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I. I NTRODUCTION AND OVERVIEW

Multi-antenna arrays have emerged as a promising technology for increasing the spectral efficiency and reliability
of wireless communication systems by augmenting the traditional signal space dimensions of time and frequency
with the spatial dimension [1], [2] The advantages of such multiple input multiple output (MIMO) communication
systems are intimately related to the phenomenon ofmultipath– signal propagation over multiple scattering paths
– in wireless channels [3], [4], [5]. While traditionally considered a detrimental effect due to signalfading – wild
fluctuations in received signal strength – multipath has emerged as key source ofdiversity to not only combat
the effects of fading for increased reliability, but to alsoincrease the information capacity of wireless links [1],
[2]. In particular, MIMO systems exploit multipath to establish multiple parallel spatial channels that, in principle,
can increase the link capacity in direct proportion to the number of antennas, without increasing the traditional
resources of power or bandwidth [6], [7], [8], [9], [10]. The advantages of antenna arrays in point-to-point wireless
communications have also spurred research in cooperative communication techniques that are aimed at reaping
MIMO performance gains in a distributed network setting [11], [12], [13], [14].

In this chapter, we review some of the key developments in thelast decade aimed at exploitation of multi-
antenna arrays in wireless communications. Our focus is on the basic structure of wideband MIMO transceivers for
optimal communication over multipath wireless channels from the perspective of the spatio-temporal signal space
associated with the transceivers. Unlike the traditional additive white Gaussian noise (AWGN) model for point-to-
point wireline channels, in which the thermal noise at the receiver is the main source of errors, the multipath wireless
channel connecting the transmitter and the receiver is bestmodeled as astochastic linear systemdue to the large
number of physical propagation parameters [4], [5], [3], [1], [2]. In particular, the statistically independent degrees
of freedom (DoF) exhibited by the wireless channel, which in turn determine its fundamental performance limits
such as capacity, are determined by theinteraction between the physical multipath propagation environment and
the signal space associated with the wireless transceiver.For modern wideband MIMO transceivers this interaction
happens in multiple dimensions of time, frequency and spaceand the statistical characteristics of the corresponding
multi-dimensional wireless channel depend on the spatial-temporal-spectral characteristics of the multi-dimensional
waveforms used by the transceivers. We illustrate the key ideas behind multi-dimensional wireless communication
over multipath channels in two contexts: i) design and analysis of wideband MIMO transceivers for exploitation of
multipath diversity in point-to-point links, and ii) application of wideband MIMO transceivers for rapid retrieval of
information from a network of wireless sensors, emphasizing the importance of multipath diversity and interference
suppression in a point-to-multipoint network setting.

In Sec. II we review wireless channel modeling in time, frequency and space. We first develop a physical model
for point-to-point wireless channels that explicitly accounts for signal propagation over multiple spatially distributed
paths connecting the transmitter and the receiver [3]. Physical models, while accurate, are difficult to incorporate into
system design due to theirnon-lineardependence on a large number of propagation parameters, such as path delays,
Doppler shifts and angles of departure (AoD) at the transmitter, and angles of arrival (AoA) at the receiver. The
highlight of this section is avirtual channel representationof the physical model that captures the interaction between
the physical propagation environment and the signal space of the transceivers in time, frequency and space [15],
[16], [17]. The virtual representation essentially corresponds to a uniform sampling of the propagation environment
in the physical angle-delay-Doppler space commensurate with the spatial-temporal-spectral resolution afforded by
the multi-dimensional signal space afforded by the transceivers. Furthermore, it islinear and is characterized by
a set of virtual channel coefficients that characterize the statistically independent DoF in the channel. Overall, the
virtual channel representation provides a bridge between physical and statistical channel modeling by characterizing
the contribution of different propagation paths to the independent DoF in the channel, and greatly facilitates system
design and analysis. Our development of physical models andthe corresponding sampled virtual representations
proceeds along progressively complex scenarios. Sec. II-A discusses single-antenna channels, emphasizing channel
characteristics in time and frequency. Sec. II-B discusses narrowband, static MIMO channels to focus on channel
characteristics in space. Sec. II-C considers the most general case of time- and frequency-selective MIMO channels
to characterize channel characteristics in time, frequency and space.

In Sec. III, we discuss transceiver design and analysis for point-to-point wireless links, following the progression
in Sec. II. Our presentation, anchored on the sampled virtualchannel representation, is aimed at developing input-
output relations for point-to-point wireless links as a function of the spatio-temporal waveforms used for modulation
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(signaling) at the transmitter and demodulation (matched filtering) at the receiver. Sec. III-A considers transceiver
structures for single-antenna channels, focussing on exploitation of channel selectivity (variation) in time and
frequency. In particular, we develop transceiver structures for two important types of signaling: Fourier signaling
used in OFDM (orthogonal frequency division multiplexing) systems, and spread-spectrum signaling used in CDMA
(code division multiple access) systems [3]. We also discuss the concept of orthogonal short-time Fourier (STF)
signaling that is a generalization of OFDM signaling adaptedto rapidly time-varying channels [18], [19], [20], [21].
Sec. III-B discusses transceiver structures for non-selective MIMO channels, focussing on the exploitation of spatial
channel characteristics. In this context, we emphasize theimportance of signaling and reception inbeamspacefor
uniform linear arrays (ULAs) of antennas, and its generalization to eigenspacesignaling and reception for arbitrary
array geometries. Sec. III-C builds on the previous two sections to develop transceiver structures for the most
general case of time- and frequency-selective spatially correlated MIMO channels. In this context, we highlight
two types multi-dimensional transceiver structures: Eigenspace-CDMA transceivers and Eigenspace-OFDM/STF
transceivers. In general, the design and analysis of wireless transceivers depends on the level of channel state
information (CSI) available at the transmitter and/or receiver. Our primary focus in Sec. III in on thecoherent
casewhere instantaneous CSIis assumed known perfectly at the receiver to enable coherent reception, whereas
only statistical CSIis assumed known at the transmitter. Throughout, we illustrate the development of transceiver
structures with probability of error and capacity calculations.

In Sec. IV, we discuss an application of the transceiver structures developed in Sec. III for information retrieval
in wireless sensor networks [22], [23], [24]. Wireless sensor networks are an emerging technology that promises
an unprecedented ability to monitor the physical environment in a variety of modalities (e.g., acoustic, thermal,
chemical) using a network of wireless sensor nodes. Specifically, we discuss a framework forActive Wireless
Sensing (AWS)in which a wireless information retriever or access point, equipped with a multi-antenna array,
actively interrogates an ensemble of wireless sensor nodeswith wideband (spread-spectrum) space-time waveforms
for rapid retrieval of sensor information [25], [26], [27].While originally developed for sensor networks, the AWS
framework is also applicable to wireless communication in general point-to-multipoint network settings. We highlight
the role of sensorspace-time signatures, induced by the multipath propagation environment, that greatly facilitate
efficient communication between the WIR and the network of sensors. The discussion of AWS also extends the
ideas of Sec. III to multi-user scenarios, including the discussion of linear techniques for suppressing interference
between multiple user (node) transmissions [28]. Finally, the role of time-reversal signaling1, a new technique that
has been explored recently in the wireless communications [30], [27], is also discussed in the context of multi-user
communications.

Finally, in Sec. V we provide concluding remarks, including avenues for future research and connections to other
chapters in this handbook.

Notation. Throughout this chapter, we consider complex baseband representations of signals and channels [3].
We use the symbolC for the field of complex numbers. Bold faced letters will be used to represent vectors and
matrices; lower case letters for vectors and uppercase letters for matrices. All vectors are considered column vectors
by default. For anN -dimensional complex vector,x ∈ CN , xT denotes its transpose (a row vector), andxH = (xT )∗

denotes the Hermitian transpose (transposition and complex conjugation). The same notation is used for matrices as
well. Complex Gaussian random variables and vectors will bemodeled asproper (circular) complex Gaussian[31].
The notationx ∈ CN (m, σ2) is used denote a complex Gaussian random variablex with meanm and varianceσ2.
The notationx ∈ CN (m,Σ) is used to denote a complex Gaussian vectorx with meanm and covariance matrix
Σ = E[(x − m)(x − m)H ]. The notation〈·, ·〉 is used to denote the inner-product between complex waveforms:
〈x, y〉 =

∫

x(t)y∗(t)dt.

II. M ULTIPATH WIRELESSCHANNEL MODELING IN TIME , FREQUENCY AND SPACE

Signal propagation over multiple spatially distributed paths, due to scattering from objects in the environment, is
a salient feature of wireless channels. The large number of physical multipath propagation parameters necessitates
stochastic channel modeling, and wireless channels can be generally modeled asstochastic linear time-varyingsys-
tems [4], [5], [3]. The temporal channel variations arise dueto the relative motion between the transmitter, receiver,
and the multipath scattering environment. In this section,we develop models for capturing statistical characteristics

1Originally developed in the context of acoustic communications and imaging [29].
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of multipath wireless channels in time, frequency and space. Traditional models, such as the wide-sense-stationary
uncorrelated scattering (WSSUS) model [4], [5], are implicitly based on arich scattering environment consisting
of infinitely many, densely distributed, propagation paths.In contrast, we will explicitly consider a discrete path
model which is a more accurate reflection of physical reality.

