [12], employing a
bank of matched filters:

r`,m =

〈
r(t), x

(
t− `

W

)
ej2π

m
T t

〉
. (14)

Under appropriate signaling (such as spread spectrum signal-
ing) time and frequency shifted copies of the transmit signal
in (14) maintain approximate orthogonality (again see [12]),
and the (noiseless) received signal vector is

r =
√
Eh (15)

where E is the transmit signal energy.
The task of the detector is to decide between one of two

hypotheses based on the received signal vector r:

H0 : r = w, f(r|H0) ∼ CN (0, σ2
wI)

H1 : r =
√
Eh + w, f(r|H1) ∼ CN (0, EΣh + σ2

wI)

where w ∼ CN (0, σ2
wI) is additive complex Gaussian white

noise. In such binary hypothesis testing problems, the optimal
decision (in a Neyman-Pearson sense [20]) is based on a
threshold ρ and a sufficient statistic Z: if Z > ρ, the detector
decides H1, otherwise the detector decides H0. The perfor-
mance of the detector is assessed via the error probabilities:
the probability of false alarm, PFA, and the probability of
missed detection, PMD,

PFA = P(Z > ρ|H0) PMD = P(Z < ρ|H1). (16)

In contrast to the energy detector, which, without knowledge
of the variance of the channel coefficients, forms the statistic

Z = rHr, the optimal non-coherent detector (ONCD) requires
knowledge of the channel covariance, and is based on the
general form of the Gaussian likelihood ratio:

Λ(r) =
f(r|H1)

f(r|H0)
=
|Σ0|
|Σ1|

e−rH(Σ−1
1 −Σ−1

0 )r.

As the covariance of both hypotheses are diagonal (recall
Σh = diag(σ2), where σ2

d is the power in the d-th virtual
channel coefficient), the log likelihood ratio simplifies to

log Λ(r) = rH
(

I

σ2
w

−A−1
)

r− ς

where
A = diag(Eσ2

1 + σ2
w, ..., Eσ2

D + σ2
w)

and ς is a constant (which is absorbed into the threshold on
subsequent steps). The test statistic is given by

Z = rH
(

I

σ2
w

−A−1
)

r =

D∑
d=1

|rd|2
(

1

σ2
w

− 1

Eσ2
d + σ2

w

)
.

In contrast to the energy detector, the ONCD weights |rd|2
depending on σ2

d. Under either hypothesis, each term in the
above expression will follow an exponential distribution:

|rd|2
(

1

σ2
w

− 1

Eσ2
d + σ2

w

)
∼ exp(λd)

Under H0, λd = 1 + γd
−1 and under H1, λd = γd

−1,
where γd is the per channel SNR (or SNR of the dth channel
coefficient):

γd =
Eσ2

d

σ2
w

. (17)

Z is a sum of exponential random variables, following a hypo-
exponential distribution:

H0 : Z ∼ Hypo

(
1 +

1

γ1
, ..., 1 +

1

γD

)
H1 : Z ∼ Hypo

(
1

γ1
, ...,

1

γD

)
.

The hypo-exponential distribution has a cumulative density
function, denoted Hypo(λ1, ..., λD) which can be expressed
in closed form [21]:

P(Z < z) = F (z) = 1− e1
T exp (zG) 1 , z ≥ 0 (18)

where

G =



−λ1 λ1 0 · · · 0

0 −λ2 λ2 0
...

...
. . . . . . 0

0 −λD−1 λD−1
0 · · · 0 0 −λD


(19)

1 = [1 1 ... 1]
T

e1 = [1 0 ... 0]
T
, (20)

and exp is the matrix exponential operator.
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III. OPTIMIZING DETECTION PERFORMANCE AND
CONJECTURED OPTIMALITY CONDITIONS

The optimization stated in (1) admits a particularly compli-
cated form – T and W , the design parameters, interact with
the channel parameters (τmax, νmax, and S(τ, ν)) to define
both D and (γ1, ..., γD) (the number and SNR of the channel
coefficients), which in turn control PMD. Fig. 3 summarizes
this interaction. Of course, equation (1) is an optimization
over two variables. Using the framework of the previous
two sections we could employ an exhaustive search over all
allowable values of (T,W ) dictated by design constraint. Such
an approach is unsatisfying and reveals little intuition behind
optimal solutions to problems encountered in practice.