From a communications perspective, we are ultimately interested in characterizing the statistically independent
degrees of freedom (DoF) in a wireless channel. The channel DoFcharacterize: i) the number of channel parameters
to be estimated in practice, ii) the source of fading as well as the level of diversity afforded by the channel, and iii)
fundamental channel properties, such as capacity. The channel DoF, in turn depend on theinteractionbetween the
physical propagation environment and the signal space of wireless transceivers. For modern wireless transceivers,
this interaction happens in multiple dimensions of time, frequency and space. A highlight of this section is a
virtual modeling frameworkfor multipath wireless channels that captures this interaction and plays a key role in
the subsequent development in this chapter [15], [16], [17]. Physically, each propagation path can be represented
as a distinct point in angle-delay-Doppler space and thevirtual channel representationessentially corresponds to
a uniform sampling of multipath in angle-delay-Doppler at aresolution commensurate with the spatio-temporal-
spectral signal space used by the transceivers. In particular, the sampled virtual channel representation characterizes
the contribution of each propagation path to the DoF in the channel:distinctvirtual channel coefficients are associated
with disjointsets of propagation paths that contribute to it, and the number ofdominantnon-vanishing virtual channel
coefficients represents the DoF in the channel.

We begin with modeling of single-antenna channels in Sec. II-A where the focus is on statistical channel
characterization in time and frequency. Sec. II-B discussesmodeling of slowly time-varying, narrowband MIMO
channels to focus on channel statistics in the spatial dimension. Sec. II-C discusses the most general case of
time-varying, wideband MIMO channels to characterize channel statistics in time, frequency and space. In all
sub-sections, we first present a physical model for multipathchannels, followed by the sampled virtual channel
representation to characterize the underlying DoF in the channel. In the context of the virtual representation, we
implicitly consider communication using packets of duration T and (two-sided) bandwidthW , as in Sec. III. Thus,
the dimension of the temporal signal space isNo ≈ TW , the time-bandwidth product [32]. For multi-antenna
channels, we useNT and NR to denote the number of antennas at the transmitter and the receiver, respectively.
Since the focus in this section is on channel characterization, we ignore the issues of noise and interference. The
impact of noise and interference is discussed in Sections IIIand IV.

A. Single-Antenna Channels: Time-Frequency Characteristics

We start with the simplest case of single-antenna channels.In this case, the channel can be generally described
as a linear time-varying system [4], [3]

r(t) =

∫

H(t, f)X(f)ej2πftdf =

∫ τmax

0
h(t, τ)x(t − τ)dτ =

∫ τmax

0

∫ νmax/2

−νmax/2
C(ν, τ)x(t − τ)ej2πνtdνdτ (1)

wherex(t) denotes the transmitted signal,X(f) is the Fourier transform ofx(t), andr(t) is the received signal.
The channel is characterized byh(t, τ), the time-varying impulse response, or H(t, f), the time-varying frequency
response, or C(ν, τ), the delay-Doppler spreading function. The channel parametersτmax and νmax denote the
delay spreadand (two-sided)Doppler spreadof the channel:τmax reflects the maximum delay andνmax/2 the
maximum Doppler shift introduced by the channel. All three channel characterizations are equivalent to each other
and related via Fourier transforms. In particular,H(t, f) andC(ν, τ) are related toh(t, τ) as

H(t, f) =

∫ τmax

0
h(t, τ)e−j2πfτdτ , C(ν, τ) =

∫

h(t, τ)e−j2πνtdt . (2)

Our main interest is inH(t, f) andC(ν, τ) that are related through a two-dimensional Fourier transform

C(ν, τ) =

∫ ∫

H(t, f)ej2πτfe−j2πνtdtdf . (3)

As noted earlier, the channel is best modeled as a stochasticsystem due to the underlying multipath propagation.
In the WSSUS model [4],H(t, f) is modeled a two-dimensional wide-sense stationary (WSS) process int andf
with correlation function

RH(∆t, ∆f) = E[H(t + ∆t, f + ∆f)H∗(t, f)] . (4)
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SinceC(ν, τ) is related toH(t, f) via a two-dimensional Fourier transform, it is uncorrelated in both variables

E[C(ν1, τ1)C
∗(ν2, τ2)] = ΨC(ν1, τ1)δ(ν1 − ν2)δ(τ1 − τ2) (5)

whereΨC(ν, τ) ≥ 0 is called thedelay-Doppler scattering function, and can be interpreted as the two-dimensional
power spectral density associated with the two-dimensional WSS processH(t, f). That is, RH(∆t, ∆f) and
ΨC(ν, τ) are related through a two-dimensional Fourier transform

ΨC(ν, τ) =

∫ ∫

RH(∆t, ∆f)ej2π∆fτe−j2π∆tνd∆td∆f . (6)

Thus,ΨC(ν, τ) is also referred to as thedelay-Doppler power spectrumassociated with the channel, and its support
is limited to (ν, τ) ∈ [−νmax/2, νmax/2]× [0, τmax]. If the channel is zero-mean with (complex) Gaussian statistics,
as in Rayleigh fading, then its statistics are completely characterized by the scattering function. Furthermore, we
will focus on underspreadchannels for which the channel spread factorτmaxνmax ≪ 1, which is true for virtually
all radio frequency wireless channels2 [3].

1) Physical Discrete-Path Model:As mentioned earlier, our main focus is on a discrete-path model that explicitly
captures channel characteristics in terms of the physical propagation paths. In the discrete-path model,H(t, f) and
C(ν, τ) can be expressed as

H(t, f) =

Np
∑

n=1

βne−j2πτnfej2πνnt , C(ν, τ) =

Np
∑

n=1

βnδ(τ − τn)δ(ν − νn) (7)

whereNp denotes the number of propagation paths from the transmitter to the receiver, andβn, τn ∈ [0, τmax],
and νn ∈ [−νmax/2, νmax/2] denote the complex path gain, delay, and Doppler shift associated with then-th
path, respectively. In particular,βn = αnejφn , whereαn ≥ 0 denotes the path amplitude andφn represents the
path phase. Over the (small) time-scales of interest, we will assume thatNp and{αn, τn, νn} are deterministic but
unknown, whereas{φn} are random variables that are all uniformly distributed over [−π, π] and are independent
for different paths. Thus, the only source of channel randomness is the random path phases,{φn}, the channel
variation in time is captured by the path Doppler shifts,{νn}, and the channel variation in frequency is captured
by the path delays,{τn}.

For the discrete-path model, the input-output relation in (1) becomes

r(t) =

Np
∑

n=1

βnx(t − τn)ej2πνnt . (8)

As evident from (1) and (8), a multipath wireless channel affects the transmitted signal in both time and frequency.
C(ν, τ) reflects this effect in terms of signaldispersionin time and frequency: the received signal,r(t), is a linear
combination of delayed and Doppler-shifted versions of thetransmitted signal,x(t). The extent of signal dispersion
is determined byτmax and νmax. Channel representation in terms ofH(t, f) reflects the effect of the channel
in terms of signaldistortion in time and frequency. In this regard, two measures based on the channel spread
parameters are often used to capture thescaleof channel variation in time and frequency [3]

Tcoh =
1

νmax
, Wcoh =

1

τmax
(9)

where thecoherence time, Tcoh, represents the duration over which the channel remains strongly correlated in
time, whereas thecoherence bandwidth, Wcoh, represents the bandwidth over which the channel remains strongly
correlated in frequency. Note that the inverse relationship between (Tcoh, Wcoh) and (νmax, τmax) is consistent with
the Fourier relation in (6).

The precise way in which the channel affects the transmitted signal depends on two key signaling parameters,
T and W , relative toνmax and τmax (or Tcoh and Wcoh, equivalently). In particular, two composite parameters

2As opposed to underwater channels based on acoustic communication, which may not be underspread.
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Fig. 1. Contour plots ofH(t, f) for different cases of selectivity in time and frequency.H(t, f) is modeled via the physical model with
Np = 100 paths with(τn, νn) randomly distributed over a delay spread ofτmax = 10−4 sec and Doppler spread ofνmax = 100 Hz,
corresponding toWcoh = 104 Hz andTcoh = 10−2 sec. All cases correspond to signaling with a time-bandwidth product ofTW = 1024.
(a) A purely frequency-selective channel corresponding toT = 3.2 × 10−3 < Tcoh and W = 3.2 × 105 = 32 × Wcoh. (b) A purely
time-selective channel corresponding toT = 0.32 = 32Tcoh andW = 3.2× 103 < Wcoh. (c) A time- and frequency-selective channel with
T = 3.2 × 10−2 = 3.2Tcoh andW = 3.2 × 104 = 3.2Wcoh.

are important in capturing the interaction between the signal space and the channel:Wτmax and Tνmax. These
composite parameters provide four different classifications of the effective channel:

Wτmax =
W

Wcoh
≪ 1 ↔ frequency non − selective , Wτmax =

W

Wcoh
> 1 ↔ frequency − selective (10)

Tνmax =
T

Tcoh
≪ 1 ↔ time non − selective , Tνmax =

T

Tcoh
> 1 ↔ time − selective (11)

Frequency-selectivity means that the signal bandwidthW is larger thanWcoh so that signal frequencies separated
by larger thanWcoh are affected (approximately) independently by the channel. Similarly, time-selectivity means
that the signal durationT is larger thanTcoh so that temporal components of the signal, separated by larger than
Tcoh, are affected independently by the channel. The level of channel selectivity also reflects the delay or Doppler
diversityafforded by the channel [15].