To gain insight, we can partition the optimization into two
steps: 1) optimize over the SNRs of the channel coefficients
(a much larger optimization) and, armed with a set of optimal
SNRs, 2) aim to find a T and W that induce this optimal. If
we succeed, we claim to have solved (1). To be more precise,
section II develops a mapping from (T,W ) to γ1, ..., γD. The
mapping is not onto (i.e., there exist some γ1, ..., γD that
cannot be generated by any T and W ). If it happens that
the optimal γ1, ..., γD is generated by some T and W , then
we’ve also found the optimal T and W (since all other T and
W then must map to some sub-optimal γ1, ...γD).

Design Parameters

• T - signaling duration

• W - bandwidth

• SNR - total received SNR

• PFA - probability of false alarm

Channel Parameters

• ⌧max - delay spread

• ⌫max - Doppler spread

• S(⌧, ⌫) - delay-Doppler scattering function

{�1, . . . , �D} - channel
coe�cient SNR

PD - probability of detection

Fig. 3. Interaction between the channel parameters and the signal parameters.
The channel parameters as well as the signal parameters define the SNR of
the channel coefficients – which in turn, dictate detection performance.

To proceed, we first find the largest dimension allowed
by design constraint. Let Wmax and Tmax be the maxi-
mum allowable bandwidth and signaling duration, and define
p = dTmaxWmaxτmaxνmaxe. If no maximum bandwidth and
signaling duration are defined, simply let p be an integer much
larger than γ/3, for reasons that become apparent shortly.
Transforming the objective of (1) into a high dimensional
optimization over the SNRs of the channel coefficients, we
have:

min
γ1,...,γp∈Rp+

PMD subject to constraints.

Rewriting the above optimization with PFA and PD = 1−

PMD as defined for the ONCD we have:

max
γ1,...,γp∈Rp+

eT1 exp (ρG1) 1 (21)

subject to

ρ : eT1 exp (ρG0) 1 = PFA
p∑
d=1

γd = γ

where e1 and 1 are defined in equation (20), G0 and G1

functions of (γ1, ..., γp) defined by equation (19) under H0

and H1 respectively, ρ a threshold defined by PFA, γ and
PFA are constants, and p > γ/3 a positive integer.

We conjecture, based on analytical evidence and insight
gained from numerical results, that the above problem is
optimized (the probability of detection is maximized) when:

γd ≈
{

1
c d = 1, ..., dc γe
0 d = (dc γe+ 1) , ..., p

(22)

or equivalently,
• Condition C1) the effective number of independent DoF

(non-zero elements of (γ1, ..., γp) ∈ Rp), Deff , induced
by the transmit signal on the channel is approximately
Deff = c γ, where c ≈ 1/3 with a small dependence on
PFA, and

• Condition C2) the variance of the channel coefficients
(each corresponding to a degree of freedom) is equal.

If there exists a T and W such that (γ1, ..., γp) satisfy the
above conditions, we conjecture that this T and W maximize
detection probability. An important note is that this optimiza-
tion will in essence automatically reduce the dimension of the
problem by simply setting the SNR of some of the channel
coefficients to zero, provided p is sufficiently large. Increasing
the dimension of the problem will simply result in additional
channel coefficients with zero SNR.

In order to achieve these conditions one first selects a
signal space dimension, N = TW , to satisfy C1. Next, using
configurations listed in Fig. 1, T and W that satisfy C2 can
be chosen, provided the multipath is uniform in either delay
or Doppler. In channels that exhibit non-uniform scattering in
both delay and Doppler (in particular sparse channels), there
may not exist a T and W that satisfy the above conditions.
In this case, we search for a T and W that come close to
satisfying the two optimality conditions (see Section V-E).