Fig. 1 illustrates the variation in time and frequency inH(t, f) for different cases of selectivity.H(t, f) is
modeled via (7) corresponding toNp = 100 paths with (τn, νn) randomly distributed over a delay spread of
τmax = 0.1ms and a Doppler spread ofνmax = 100Hz. Fig. 1(a) illustrates a purely frequency-selective channel
that exhibits variation only in frequency over the signaling bandwidthW , (b) illustrates a purely time-selective
channel that exhibits variation only in time over the signaling durationT , and (c) illustrates a doubly selective
channel that exhibits variation in both time and frequency.Different cases correspond to different choices of(T, W )
with a time-bandwidth product ofNo = TW = 1024.

2) Virtual Channel Representation: Sampling in Delay-Doppler: The physical discrete-path model (8) is non-
linear in the propagation parameters(τn, νn). The key idea behind the sampled channel representation is that the
exact values of physical delays and Doppler shifts are not critical from a communication-theoretic perspective –
it is the resolvabledelays and Doppler shifts, at a resolution commensurate with the packet signaling durationT
and bandwidthW , that are relevant. We assume thatT ≫ τmax andW ≫ νmax so that inter-packet interference
in time and frequency is negligible. The sampled virtual representation approximates the physical model (8) with
a linear channel representation in terms ofresolvablevirtual delays and Doppler shifts [4], [5], [15]

H(t, f) =

Np
∑

n=1

βnej2πνnte−j2πτnf ≈
L−1
∑

ℓ=0

M−1
∑

m=−(M−1)

Hv(ℓ, m)ej2π m

T
te−j2π ℓ

W
f (12)

r(t) =

Np
∑

n=1

βnx(t − τn)ej2πνnt ≈
L−1
∑

ℓ=0

M−1
∑

m=−(M−1)

Hv(ℓ, m)x

(

t − ℓ

W

)

ej2π m

T
t (13)

where∆τ = 1/W represents the resolution in delay, and∆ν = 1/T represents the resolution in Doppler afforded
by signals of durationT and bandwidthW . The sampled representation in (13) is a Fourier series representation of
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Fig. 2. Illustration of the virtual channel representation and path partitioning in delay-Doppler. Each square represents a delay-Doppler
resolution bin of size∆τ × ∆ν, representing a virtual channel coefficientHv(ℓ, m). Each shaded square represents a dominant non-zero
coefficient with the dots representing the paths contributing to it.

H(t, f) restricted to(t, f) ∈ [0, T ] × [−W/2, W/2] and approximates the physical delays and Doppler shifts,
(τn, νn), with uniformly spacedvirtual delays and Doppler shifts:(τ̂ℓ, ν̂m) = (ℓ/W, m/T ). Thus, the virtual
channel representation in (12) and (13) is alinear representation characterized by thevirtual delay-Doppler channel
coefficients{Hv(ℓ, m)}. The approximation by the virtual representation in can be made arbitrarily accurate by
increasing the number of resolvable delays,L, and Doppler shifts,M , included in the summation. However, most
of the channel energy is captured by the resolvable delays within the delay and Doppler spreads:

L = ⌈Wτmax⌉ + 1 , M = ⌈Tνmax/2⌉ + 1 . (14)

Note thatL = 1 for frequency non-selective channels, whereasL > 1 for frequency selective channels. Similarly,
M = 1 for time non-selective channels, whereasM > 1 for time-selective channels.

The virtual channel (Fourier series) coefficients in (12) can be computed fromH(t, f) as

Hv(ℓ, m) =
1

TW

∫ T

0

∫ W/2

−W/2
H(t, f)e−j2π m

T
tej2π ℓ

W
fdtdf . (15)

The virtual representation in delay-Doppler is illustratedin Fig. 2. Each dot represents a physical propagation path
with corresponding(τn, νn), whereas each square represents adelay-Doppler resolution binof size ∆τ × ∆ν =
1/W ×1/T associated with a virtual channel coefficientHv(ℓ, m). The shaded (red) squares represent thenon-zero
dominantvirtual coefficients corresponding to resolution bins populated with propagation paths. The non-shaded
squares represent resolution bins with no paths contributing to them – the corresponding virtual channel coefficients
are nearly zero. This association of virtual coefficients withpropagation paths is elaborated next.

3) Channel Statistics and DoF: Path Partitioning in Delay-Doppler: A key property of the sampled virtual
representation is that the{Hv(ℓ, m)} partition the propagation paths into approximately disjoint subsets. Define the
following subsets of paths based on their resolution in delay and Doppler

Sτ,ℓ =

{

n :
ℓ

W
− 1

2W
< τn ≤ ℓ

W
+

1

2W

}

, Sν,m =

{

n :
m

T
− 1

2T
< νn ≤ m

T
+

1

2T

}

, (16)

whereSτ,ℓ denotes the set of paths whose delays,τn, lie within the ℓ-th delay resolution bin in Fig. 2, andSν,m

is defined similarly in terms of path resolution in Doppler. Bysubstituting the physical model (7) in (15) it can be
shown that the virtual channel coefficients in (15) are related to the physical paths as [17]

Hv(ℓ, m) =
∑

n

βne−jπ(m−νnT )sinc(T (m/T − νn)sinc(W (ℓ/W − τn)) ≈
∑

n∈Sν,m∩Sτ,ℓ

βn (17)

where sinc(x) = sin(πx)/πx and the last approximation states thatHv(ℓ, m) is approximately the sum of the
complex path gains3 of all paths whose delays and Doppler shifts lie within thedelay-Doppler resolutionof size

3Phase and attenuation factors due to thesinc functions are incorporated into theβn’s in the approximation in (17).
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∆τ × ∆ν centered around the(m, ℓ)-th virtual delay and Doppler shift, as illustrated in Fig. 2.It follows that
distinct Hv(ℓ, m) correspond to approximately4 disjoint subsets of paths and hence the virtual channel coefficients
are approximately statistically independent due to independent path phases. We assume that the virtual coefficients
are perfectly independent. Thus, the number of dominant non-vanishing virtual coefficients represents the statistically
independent DoF in the channel.

Recall that the only source of randomness in the physical model (7) was due to the random path phases.
The relationship (17) also reveals the rationale for modeling wireless channel coefficients as zero-mean Gaussian
random variables (Rayleigh fading): if sufficiently many propagation paths contribute to a virtual channel coefficient
Hv(ℓ, m) then it will exhibit Gaussian statistics due to the central limit theorem.5 Throughout this chapter we will
assume that the virtual channel coefficients exhibit zero-mean complex (proper) Gaussian statistics corresponding
to Rayleigh fading [31], [3]. Thus, the channel statistics are characterized by the power in the virtual coefficients

Ψ(ℓ, m) = E[|Hv(ℓ, m)|2] ≈
∑

n∈∩Sτ,ℓ∩Sν,m

E[|βn|2] (18)

which represents a sampled version of the delay-Doppler power spectrum in (5).
Special Case: Purely Frequency-Selective Channels. The sampled representation in (13) applies to the general
case of doubly (time- and frequency-) selective channels. In the special case of purely frequency-selective channels,
Wτmax > 1 andTνmax ≪ 1, there is negligible temporal channel variation over the signaling duration,H(t, f) ≈
H(f), and the physical model and the corresponding virtual representation in (13) reduce to

r(t) =

Np
∑

n=1

βnx(t − τn) ≈
L−1
∑

ℓ=0

Hv(ℓ)x

(

t − ℓ

W

)

. (19)

The virtual coefficients resolve the paths only in delay and thechannel statistics are captured by the sampleddelay
power spectrum

Hv(ℓ) ≈
∑

n∈Sτ,ℓ

βn , Ψ(ℓ) ≈
∑

n∈Sτ,ℓ

E[|βn|2] . (20)

Special Case: Purely Time-Selective Channels. In the special case of purely time-selective channels,Wτmax ≪ 1
andTνmax > 1, there is negligible spectral channel variation over the signaling bandwidth,H(t, f) ≈ H(t), and
the physical model and the corresponding virtual representation in (13) reduce to

r(t) =

Np
∑

n=1

βnx(t)ej2πνnt ≈
M−1
∑

m=−(M−1)

Hv(m)x(t)ej2πmt/T . (21)

The virtual coefficients resolve the paths only in Doppler and the channel statistics are captured by the sampled
Doppler power spectrum

Hv(m) ≈
∑

n∈Sν,m

βn , Ψ(m) ≈
∑

n∈Sν,m

E[|βn|2] . (22)

Fig. 3 shows the contour plots of the sampled delay-Doppler coefficients,{Hv(ℓ, m)}, for different different
cases of time and frequency selectivity inH(t, f) illustrated in Fig. 1. The sampled coefficients are computed from
H(t, f) using (15). Fig. 3(a) depicts a purely frequency-selective channel in which the paths are resolvable only in
delay, (b) depicts a purely time-selective channel in whichthe paths are resolvable only in Doppler, and (c) depicts
a doubly selective channel in which the paths are resolvablein both delay and Doppler. Note that the number of
resolvable paths, and hence the DoF in the channel, are larger in (a) and (b) as compared to (c).

4Approximation is due to the finite dimensionality of the signal space and improves with increasingT andW .
5We also expect from (17) that the statistics of{Hv(ℓ, m)} will deviate from Gaussian as we increase the signal space resolution, such

as through bandwidth as in ultrawideband channels, since very few pathswould contribute to a virtual coefficient. This has been observed
experimentally for ultrawideband channels; see, e.g., [33].
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Fig. 3. Contour plots of the sampled delay-Doppler channel coefficients{Hv(ℓ, m)} corresponding to different cases of selectivity in time
and frequency inH(t, f) depicted in Fig. 1. (a) A purely frequency-selective channel corresponding toTνmax = 0.32 < 1 andWτmax = 32
so that a maximum of aboutL = 33 paths are resolvable in delay. (b) A purely time-selective channel corresponding toWτmax = 0.32 < 1
and Tνmax = 32 so that a maximum of about2M = 32 paths are resolvable in Doppler. (c) A time- and frequency-selective channel
corresponding toTνmax = 3.2 andWνmax = 3.2 so that a maximum of about2LM = 20 paths are resolvable in delay and Doppler. As
in Fig. 1, different cases correspond to different choices of(T, W ) with TW = 1024.