IV. ANALYTIC SUPPORT

Condition C1) was first conjectured by Pierce in [13] and
confirmed in [14], [15] in frequency selective, uniform multi-
path. In particular, the authors in [14] were able to show their
results by maximizing the Bhattacharyya Distance, a measure
of the similarity between two densities. In a similiar manner,
we first present a normal approximation in frequency selective
multipath, which captures the linear dependence of the optimal
number DoF on SNR. We then present new evidence showing
the existence of a stationary point at the conjectured optimality
conditions.
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If the SNRs of the non-zero channel coefficients are all
equal the expression in equation (21) can be written in a
simpler form:

min
D

PMD = min
D

F2D

(
F−12D (1− PFA)

D

γ +D

)
(23)

where F2D is the chi-squared cumulative density function
with 2D DoF, and F−12D is the inverse chi-squared CDF [22].
(23) can be numerically evaluated using standard mathematical
software. We can approximate (23) using a normal approxi-
mation: for large D, F2D(x) ≈ 1 − Q

(
x−2D
2D1/2

)
. Re-writing

(23), we have

max
D

Q

(
Q−1(PFA)D + γ

√
D

γ +D

)
(24)

where Q(x) =
∫∞
x

1√
2π
e−

t2

2 dt. We can relax the requirement
that D be an integer to find the approximate minimum, treating
D as a continuous variable. As the Q function is monotonic,
we differentiate the argument and equate to zero, which gives:

Dopt = γ + 2Q−1(PFA)2

−2Q−1(PFA)
√
Q−1(PFA)2 + γ

where Dopt indicates the optimal value of D. For large γ

Dopt ≈ γ.

We note that the approximation is not rigorous for even
large values of Dopt, as the detection threshold is always in
the tail of one of the involved densities. While the normal
approximation does capture the linear trend, it predicts Dopt

as a factor of three larger than the true optimal DoF, which is
likely attributed to the inaccuracy of a Gaussian tail applied
to a chi-squared distribution.

In non-uniform multipath, the SNRs of the individual
channel coefficients can take on distinct non-zero values,
and we return to the optimization as stated in (21). While
the objective of (21) is not a convex function of γ1, ..., γD
(D = 2 and γ1 + γ2 = 1/2 shows the function, in general, is
not convex), the objective is a symmetric function (invariant
to permeations of γ1, ..., γD). This implies that the solution
γ1 = γ2 = ... = γD is a stationary point – which is a
necessary condition for an optimal solution. This is captured
in the following lemma.

Lemma IV.1. For any symmetric function f(x), subject to an
affine constraint xT1 = a, the value xi = a

p , i = 1, ..., p is a
stationary point.

Proof: Consider a symmetric function f(x) : Rp → R,
with constraint xT1 = a, as we have in equation (21). Let U
be a permutation matrix with exactly one 1 in each row and
each column. By definition of a symmetric function, f(x) =
f(Ux). Using the chain rule (where ∇f(x) is the gradient, or
vector of partial derivatives), we have:

∇f(Ux) = U∇f(y)|y=Ux (25)

Restricting x = a1 (i.e., x1 = x2 = ... = xp), we have
Ux = x and equation (25) is then

∇f(x)|x=a1 = U∇f(x)|x=a1

which is true for all permutation matrices, U , if and only if

∇f(x)|x=a1 = b1.

The gradient of the function f(x) at x = a1 is in the direction
b1, which is perpendicular to the hyperplane defined by the
constraint xT1 = a [23], and x = a1 is a stationary point
[24].

While the existence of a stationary point at γ1 = γ2 =
... = γD does not imply either a (local or global) maximum
or minimum, a stationary point is a necessary condition for
an optimal solution. Additionally, note that while a traditional
approach involving a Lagrangian formulation was not pursed
as a closed form derivative of the objective was not readily
obtained.

V. NUMERICAL RESULTS

In the remainder of the paper we present a series of
numerical results aimed at further supporting the conjectured
optimality conditions. We begin focusing on the effects of
sparsity and its effects on condition C1 in frequency selec-
tive multipath, before continuing to the added complexity of
doubly selective multipath. The last series of results evaluates
detection performance in three commonly encountered envi-
ronments.