B. Non-Selective Multi-antenna MIMO Channels: Spatial Characteristics

In this section, we focus on spatial modeling of wireless channels. We consider a slowly time-varying, narrowband
MIMO channel which is non-selective in time and frequency ,Tνmax ≪ 1 andWτmax ≪ 1. Consider a system
in which the transmitter and receiver are equipped with uniform linear array (ULAs) withNT andNR antennas,
respectively. TheNR-dimensional signal vector,r, at the receiver is related to theNT -dimensional transmitted
signal vector,x, as

r = Hx (23)

where theNR × NT matrix H represents the spatial channel coupling the transmitter and receiver arrays. Due to
multipath fading,H is generally modeled as a stochastic matrix. Initial modelsassumed that the elements ofH are
independent and identically distributed (i.i.d.) zero-mean complex Gaussian random variables, representing arich
scatteringenvironment with a large number of propagation paths [6], [8], [9], [7]. Since then, it has been realized
that physical MIMO channels exhibit spatial correlation and a number of modeling approaches have been proposed
in the literature; the reader is referred to [34] for a recentsurvey. In this section, we develop thevirtual MIMO
channel representationfor ULAs [16]. Its extension to non-ULAs [35], [36] is discussed in Sec. III-B when we
discuss MIMO transceiver structures.

1) Physical Model:As in the single-antenna case, a non-selective physical MIMO channel can be accurately
modeled as [16]

H =

Np
∑

n=1

βnaR(θR,n)aH
T (θT,n) (24)

which represents signal propagation overNp paths withβn denoting the complex path gain,θT,n the angle of
departure (AoD) at the transmitter, andθR,n the angle of arrival (AoA) at the receiver associated with the n-th
path. The vectorsaT (θT ) andaR(θR) denote the arraysteeringandresponsevectors, respectively, for transmitting
or receiving a signal in the directionθT or θR, respectively

aT (θT ) =
[

1, e−j2πθT , · · · , e−j2πθT (NT−1)
]T

, aR(θR) =
[

1, e−j2πθR , · · · , e−j2πθR(NR−1)
]T

(25)

where the normalized angleθ is related to the physical angleφ, measured relative to broadside, as (see Fig. 4(a))

θT =
dT

λ
sin(φT ) , θR =

dR

λ
sin(φR) (26)

where dT and dR denote the antenna spacings at the transmitter and receiver, respectively, andλ denotes the
wavelength of propagation. We assume maximum angular spreads for AoAs and AoDs,φ ∈ [−π/2, π/2], and
critical antenna spacing,d = λ/2. In this case,θ ∈ [−1/2, 1/2] in (25) and there is a one-to-one correspondence
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Fig. 4. Illustration of the virtual channel representation in space.(a) Physical channel modeling. The n-th propagation path is
associated with a physical angle of departure (AoD),φT,n = arcsin(λθT,n/dT ), at the transmitter and a physical angle of arrival (AoA),
φR,n = arcsin(λθR,n/dR), at the receiver.(b) Virtual channel modeling. At the transmitter, the scattering environment is sampled
at fixed virtual AoDs, ϕT,i = arcsin(λ(i/NT )/dT ), and at the receiver the scattering environment is sampled at fixedvirtual AoAs,
ϕR,k = arcsin(λ(k/NR)/dR).

betweenθ andφ. The effect of antenna spacing on spatial channel characteristics is discussed in [16], [37], [38].
Compared to (7), the paths in (24) are distinguished by theirAoAs and AoDs, and the path delays and Doppler
shifts do not come into play due to the non-selective nature of the channel in time and frequency. Physical MIMO
channel modeling is illustrated in Fig. 4(a).

2) Virtual Channel Representation: Sampling in Angle:The physical MIMO channel model in (24) depends on
the AoAs and AoDs in a non-linear fashion and thus makes communication-theoretic analysis and design of MIMO
communication systems challenging. While the precise knowledge of AoAs and AoDs is important in classical array
processing, it is not critical from a communication perspective since the ultimate goal is to reliably communicate
over the channel. The virtual MIMO channel representation isbased on this motivation and corresponds tosampling
the spatial scattering environment at uniformly spacedvirtual AoAs and AoDs

H =
1√

NT NR

NR
∑

i=1

NT
∑

k=1

Hv(i, k)aR

(

i

NR

)

aH
T

(

k

NT

)

= ARHvA
H
T (27)

where the matricesAR andAT

AR =
1√
NR

[aR(1/NR),aR(2/NR), · · · ,aR(1)] , AT =
1√
NT

[aT (1/NT ),aT (2/NT ), · · · ,aT (1)] (28)

are unitary Discrete Fourier Transform (DFT) matrices whose columns correspond to array response and steering
vectors, respectively, at uniformly spaced virtual angles. The spacing between the virtual angles is determined by
the array resolutions:∆θR = 1/NR and ∆θT = 1/NT . As a result, the virtual MIMO channel representation is
linear and is characterized by the virtual channel matrixHv with elements{Hv(i, k)}. The virtual MIMO channel
representation is a unitarily equivalent representation of H andHv can be computed fromH via a two-dimensional
DFT:

Hv = AH
RHAT

Hv(i, k) =
1√

NRNT
aH

R (i/NR)HaT (k/NT ) =
1√

NRNR

NR−1
∑

ℓ=0

NT−1
∑

m=0

e
j2π i

NR
ℓ
H(ℓ, m)e

−j2π k

NT
m (29)

whereH(ℓ, m) represent the entries ofH in the antenna (spatial) domain. The virtual MIMO channel representation
is illustrated in Fig. 4(b). As evident from (29) and Fig. 4(b),the virtual channel matrixHv is a representation of
H in beamspace (angle domain).

3) Channel Statistics and DoF: Path Partitioning in Angle:The virtual MIMO channel representation partitions
the propagation paths into approximately disjoint subsetsin terms of AoAs and AoDs, as illustrated in Fig. 5.
Define the following subsets of paths associated withHv(i, k) based on their resolution in angle

SθR,i =

{

n :
i

NR
− 1

2NR
< θR,n ≤ i

NR
+

1

2NR

}

, SθT ,k =

{

n :
k

NT
− 1

2NT
< θT,n ≤ k

NT
+

1

2NT

}

(30)
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Fig. 5. Illustration of the virtual channel representation and path partitioning in angle. Each square represents an angle resolution bin of
size∆θR × ∆θT corresponding to a virtual channel coefficientHv(i, k). Each shaded square represents a dominant non-zero coefficients
with the dots representing the paths contributing to it.

By substituting (24) in (29), it can be shown that [16]

Hv(i, k) ≈
∑

n∈SθR,i∩SθT ,k

βn (31)

which states that eachHv(i, k) is approximately equal to the sum of the complex gains of all physical paths
whose AoAs and AoDs lie within anangle resolution binof size ∆θR × ∆θT centered around the sample point
(i/NR, k/NT ) in the (θR, θT ) space. It follows thatdistinct Hv(i, k)’s correspond to approximatelydisjoint subsets
of paths and hence the virtual channel coefficients are approximately statistically independent. For Rayleigh fading,
the channel statistics are characterized by the power in thevirtual coefficients

Ψ(i, k) = E[|Hv(i, k)|2] ≈
∑

n∈SθR,i∩SθT ,k

E[|βn|2] (32)

which represents a sampledangular power spectrum, and the number of dominant virtual coefficients represents the
statistically independent DoF in the channel. SinceH andHv are unitarily equivalent, it follows that the commonly
used i.i.d. model forH is equivalent toHv having i.i.d. entries. In general, the entries ofHv are independent but
not identically distributed and result in correlation in the entries ofH. In particular, for ULAs it can be shown
that the elements ofH are samples of a two-dimensional stationary process and theelements ofHv correspond to
samples of its corresponding spectral representation [16].

C. Time- and Frequency-Selective MIMO Channels: Spatio-Temporal-Spectral Characteristics

We now integrate the development in Sections II-A and II-B to consider the most general case of a time- and
frequency-selective (Tνmax > 1, Wτmax > 1) spatially correlated MIMO channel corresponding to a transmitter
with NT antennas and a receiver withNR antennas. We assume ULAs of antennas and implicitly consider
communication using packets of durationT and (two-sided) bandwidthW , as in Sec. III. In the absence of noise,
the transmitted and received signal are related as

r(t) =

∫ W/2

−W/2
H(t, f)X(f)ej2πftdf , 0 ≤ t ≤ T (33)

wherer(t) is theNR-dimensional received signal,X(f) is the Fourier transform of theNT -dimensional transmitted
signalx(t), andH(t, f) is theNR × NT time-varying frequency response matrix that characterizes the channel.
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Fig. 6. Illustration of the virtual channel representation and path partitioning in angle-delay-Doppler. The large box in the center represents
the virtual representation indelay-Doppleras in Fig. 2, with each square representing a delay-Doppler resolution binof size ∆τ × ∆ν,
corresponding to a delay-Doppler virtual channel coefficient,Hv(ℓ, m). Within the large box, each darkly shaded (red) square represents a
dominant non-zero delay-Doppler coefficient with the dots representing the paths contributing to it. The smaller boxes on the left and right
represent virtual representation in angle, as in Fig. 5, for two dominantdelay-Doppler resolution bins. The smaller squares in these boxes
represent angle resolution bins of size∆θR×∆θT . The paths contributing to a particular dominant delay-Doppler coefficient, Hv(ℓo, mo), in
the central box are further resolved in angle to yield the corresponding coefficients in angle-delay-Doppler,{Hv(i, k, ℓo, mo)}, represented
by smaller squares in the boxes on the left and right. The dominant non-vanishing angle-delay-Doppler coefficients are represented by shaded
(green) squares with dots representing the paths contributing to them.