A. Support for condition C1 and the effects of Sparsity

Before proceeding, we recall the definition of Deff – the
effective DoF of a sparse multipath channel – as the number
channel coefficients with non-zero variance. In order to satisfy
C1, we require Deff ≈ γ/3. To show this, we’ll examine a
series of numerical results. We evaluate performance of the
OCND as a function of W and γ for two frequency selective
multipath environments: rich (Np = 500) and sparse (Np =
10). In both cases, τmax = 10µs (as the channel is frequency
selective, M = 1, regardless of T ). The performance of the
energy detector (ED) is included for discussion.

Numerical results herein are generated using the framework
of the previous sections. Specifically, a set of Np discrete
multipath components is generated by specifying the delay
of each path drawn uniformly from (τ, ν) ∈ [0, τmax] ×
[−νmax/2, νmax/2] (or simply τ ∈ [0, τmax] for the frequency
selective case). The variance of each multipath component is
equal while the variance of the virtual channel coefficients
is calculated using the exact expression found in (6). They
are normalized and scaled by the SNR: γ =

∑D
d=1

Eσ2
d

σ2 =∑D
d=1 γd. For a given PFA, the cumulative density function

of the test statistic is inverted numerically to find the corre-
sponding threshold ρ using (18). Lastly, PMD is calculated,
again using (18).

Fig. 4(a) shows results at three SNRs for the rich multipath
environment consisting of Np = 500 paths. Both the ED and
ONCD behave similarly since even at maximum bandwidth of
5MHz, Deff = D = 50 � Np and σ2

d are equal for all d.
This agrees with conjectured optimality condition C1: when
γ = 10 (linear units), the numerical results indicate an optimal
bandwidth of W ≈ 300 kHz, corresponding to Dopt = 3.
When γ = 20, the plot indicates the optimal bandwidth occurs
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Fig. 4. Probability of missed detection as a function of bandwidth for two
frequency selective environments (τmax = 10µs, Tνmax < 1, thus D =
Wτmax): (a) Np = 500, and (b) Np = 10. PFA = 0.05 in both cases.
Three SNR values of 10, 20, 40 (10dB, 13dB, 16dB) . The dashed lines show
performance of the energy detector, while the solid lines show performance
of the ONCD.

at W ≈ 700 kHz, corresponding to Dopt = 7. Lastly, when
γ = 40, the optimal bandwidth is 1.3 MHz, corresponding to
Dopt = 13. In all cases, Dopt ≈ γ/3.

Fig. 4(b) shows the performance of both detectors in the
sparse regime. At approximately 500 kHz, corresponding to
D = 5, the ONCD begins to substantially outperform the ED,
since some of the channel coefficients exhibit near-zero power.
As a result, Deff < D. The ED is adversely affected by noise
in the near-zero power coefficients, whereas the ONCD nulls
them out due to complete statistical knowledge. As bandwidth
increases further into the sparse regime, so that D > Np, the
performance of the ONCD remains nearly constant as Deff

is bound by Np.
From (6), the channel coefficients can be well approximated

by summing the path gains corresponding to multipath com-
ponents in a particular delay-Doppler resolution bin. In sparse
multipath, many of the delay-Doppler bins will contain no
paths. The number of delay-Doppler bins that contain one or
more paths is the effective number of DoF, Deff . We can
estimate Deff as follows. Recall |S`,m| = 0 is the event
that a delay-Doppler bin contains no paths (see (6) and the
ensuing paragraph). If the paths have delay and Doppler drawn
uniformly at random, P(|S`,m| = 0) = P

(⋂Np

n=1 n 6∈ S`,m
)

=(
D−1
D

)Np . We can approximate the expected value of Deff

as D P(|S`,m| ≥ 1) giving

D

(
1−

(
D − 1

D

)Np
)
. (26)

From (22), the probability of detection is maximized when
Deff ≈ γ/3, and we estimate Dopt as the value of D that
satisfies:

D

(
1−

(
D − 1

D

)Np
)

=
γ

3
. (27)

Fig. 5 graphs (27) for three values of Np. The left axis shows
the estimated optimal bandwidth for a frequency selective
channel, such as that shown in Fig. 4.

These results suggest we categorize physical multipath
channels into three regimes:

Np �
γ

3
Np ≈

γ

3
Np �

γ

3
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Fig. 5. Optimal bandwidth as a function of γ for three multipath environ-
ments: Np = 10, Np = 50, Np = 500. τmax = 10µs.