1) Physical Model: A physical doubly selective MIMO wireless channel can be accurately modeled as [39],
[17]

H(t, f) =

Np
∑

n=1

βnaR(θR,n)aH
T (θT,n)ej2πνnte−j2πτnf (34)

which represents signal propagation overNp paths;βn denotes the complex path gain,θT,n the AoD, θR,n the
AoA, τn the delay, andνn the Doppler shift associated with then-th path. The vectorsaT (θT ) andaR(θR) denote
the array steering and response vectors defined in (25). As discussed earlier, we assume thatτn ∈ [0, τmax] and
νn ∈ [−νmax

2 , νmax

2 ] whereτmax andνmax denote the delay spread and the Doppler spread of the channel. We also
assume maximum angular spreads,(θR,n, θT,n) ∈ [−1/2, 1/2] × [−1/2, 1/2], at critical antenna spacing. Finally,
we assume that over the (small) time-scales of interest,{θT,n, θR,n, τn, νn} remain fixed; channel variation time is
captured by the path Doppler shifts, channel variation in frequency is captured by the path delays, and the channel
randomness is captured by the independent complex path gains {βn}.

2) Virtual Channel Representation: Sampling in Angle-Delay-Doppler: While accurate (non-linear) estimation of
AoAs, AoD, delays and Doppler shifts is critical in radar imaging applications, it is not crucial in a communications
context. Studying the key communication-theoretic characteristics of time-varying, wideband MIMO channels is
greatly facilitated by a linearvirtual representationof the physical model (34) [39], [17]

H(t, f) ≈
NR
∑

i=1

NT
∑

k=1

L−1
∑

ℓ=0

M−1
∑

m=−(M−1)

Hv(i, k, ℓ, m)aR

(

i

NR

)

aH
T

(

k

NT

)

ej2π m

T
te−j2π ℓ

W
f (35)

which, comparing (34) and (35), corresponds to sampling thephysical angle-delay-Doppler space at uniformly
spaced virtual AoAs, AoDs, delays and Doppler shifts at a resolution determined by the signal space:

∆θR = 1/NR , ∆θT = 1/NT , ∆τ = 1/W , ∆ν = 1/T (36)

In (35),L = ⌈Wτmax⌉+1 andM = ⌈Tνmax/2⌉+1 denote the maximum number of resolvable delays and Doppler
shifts within the channel spreads. For maximum angular spreads,NT and NR reflect the maximum number of
resolvable AoDs and AoAs. In essence, the virtual representation in (35) is a (linear) Fourier series representation
of H(t, f) in time, frequency and space, characterized by the virtual (Fourier) channel coefficients{Hv(i, k, ℓ, m)}
which can be computed fromH(t, f) as

Hv(i, k, ℓ, m) =
1√

NRNT TW

∫ T

0

∫ W/2

−W/2
aH

R (i/NR)H(t, f)aT (k/NT )e−j2π m

T
tej2π ℓ

W
fdtdf . (37)
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3) Channel Statistics and DoF: Path Partitioning in Angle-Delay-Doppler: A key property of the virtual repre-
sentation is that{Hv(i, k, ℓ, m)} partition the propagation paths into approximately disjoint subsets based on their
resolution in angle-delay-Doppler, as illustrated in Fig. 6. By substituting (34) in (37), it can be shown that [16],
[17]

Hv(i, k, ℓ, m) ≈
∑

n∈SθR,i∩SθT ,k∩Sτ,ℓ∩Sν,m

βn (38)

whereSτ,ℓ and Sν,m are defined in (16) andSθT ,i and SθR,k are defined in (30). The above relation states that
eachHv(i, k, ℓ, m) is approximately equal to the sum of the complex path gains ofall physical paths whose
angles, delays and Doppler shifts lie within anangle-delay-Doppler resolution binof size∆θR ×∆θT ×∆τ ×∆ν
centered around the sample point(i/NR, k/NT , ℓ/W, m/T ) in the (θR, θT , τ, ν) space. It follows thatdistinct
Hv(i, k, ℓ, m)’s correspond to approximately6 disjoint subsets of paths and hence the virtual channel coefficients
are approximately statistically independent due to independent path phases. We assume that the virtual coefficients
are perfectly independent. Furthermore, as discussed earlier, we assume that the virtual channel coefficients are
zero-mean complex Gaussian (Rayleigh fading) and thus the channel statistics are characterized by thepower in
the virtual coefficients

Ψ(i, k, ℓ, m) = E[|Hv(i, k, ℓ, m)|2] ≈
∑

n∈SθR,i∩SθT ,k∩Sτ,ℓ∩Sν,m

E[|βn|2] , (39)

which represents a sampledangle-delay-Doppler power spectrum. Throughout the chapter, we assume thatHv(i, k, ℓ, m) ∼
CN (0, Ψ(i, k, ℓ, m)) corresponding to Rayleigh fading, and the different coefficients are statistically independent.

We note that for a fixed(ℓo, mo), the corresponding set of angle-delay-Doppler virtual channel coefficients,
{Hv(i, k, ℓo, mo)}, further partitions the paths inSτ,ℓo

∩ Sν,mo
, corresponding to the(ℓo, mo)-th delay-Doppler

resolution bin, in angle. This is illustrated in Fig. 6. Thus, aswe increase the signal space dimension (by increasing
T , W , NT and/orNR), the paths get resolved at a progressively finer resolution.As a result, some of the virtual
channel coefficients may not have any paths contributing to them. This leads to the notion ofdominantvirtual
channel coefficients that define the true DoF in the channel.

Let SD denote the set of indices ofdominantvirtual channel coefficients

SD = {(i, k, ℓ, m) : |Ψ(i, k, ℓ, m)| > ǫ} (40)

for some appropriately chosenǫ > 0.7 The number of dominant virtual channel coefficients,D = |SD|, represents
the statistically independent DoF in the channel. The channel state information (CSI) of each link is captured by the
D dominant virtual coefficients{Hv(i, k, ℓ, m)}SD

. D also reflects the level of spatio-temporal-spectral diversity
afforded by the channel. Since the virtual coefficients are independent, thestatisticalCSI is captured by the power
profile {Ψ(i, k, ℓ, m)}SD

defined in (39), whereas theinstantaneousCSI is captured by the particular realization
of {Hv(i, k, ℓ, m)}SD

defined in (37) and (38). Note thatD ≤ Dmax = 2LMNRNT . In general, the fewer the
dominant channel coefficients, the larger the correlation exhibited by the channel in time, frequency and space.

III. POINT-TO-POINT MIMO W IRELESSCOMMUNICATION SYSTEMS

In this section, we discuss the design and analysis of MIMO transceivers for communication over multipath
wireless channels. Our development emphasizes the interaction between the multi-dimensional signal space and
the multipath propagation environment, using insights from the sampled channel representations in Sec. II. Our
development reveals the multi-dimensional channel structure corresponding to different transceiver configurations;
in particular, how channel diversity in angle-delay-Doppler manifests itself, and mechanisms for exploiting it. We
begin by discussing single-antenna transceivers in Sec. III-A, focussing on channel selectivity in time and frequency.
We discuss two important forms of temporal signaling: i) Fourier signaling used in orthogonal frequency division
multiplexing (OFDM) systems, and ii) spread-spectrum signaling used in code division multiple access (CDMA)
systems. In both cases, we discuss both frequency-selective channels and doubly-selective channels. In particular,
we emphasize the optimality of short-time Fourier (STF) signaling, a generalization of OFDM, for the time- and

6Approximation is due to the finite dimensionality of the signal space and improves with increasingNT , NR, T andW .
7The choice ofǫ is nuanced. An intuitive choice would equal the operating received signal-to-noise ratio (SNR) per dimension – channel

coefficients with power below the SNR per dimension do not contribute to the DoF.
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frequency-selective channels for which the STF or Gabor basisfunctions serve as approximate eigenfunctions. In
Sec. III-B, we discuss transceiver structures for non-selective spatially correlated MIMO channels to emphasize
role of the spatial dimension in communication. In particular, we emphasize the optimality of beamspace spatial
signaling for ULAs, and its generalization, eigenspace signaling, for arbitrary array geometries. Finally, in Sec. III-C
we integrate the development in the first two sub-sections to discuss multi-dimensional transceiver structures for
the most general case of doubly-selective spatially correlated MIMO channels.

Our focus in this section is on transceiver design for point-to-point communication. We provide pointers for
extensions to multi-user settings. Some aspects of multiuser communications and interference are discussed in
Sec. IV in the context of spread-spectrum signaling. Furthermore, our primary focus in oncoherentreception
schemes in whichinstantaneous CSIis assumed known at the receiver. Onlystatistical CSIis assumed known at
the transmitter.

A. Single-Antenna Systems

In this section, we discuss transceiver structures for single-antenna channels. We consider communication using
packets of durationT and bandwidthW corresponding to a temporal signal space with dimensionNo ≈ TW [32].
A key idea in our development is the choice of temporal basis waveforms used for modulation at the transmitter
and matched filtering at the receiver [3]. Our focus is on two important classes of modulation waveforms: spread-
spectrum (SS) waveforms used in CDMA transceivers, and Fourier basis waveforms used in OFDM transceivers.
We characterize the input-output relations for the two types of transceivers operating over multipath channels. Our
focus is on the practically relevant cases of purely frequency-selective channels, and doubly (time- and frequency-
) selective channels. For doubly-selective channels, we also introduce the concept of short-time Fourier (STF)
signaling, that generalizes the concept of OFDM signaling over frequency-selective channels to doubly-selective
channels. We first discuss spread-spectrum signaling and then Fourier signaling. Throughout we assume that

T ≫ τmax , W ≫ νmax (41)

so that there is negligible inter-symbol interference in time and frequency.
1) CDMA Transceivers: Spread-spectrum Signaling:In a CDMA system, each data symbol is modulated onto

a spread-spectrum waveform of durationT of the form [3], [40]

q(t) =

No
∑

n=1

c[n]v(t − nTc) (42)

where v(t) is chip waveform of durationTc ≈ 1/W , {c[n] ∈ {−1, 1} : n = 1, · · · , No} is a pseudo-random
binary code of lengthNo = T/Tc ≈ TW . Thus, there is a one-to-one correspondence between a pseudo-random
spreading code{c[n]} and a spread spectrum waveformq(t). Different users in a CDMA system are assigned
distinct spreading codes/waveforms. We assume thatq(t) is normalized to have unit energy:

∫

|q(t)|2dt = 1.
Consider a single-user system. The transmitted CDMA signal takes the form

x(t) =
√
E
∑

i

xiq(t − iT ) (43)

wherexi is thei-th data symbol from a given constellation (e.g., BPSK or QPSK), andE denotes the symbol energy.
Under the assumption (41), symbol-by-symbol detection suffices at the receiver and we focus on transmission and
reception of the0-th symbol, without loss of generality:

x(t) =
√
Exq(t) , 0 ≤ t ≤ T (44)

wherex denotes the transmitted data symbol.
For a purely frequency-selective channel (Tνmax ≪ 1, Wτmax > 1), the received signal for a single symbol

transmission in (44) is given by

r(t) =
√
Exq̃(t) + w(t) , 0 ≤ t ≤ T + τmax ≈ T (45)

q̃(t) =

Np
∑

n=1

βnq(t − τn) ≈
L−1
∑

ℓ=0

hℓq(t − ℓ/W ) (46)

13



where q̃(t) in (45) denotes the channel-distorted version ofq(t) and w(t) is a complex additive white Gaussian
noise (AWGN) process. The first equality in (46) characterizesq̃(t) in terms of the physical model and the second
approximation corresponds to the sampled channel representation in delay ({hℓ = Hv(ℓ)} in (19)).

The relation (46) states that the received signal is a linear combination of delayed copies of the transmitted
spreading waveformq(t). The well-known RAKE receiver structure in CDMA systems [3],[40] is based on the
sampled channel representation. In coherent reception, assuming that{hℓ} are known at the receiver, the maximum-
likelihood (ML) detector of the transmitted symbol,x, is based on matched filtering or correlating the received
signalr(t) with q̃(t). Thus, the decision statistic for ML detection ofx is given by

z = 〈r(t), q̃(t)〉 =

∫ T

0
r(t)q̃∗(t)dt =

L−1
∑

ℓ=0

h∗
ℓ

∫ T

0
r(t)q∗(t − ℓ/W )dt

=
L−1
∑

ℓ=0

h∗
ℓrℓ = hHr = x

√
E‖h‖2 + hHw (47)

rℓ =

∫

r(t)q∗(t − ℓ/W )dt ≈ x
√
Ehℓ + wℓ ⇔ r =

√
Ehx + w (48)

wherer is theL-dimensional vector of correlated outputs,{rℓ}, h is theL-dimensional vector of sampled channel
coefficients,{hℓ}, and w ∼ CN (0, IL). Recall thatL also reflects the level of delay diversity afforded by the
channel. The RAKE structure in computing the decision statistic z corresponds to first correlatingr(t) with delayed
versions ofq(t) to computerℓ, and thencoherentlycombining the correlator outputs using known values of channel
coefficients,{hℓ}. The relation (48) is based on the fact that a spread spectrum waveformq(t) is approximately
orthogonal to its copies that have been delayed by multiplesof chip duration (Tc = 1/W ) [3]

∫

q(t)q∗(t − ℓ/W )dt ≈ δℓ . (49)

The above orthogonality relation is due to the psuedo-randomnature of the underlying code{c[n]}, and as a result
the noise random variables,wℓ = 〈w(t), q(t − ℓ/W )〉, corrupting the correlator outputs are also approximately
independent. The relation (48) is based on the assumption of perfect orthogonality between delayed versions of
q(t).8

For a doubly selective channel (Tνmax > 1, Wτmax > 1), the received signal for a single symbol is again given
by (45) but the channel distorted waveform̃q(t) is now given by

q̃(t) =

Np
∑

n=1

βnej2πνntq(t − τn) ≈
L−1
∑

ℓ=0

M−1
∑

m=−(M−1)

hℓ,mq(t − ℓ/W )ej2πmt/T (50)

where the first equality is based on the physical model and the second approximation is the sampled representation
for doubly selective channels ({hℓ,m = Hv(ℓ, m)} in (13)). In this case, (50) states that the received signal is a
linear combination of delayed and Doppler shifted copies ofthe transmitted waveformq(t). The decision statistic in
the ML detector for the transmitted symbolx is based on adelay-Doppler RAKE structurethat is a generalization
of the delay RAKE structure for doubly selective channels [15]

z = 〈r(t), q̃(t)〉 =

∫ T

0
r(t)q̃∗(t)dt =

L−1
∑

ℓ=0

M−1
∑

m=−(M−1)

h∗
ℓ,m

∫ T

0
r(t)q∗(t − ℓ/W )e−j2πmt/T dt

=
L−1
∑

ℓ=0

M−1
∑

m=−(M−1)

h∗
ℓ,mrℓ,m = hHr = x

√
E‖h‖2 + hHw (51)

rℓ,m =

∫

r(t)q∗
(

t − ℓ

W

)

e−j 2πmt

T dt ≈ x
√
Ehℓ,m + wℓ,m ⇔ r =

√
Ehx + w (52)

8Correlation between delayed copies ofq(t) can be readily incorporated by replacing (48) withr = x
√
EQh+w, wherew ∼ CN (0,Q),

andQ is anL × L matrix with entriesQℓ,ℓ′ = 〈q(t − ℓ′/W ), q(t − ℓ/W )〉, (ℓ, ℓ′) : 0, · · · , L − 1. Equation (49) implies thatQ = I.
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wherer is theL(2M −1)-dimensional vector of correlated outputs{rℓ,m}, h is theL(2M −1)-dimensional vector
of sampled channel coefficients,{hℓ,m}, andw ∼ CN (0, IL(2M−1)). Recall thatL(2M −1) also reflects the delay-
Doppler diversity afforded by the channel. The RAKE structure in computing the decision statisticz corresponds
to first correlatingr(t) with delayed and Doppler shifted versions ofq(t) to computerℓ,m, and thencoherently
combining these correlator outputs using known values of channel coefficients,{hℓ,m}. The relation (52) is based
on the fact that delayed and Doppler shifted versions ofq(t) (by multiples of∆τ = 1/W and ∆ν = 1/T ) are
approximately orthogonal to each other [15]

∫

q(t)q∗(t − ℓ/W )ej2πmt/T dt ≈ δℓδm . (53)

due to the pseudo-random nature ofq(t).
The transmitted symbolx in both cases above can be detected using the decision statistic z in (47) and (51). For

example,x ∈ {−1, 1} for BPSK (binary phase-shift keying) modulation, and the ML detector forx in both cases
is given by

x̂ = sign(real{z}) = sign
(

real
{

hHr
})

(54)

and the corresponding probability of error,Pe, in detectingx at the receiver is given by

Pe(h) = Q
(

√

2E‖h‖2
)

, Pe = E[Pe(h)] (55)

wherePe(h) denotes the probability of error conditioned on a given realization of h, Pe denotes the long-term
averaged probability of error where the averaging is over the statistics ofh, and Q(·) denotes the Q-function
representing the tail probability of a standard GaussianN (0, 1)

Q(x) =
1√
2π

∫ ∞

x
e−t2/2dt . (56)

In contrast, thePe in an AWGN channel with the same average received signal-to-noise ratio (SNR) is given by

Pe,AWGN = Q
(

√

2EE[‖h‖2]
)

. (57)

Comparing (55) and (57), we note thatPe,AWGN corresponds to pushing the expectation inside the argumentof the
Q(·) function in (55). As a result, thePe over a fading channel is always larger thanPe,AWGN due to fluctuations
in instantaneous receivedSNR

SNR(h) = E‖h‖2 (58)

induced by multipath fading.9

Recall from our discussion in Sec. II that different components of the channel vectorh areindependentzero-mean
complex Gaussian random variables. It follows that‖h‖2 is χ2 random variable and this fact can be used to obtain
closed-form expressions forPe [3]. We note that for purely frequency-selective channels,‖h‖2 is χ2 with 2L DoF,
representing theL-fold delay diversity afforded by the multipath channel. For doubly selective channels,‖h‖2 is
χ2 with 2L(2M − 1) DoF, representing theL(2M − 1)-fold delay-Doppler diversity afforded by the channel [15].