Sparse: When Np � γ
3 , the multipath diversity afforded

by the channel is insufficient to achieve Dopt. Regardless of
increase in the time-bandwidth product, N = TW , Deff ≤
Np and performance remains worse than that of the optimal
achieved in a rich channel with the same SNR. Condition C1
cannot be met as Deff never equals γ/3. This scenario occurs
in Fig. 4(b), at an SNR of 40. A minimum is not achieved as
the bandwidth is increased, as visualized in Fig. 5, Np = 10.

Medium Sparse: In the next regime, Np ≈ γ
3 , and the

multipath diversity of the channel is sufficient to achieve the
optimal performance of the corresponding rich channel. As
N = TW is increased, Deff increases at a sublinear rate,
but eventually saturates to Np. Beyond the optimal time-
bandwidth product, performance does not decrease as it would
in the corresponding rich channel; again, the effective DoF,
bound by Np, remain at a near optimal level regardless of
increase in signaling dimension. This occurs in Fig. 4(b) at an
SNR of 20. Here, PMD is minimized when W ≈ 10 MHz, a
bandwidth larger that that of the corresponding rich channel.

Rich: When Np � γ
3 we consider the multipath to be rich;

the optimal signaling dimension is given directly by C1 –
Dopt = γ/3. This corresponds to the plot labeled Np = 500
in Fig. 5.

Sparsity, in general, requires that we operate at a higher
time-bandwidth product to achieve optimal detection perfor-
mance and satisfy C1. This results also holds in doubly-
selective multipath. Fig. 6 displays the performance of the
ONCD as a function of both T and W under uniform
multipath. The left figure shows PMD for a rich a channel
in which Deff ≈ Dopt < Np. The right figure shows
PMD for a sparse channel in which Deff saturates to Np
as the signaling dimension is increased. Performance remains
nearly constant beyond saturation. The surface color indicates
the signaling dimension. Results parallel that of frequency
selective multipath.

B. Support for condition C2

In the following sections we present a series of numerical
results to support condition C2. All results are generated as
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Fig. 6. Doubly-selective channels. γ = 150 (linear units). τmax = 10µs,
νmax = 200Hz. (a) Np = 500, (b) Np = 50. The color of the surface
indicates the time-bandwidth product, N = TW .

follows: for a given T , W , and delay-Doppler scattering func-
tion, (10) is evaluated for σ2, which is normalized to satisfy
the total SNR constraint. For a given PFA, the cumulative
density function of the test statistic is inverted numerically to
find the corresponding threshold ρ using (18). Lastly, PMD is
calculated, again using (18).

Figs. 8(a), 9(a), and 10(a) show detection performance as
a function of D, the DoF of the channel, under the three
different multipath environments. Each graph contains three
plots of PMD as defined in Fig. 7. The three plots represent
different ways to increase D: (i) by increasing W (partitioning
in delay), (ii) increasing T (partitioning in Doppler), and (iii)
by increasing T and W proportionally (partitioning in both
delay and Doppler). Fig. 2 illustrates these three approaches
- signal c1 is wide in bandwidth, c2 is proportional in both
signaling duration and bandwidth, and c3 is long in signaling
duration.

We introduce the normalized signal aspect ratio, defined as:

α =
Wτmax
Tνmax

. (28)

The normalized aspect ratio represents the ratio of bandwidth
to signaling duration scaled by the channel parameters. It also

Increasing W - blue (dashed)
W ∝ D D = L = dWτmaxe

Increasing T - red (solid)
T ∝ D D = (M) = dTνmax/2e
Increasing W and T - black (dotted)

W,T ∝
√
D L = (M) T

W
≈ τmax

νmax

Fig. 7. Channel partitioning in Figs. 8 - 10(a).

represents the ratio of the number of DoF induced by diversity
in delay (L), to those induced by diversity in Doppler (2M−1).
When α = 1, the channel has an equal number of coefficients
in delay and Doppler, thus L = 2M − 1. When α is small,
the signal is long in T , and narrow in W ; conversely, if α is
large, the signal is wide in W and short in T .