In Fig. 7,Pe is plotted as a function of averageSNR per bit,E[SNR(h)] = E , for coherent BPSK signaling over
a fading channel with different levels of diversityD. The D channel coefficients corresponding to the diversity
branches are modeled as i.i.d.CN (0, 1/D) so thatE[‖h‖2] = 1. The total averageSNR per bit is kept fixed with
increasing values ofD — the averageSNR per diversity branch isE/D. The performance of BPSK signaling over
an AWGN channel is also shown for comparison. Two observations are worth noting. First, there is significant loss
in SNR due to fading (theD = 1 plot) compared to an AWGN channel; for example, a loss of about 18dB in SNR
at Pe ≈ 10−3. Second, as we increase the level of diversity,D, Pe approaches the performance over an AWGN
channel. In fact, it can be shown that for coherent reception, Pe → Pe,AWGN asD → ∞ [3].10

From the above development, we conclude that spread-spectrum signaling in CDMA systems facilitates ex-
ploitation of multipath diversity at the receiver via the delay RAKE structure in frequency-selective channels and

9The SNR expression corresponds to unit-variance assumption on components of w. If w ∼ CN (0, σ2I), the SNR expression in (58)
gets modified toSNR(h) = E‖h‖2/σ2.

10In contrast, for non-coherent signaling, such as non-coherent FSK, for a given averageSNR per bit, E , there is an optimum level of
diversity, D ≈ E/3, that minimizes thePe. For larger values ofD, the Pe starts to increase again [3].
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Fig. 7. Pe versus averageSNR per bit,E , for coherent BPSK signaling over a fading channel with different levels of diversity,D. TheD
independent fading channel coefficients are modeled as i.i.d.CN (0, 1/D). The performance over an AWGN channel with the same average
SNR per bit is also shown for comparison.

the delay-Doppler RAKE structure in doubly selective channels. Furthermore, using (14) we note that the level
of diversity increases with increasingT and W due to the increased multipath resolution in delay and Doppler,
respectively.

We have focussed on point-to-point communication in the above discussion. In the multi-user case, the sufficient
statistics for detection of symbols of different users are still based on the RAKE receiver structure corresponding
to codes of different users. However, different users transmissions interfere and interference suppression techniques
need to be applied at the receiver. We refer the reader to [28]for general treatment of multiuser detection techniques
and to [41], [42] for multiuser detection techniques based on the sampled delay-Doppler channel representation.
Some aspects of multiuser detection in the context of space-time transceivers are discussed in Sec. IV.

2) ODFM Transceivers: Fourier Signaling:In OFDM signaling, data is modulated onto Fourier basis waveforms
[3], [43]. We first develop the system model for purely frequency-selective channels for which Fourier vectors
serve as channel eigenfunctions [44]. We then discuss an extension of OFDM, orthogonal short-time Fourier (STF)
signaling [21], that is more appropriate for doubly-selective channels - STF basis waveforms serve as approximate
eigenfunctions for underspread doubly dispersive channels.

Consider a purely frequency-selective single-antenna channel (Tνmax ≪ 1, Wτmax > 1). Under the assumption
(41), we again focus on the transmission and reception of a single packet. In OFDM signaling, the transmitted
signal for one packet takes the form

x(t) =
√
E

No−1
∑

m=0

xmφm(t) , 0 ≤ t ≤ T (59)

φm(t) =
1√
T

ej2π∆ft =
1√
T

ej2π m

T
t , m = 0, · · · , No − 1 , No = TW , (60)

wherexm denotes the data modulated onto them-th Fourier basis waveform,φm(t), and the basis functions{φm(t)}
in (60) form an orthonormal basis for the space of signals of durationT and bandwidthW

〈φm(t), φm′(t)〉 =

∫ T

0
φm(t)φ∗

m′(t)dt = δm−m′ . (61)

The data symbols have normalized average power,E[‖x‖2] =
∑

m E[|xm|2] = 1, andE denotes symbol energy
∫ T

0
E[|x(t)|2]dt = E

∑

m

E[|xm|2] = E . (62)
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The received signal is given by

r(t) =

∫

h(τ)x(t − τ)dτ + w(t) =
∑

m

xmH(m/T )φm(t) + w(t) (63)

whereh(τ) and H(f) denote the impulse response and frequency response of the multipath channel, andw(t)
denotes a complex AWGN process. At the receiver,r(t) is projected onto (or correlated with) the Fourier basis
functions

rm = 〈r, φm〉 =

∫

r(t)φ∗
m(t)dt = xmH(m/T ) + wm , m = 0, · · · , No − 1 (64)

where we have used the orthogonality relation (61). Stackingthe rm into an No-dimensional vector yields the
following vector equation for OFDM transceivers

r =
√
EHx + w (65)

where r ∈ CNo is the vector of correlator outputs at the receiver,x ∈ CNo is the vector of transmitted OFDM
symbols in the packet,w ∼ CN (0, INo

), andH is the No × No stochastic channel matrix that characterizes an
OFDM link. As evident from (64), the matrixH is a diagonal matrix since the Fourier basis functions{φm(t)}
serve as eigenfunctions11 for purely frequency-selective channels [44]

H = diag(H(0), H(1/T ), · · · , H((No − 1)/T ) . (66)

The advantage of OFDM over purely frequency-selective channels is evident from (64), (65), and (66): OFDM
signaling decomposes the multipath channel intoNo = TW non-interfering parallel channels corresponding to
different frequencies associated with the Fourier basis functions. The diagonal entries ofH, reflecting the impact
of the channel on symbols modulated onto different frequencies, are random variables and exhibit a correlated
structure. A simple model for capturing theL = ⌈Wτmax⌉ + 1 level delay diversity (or DoF) afforded by the
multipath channel is ablock fadingmodel forH based on the concept offrequency coherence subspacesinduced
by the coherence bandwidth (see (9)): TheNo diagonal entries are partitioned intoL independently fading blocks,
where theNo/L entries in each block, corresponding to a coherence bandwidth12, are assumed to be identical

H = diag(h1, · · · , h1, h2, · · · , h2, · · · , hL, · · · , hL) . (67)

Thus, the channel is characterized by theL independent zero-mean Gaussian random variables,{hi}, reflecting the
delay diversity in the channel. Furthermore, due to the stationary nature of the channel in frequency, thehi are
identically distributed as well. Recall, that the channel coefficients in the delay-RAKE structure in CDMA systems
directly capture the delay diversity. The block fading for OFDM systems in (67) is a simple abstraction of delay
diversity in the frequency domain and is useful for analyzing system performance.

3) STF Transceivers: Short-Time Fourier Signaling:Now, let us consider doubly selective channels for which
Tνmax > 1, Wτmax > 1. In such channels, the orthogonality of the Fourier basis functions,{φm(t)}, is destroyed
at the receiver due to the significant temporal channel variation over the packet durationT . As a result,H in (65)
is no longer diagonal and the off-diagonal entries represent interference between the different OFDM symbols at
the receiver. However, appropriately chosen Gabor or short-time Fourier (STF) basis waveforms [18], [19], [20],
[21], a generalization of Fourier basis waveforms in OFDM, serve as approximate eigenfunctions for underspread
(τmaxνmax ≪ 1) doubly selective channels. In orthogonal STF signaling, thetransmitted signal for one packet takes
the form [21]

x(t) =
√
E

Nt−1
∑

ℓ=0

Nf−1
∑

m=0

xℓ,mφℓ,m(t) , 0 ≤ t ≤ T (68)

φℓ,m(t) = g(t − ℓTo)e
j2πmFot = , ℓ = 0, · · · , Nt − 1 , m = 0, · · · , Nf − 1 , NtNf = No = TW , (69)

where xℓ,m denotes the data symbol modulated onto the(ℓ, m)-th STF basis waveform,φℓ,m(t). Each basis
waveform,φℓ,m(t), is generated from a prototype pulse,g(t), via time and frequency shifts as in (69). For appropriate

11Strictly speaking, the Fourier basis functions are asymptotic eigenfunctions, in the limit of largeT [44]. However, in practice, a cyclic
prefix is used to essentially yield a diagonalH for finite T [43].

12Wcoh/∆f = T/τmax = TW/Wτmax ≈ No/L.
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choice ofg(t) with ToFo = 1, the resulting set of STF basis waveforms,{φℓ,m}, form an orthonormal basis for the
space of signals of durationT and bandwidthW [21].13 As in OFDM, the data symbols have normalized average
power,E[‖x‖2] =

∑

m E[|xm|2] = 1, andE denotes packet energy
∫ T

0
E[|x(t)|2]dt = E

∑

ℓ,m

E[|xℓ,m|2] = E . (70)

STF basis waveforms are illustrated in Fig. 8. Each STF basis function has a duration and (essential14) bandwidth
proportional toTo andWo, respectively. With appropriate choice of the prototype pulse,g(t), and by matching the
parameters(To, Fo) to the channel spread parameters [21], [19], [20]

To

Fo
∝ τmax

νmax
, ToFo = 1 (71)

the resultingNo STF basis waveforms serve as a set of approximate eigenfunctions for underspread15 doubly
selective channels. We assume that the STF basis is generated with the matching in (71).