Figs. 9(b) and 10(b) show detection performance as a
function of aspect ratio, α. Each figure contains three plots
of PMD, corresponding to different fixed time-bandwidth
products: i) solid - TW = 5 × 103, ii) dashed - TW =
2 × 104, iii) dotted - TW = 5 × 104. The horizontal plots
labeled PMDmin

show the minimum attainable probability of
missed detection for all values of D, α and σ2. In all cases
PMDmin

= 2.982× 10−8 (found using an exhaustive search).
This is considered our global minimum PMD for all channels
with γ = 100 and PFA = 0.05.

Figs. 8(b), 9(c), and 10(c) illustrate representative multipath
environments corresponding to the surrounding figures. Each
dot represents a discrete multipath component. The power of
the multipath component is represented by the area of the dot.
The grid lines in each figure represent the delay-Doppler bins
induced by different T and W .

C. Uniform Multipath

Fig. 8 shows detection performance under rich uniform
multipath – S(τ, ν) = 1. For a fixed D, PMD does not depend
on the aspect ratio of the signal - all three plots in Fig. 8(a)
are identical. Regardless of T and W , the variance of the D
channel coefficients are identical and performance is constant
for fixed D. For all three plots in 8(a), the optimal performance
occurs at approximately D = 40.

The grid in Fig. 8(b) illustrates the delay-Doppler bins for a
particular T and W , where each delay-Doppler bin (the small
squares made by the horizontal and vertical lines) corresponds
to a virtual channel coefficient. The multipath components
in a particular bin make up the set S`,m. Adding up all the
paths in each bin approximates the power in the corresponding
channel coefficient (see equation (6)). Recall that increasing
W creates more partitions in delay, while increasing T results
in more partitions in Doppler. This affects the number of
channel coefficents, and power in each coefficient, and thus
affects detection performance. In this figure, L = 2(M − 1)
(the number of partitions in delay is equal to the number
of partitions in Doppler) which implies T

W ≈ τmax

νmax
, and

α ≈ 1. As the multipath is uniform, the variance of the channel
coefficients are the same, regardless of how we partition the
channel.
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Fig. 8. Uniform delay-Doppler scattering environment – (a) PMD as function
of D for three aspect ratios as described by Fig. 7. (b) Illustration of a
representative physical multipath environment. PFA = .05, γ = 100. The
grid represents the delay-Doppler bins.

D. Exponential Delay

Unlike the uniform environment, detection performance in
non-uniform multipath depends on L and M individually,
instead of their product. The delay-Doppler scattering function
of the environment analyzed here (a representative exponential
delay environment) is:

S(τ, ν) = e−τ/2×10
−6

which defines the variance of the channel coefficients: σ2
`,m =

S(`/L,m/M). Fig. 9(a) shows detection performance as a
function of D. The red (solid) plot represents performance
when D is increased by increasing T and keeping W fixed.
This partitions the multipath environment in Doppler (illus-
trated by the grid lines in Fig. 9(c)). Since the multipath
environment is uniform in Doppler, partitioning in Doppler
only scales the variance of the channel coefficients; all channel
coefficients will have equal variance (see Fig. 9(d)) as required
by C2. Empirically, optimal performance is reached when
each channel coefficient has equal variance (condition C2)
approximately equal to three (condition C1) - achieved by
increasing T .

The dashed (blue) plot in Fig. 9(a) shows performance when
D is increased by increasing bandwidth and holding signaling
duration constant, partitioning the channel in delay. Some of
the channel coefficients (corresponding to longer delays) will
contain little power as D is increased (see Fig. 9(d)) – optimal
performance will not be reached as C2 is not satisfied.

Fig. 9(b) shows detection performance as a function of α
for three time-bandwidth products. For extreme values of α,
D exceeds Dopt at a linear rate. As an example, consider the
dashed line in Fig. 9(b). As we continue to increase the aspect
ratio beyond 1 × 102, we increase W - thus L increases. T
decreases but M , bounded below by 1, does not decrease. This
causes D to increase linearly with W ; we exceed optimal D
and detection performance deteriorates.

For aspect ratios between approximately 10−2 and 102,
there is a tilt to the plot – detection performance is better
for signals that are longer in duration and short in bandwidth.
As discussed above, this induces a uniform power distribution
on the channel coefficients.

Fig. 9(c) illustrates the exponential delay - uniform Doppler
environment. The solid lines represent delay-Doppler bins
induced by a signal that is long in duration and narrow in

bandwidth, resulting in equal power virtual channel coeffi-
cients, achieving condition C2.
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Fig. 9. Exponential delay – uniform Doppler environment – PFA = .05,
γ = 100. (a) PMD as function of D for three aspect ratios as described by
Fig. 7. (b) PMD as a function of α for three values of TW . (c) Illustration
of a representative physical multipath environment. The grid represents a
potentially optimal configuration. (d) Eigenvalues of the channel covariance
matrix when probed by three signals of different α. The legend shows three
approaches – 1) probed by a near optimal signal (TW = 5 × 103 and
α = 10−2). 2) Sub-optimal approach with TW = 5× 103, but α = 10−1

resulting in D 6= γ
3

. 3) Sub-optimal approach where TW = 5 × 103 and
α = 102.

E. Exponential Delay, Bathtub Doppler

Fig. 10(a) and 10(b) show performance of a channel with
exponentially distributed delay and ‘bathtub’ Doppler. The
corresponding scattering function [11], [12] is defined as

S(τ, ν) =
e−τ/2×10

−6√
1− (2ν/νmax)2

.

PMDmin = 2.982×10−8 (plotted horizontally) is not achieved.
Regardless of how we partition the channel, we do not induce
uniform power in the channel coefficients (see Fig. 10(d)) –
a requirement to achieve optimal performance. Condition C2
cannot be met.

This specific case highlights a general class of multi-
path environments which are non-uniform in both delay and
Doppler. Under the constraints of Sec. II, the channel cannot
be partitioned so that the variance of the channel coefficients
are equal. This is best illustrated by Fig. 10(c). There is no
partitioning such that each delay-Doppler bin has equal power.
In this setting, using the framework developed in this paper,
an exhaustive search over all signaling duration and bandwidth
can be implemented.

VI. CONCLUSION

Signal detection in multipath is an important problem in
many applications. Most prior work assumes rich, frequency
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Fig. 10. Exponential delay – ‘bathtub’ Doppler environment – (a) PMD

as function of D for three aspect ratios as described by Fig. 7. (b) PMD

as a function of aspect ratio for three values of TW . (c) Illustration of a
representative physical multipath environment. PFA = .05, γ = 100. (d)
Eigenvalues of the channel covariance matrix when probed with signals of
different aspect ratio. TW = 5× 10−3.

selective multipath channels. Contrary to this assumption,
recent experimental results accompanied by physical intuition
suggest that some multipath channels in practice can be sparse,
and as carrier frequencies increase, become doubly selective -
motivating a need to revisit the signal detection problem.

This paper explored the effect of signaling duration and
bandwidth on optimal non-coherent detection performance
in doubly selective multipath in an effort to understand the
optimization problem in (1). To explore this question, we first
developed and characterized the optimal non-coherent detector.
The optimal non-coherent detector, which exploits statistical
channel knowledge, weights the received signal vector based
on the variance of the virtual channel coefficients.

We conjectured that in any multipath environment, rich
or sparse, frequency selective or doubly selective, uniform
or non-uniform, detection performance is optimized if the
following conditions are met:

• condition C1) the number of independent degrees of
freedom, D, induced by the transmit signal on the channel
is approximately D = c γ, where c ≈ 1/3 with a small
dependance on PFA, and

• condition C2) the variance of the channel coefficients
(each corresponding to a degree of freedom) is approxi-
mately equal.

The conjectured optimality conditions can be translated to
real multipath environments – in exponential delay, uniform
Doppler environments, they suggest we send signals for de-
tection that are large in time and small in bandwidth. In
uniform delay and ‘bathtub’ Doppler, they suggests we use
signals that are wide in bandwidth, and short in duration. In
an arbitrarily defined multipath environment, rich or sparse,

the developments of this paper can be used to find the signal-
ing duration and bandwidth that result in best performance,
potentially improving detection rates by orders of magnitude.
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