The received STF signal is given by

r(t) =

∫

h(t, τ)x(t − τ)dτ + w(t) ≈
√
E
∑

ℓ,m

xℓ,mH(ℓTo, mFo)φℓ,m(t) + w(t) (72)

whereh(t, τ) denotes the time-varying impulse response andH(t, f) denotes the time-varying frequency response
of the doubly selective multipath channel. The approximation in (72) illustrates the approximate eigen-property of
STF basis waveforms – it ignores the relatively small interference between different basis waveforms [21]. The
approximation states that, analogous to OFDM, the differentSTF basis waveforms do not interfere with each other
and the(ℓ, m)-th STF basis waveform simply gets multiplied by the corresponding value of the time-varying transfer
function, H(ℓTo, mFo), during transmission. At the receiver,r(t) is projected onto the STF basis waveforms

rℓ,m = 〈r, φℓ,m〉 =

∫

r(t)φ∗
ℓ,m(t)dt =

√
Exℓ,mH(ℓTo, mFo) + wℓ,m (73)

and the resulting projections can be stacked into anNo-dimensional vector to yield the following vector equation
for STF transceivers

r =
√
EHx + w (74)

13Biorthogonal basis functions can also be generated forToFo > 1, with better interference properties but at the cost of spectral efficiency
[20], [21].

14Since a strictly time-limited signal cannot have finite bandwidth, and vice versa due to the Fourier uncertainty principle.
15The approximate eigenfunction property of the STF basis waveforms holds for τmaxνmax as large as0.01 [21].
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Fig. 9. Contour plots of the STF channel matrix,{H(ℓ′To, m
′Fo; ℓTo, mFo)}, including the off-diagonal entries, where{(ℓ, m)} correspond

to the STF basis indices at the transmitter and{(ℓ′, m′)} correspond to the STF basis indices at the receiver. The plots correspond to different
cases of selectivity in time and frequency inH(t, f) depicted in Fig. 1 (see also Fig. 3). The time-frequency support(To, Fo) of the STF
basis functions is matched to channel delay and Doppler spreads as in (71): To = 10−3 sec andFo = 103Hz. Different cases correspond
to different choices of(T, W ) for a given packet lengthNo = TW = 1024. (a) A purely frequency-selective channel corresponding to
T = 3.2ms andW = 3.2 × 105Hz so thatNt = 4 and Nf = 256. (b) A purely time-selective channel corresponding toT = 0.32s
and W = 3.2 × 103Hz so thatNt = 256 and Nf = 4. (c) A time- and frequency-selective channel corresponding toT = 32ms and
W = 3.2 × 104Hz so thatNt = Nf =

√
No = 32.

where r ∈ CNo , x ∈ CNo is the vector of transmitted STF symbols,w ∼ CN (0, INo
), and H is the No × No

channel matrix that characterizes the STF link. As evident from (73), the matrixH is an approximately diagonal
matrix. We will assume thatH is exactly diagonal16

H = diag(H(0, 0), · · · , H(0, (Nf − 1)Fo), · · · , H((Nt − 1)To, 0), · · · , H((Nt − 1)To, (Nf − 1)Fo)) . (75)

Analogous to the block fading model for the OFDM channel matrix in (67), the diagonal entries ofH for STF
signaling admit a corresponding intuitive block fading structure in terms oftime-frequency coherence subspaces
as illustrated in Fig. 8. TheNo = TW diagonal entries ofH in (75) are partitioned intoD = L(2M − 1) ≈
(⌈Wτmax⌉+1)(⌈Tνmax⌉+1) ≈ Noτmaxνmax independently fading subspaces corresponding toTcoh ×Wcoh, with
each subspace containingNcoh = TcohWcoh/(ToFo) = No/D basis elements

H = diag(h1, · · · , h1, h2, · · · , h2, · · · , hD, · · · , hD) . (76)

The channel coefficients in each coherence subspace are assumed to be identical, whereas the coefficients in
different subspaces are i.i.d. Thus, the STF channel matrix is characterized byD i.i.d. zero-mean Gaussian random
variables,{hi}, reflecting theD level delay-Dopplerdiversity (the statistically independent DoF) afforded by the
doubly selective channel. Recall that in CDMA systems, the delay-Doppler diversity was directly exploited by the
delay-Doppler RAKE receiver structure.

Fig. 9 illustrates the diagonal nature of the STF channel matrixcorresponding to different cases of selectivity
in time and frequency inH(t, f) depicted in Fig. 1. Contour plots are shown for the fullNo ×No channel matrix
with entries{H(ℓ′To, m

′Fo; ℓTo, mFo)}, where the indices{(ℓ, m)} correspond to the input STF basis functions
used at the transmitter (see (68)), and the indices{(ℓ′, m′)} correspond to the output STF basis functions used at
the receiver (see (73)). The basis parameters(To, Fo) are matched to the channel spread parameters according to
(71). All cases depicted in Fig. 9 correspond to different choices of (T, W ), resulting in different corresponding
choices of(Nt, Nf ), for a given packet length ofNo = TW = 1024. Note that the STF channel matrix is very
nearly diagonal in all cases of channel selectivity.

4) Capacity of Single-Antenna Channels:The capacity of single antenna channels can be easily calculated in the
OFDM/STF domain using (65) or (74). We consider coherent capacity where the channel,H, is perfectly known
at the receiver and only channel statistics are assumed known at the transmitter. For Rayleigh fading, the capacity-
achieving input is zero-mean Gaussian with i.i.d. entries,x ∼ CN (0, ρI/W ), whereρ = E/T is the average total

16This assumption is valid for small spread factors, and in general the residual interference can be mitigated at the receiver using a variety
of interference cancelation schemes; the reader is referred to [21] for more details.
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transmitted power [21]. The coherent ergodic capacity is given by

C =
1

No
E

[

log

{

det

(

I +
E
No

HHH

)}]

=
1

No
E
[

log
{

det
(

I +
ρ

W
HHH

)}]

b/s/Hz (77)

=
1

No

No−1
∑

i=0

E
[

log
(

1 +
ρ

W
|hi|2

)]

= E
[

log
(

1 +
ρ

W
|hi|2

)]

b/s/Hz (78)

where the expectation is over channel statistics, the first equality in (78) follows from the diagonal nature ofH,
and the second equality follows from the fact that all diagonal entries,{hi}, of H are identically distributed.

5) CDMA versus OFDM/STF Signaling:At a fundamental level CDMA and OFDM/STF signaling are no
different. However, from a practical perspective there aresome advantages and disadvantages to both systems. First
of all, in terms of interacting with the channel, in CDMA systems the channel is sampled in the delay-Doppler
domain, whereas in STF systems, the channel is sampled in the time-frequency domain. Furthermore, in CDMA
systems the transmission strategy remains the same, independent of the selectivity of the channel – only the receiver
structure changes as a function of channel selectivity (delay RAKE versus delay-Doppler RAKE). On the other
hand, the STF basis waveforms need to be appropriately adaptedto the channel spread parameters as in (71) for
creating non-interfering parallel channels.

Secondly, as evident from our discussion above, the channel diversity is exploitable in CDMA systems at the
receiver only, whereas in OFDM/STF systems it is directly accessible at the transmitter as well. Furthermore,
in CDMA systems the full diversity of the channel is exploitable with a single spreading waveform used for
transmission, whereas in OFDM/STF systems, the transmitted information must be spread over all basis functions
to fully exploit channel diversity. In particular, if a single bit is transmitted over all STF basis functions, it is easy
to show that the resultingPe in detecting the bit at the receiver can be calculated in a waysimilar to (55) for
CDMA systems. The underlying test statistic in both cases involves aχ2 random variable with2D degrees of
freedom, whereD is the level of diversity. In CDMA systems, this is directly evident since the channel coefficients
directly sample the physical channel in the delay-Doppler domain, whereas in an STF system the level of diversity
is revealed by the block fading model in terms of time-frequency coherence subspaces.

Finally, from a multiuser perspective, multiple users are assigned distinct spreading codes in a CDMA system.
To allocate different rates to different users, multiple codes could be assigned to certain users. However, due to
multipath channel effects, the codes of different users, aswell as multiple codes for a particular user, interfere at
the receiver. In an OFDM/STF system, different user transmissions can be kept orthogonal (and non-interfering) by
assigning different usersdisjoint subsets of OFDM/STF basis functions. However, as noted above, these subsets of
basis functions may not be able to maximally exploit channeldiversity. In order to fully exploit channel diversity,
OFDM/STF transmissions from each user must be spread overall basis functions. In this case, the resulting multiuser
OFDM/STF transmissions will interfere at the receiver.

B. Non-Selective MIMO Systems

Consider a narrowband, non-selective (Tνmax ≪ 1, Wτmax ≪ 1) MIMO channel corresponding to a transmitter
with NT antennas and a receiver withNR antennas. The system equation in this case is given by

r = Hx + w (79)

where r ∈ CNR is the received signal vector,x ∈ CNT is the transmitted signal vector, andw ∼ CN (0, INR
).

MIMO communication systems equipped with multi-antenna arrays augment the traditional signal space dimensions
of time and frequency with the spatial dimension for enhanced communication over multipath channels. The
spatial dimension enables exploitation of statistically independentspatial DoF afforded by the spatially distributed
propagation paths in the multipath channel. These DoF are revealed by the virtual MIMO channel representation
for ULAs. However, unlike single-antenna channels in which the channel DoF can be exploited for improving the
reliability of communication through the conceptdiversity, MIMO systems also enhance the rate of communication
over multipath channels by providing aspatial multiplexinggain [8], [7], [1], [2]. This is because the MIMO
channel matrixH is full-rank (rank(H) = min(NR, NT )) in a rich scattering environment, thereby enabling the
creation ofmin(NR, NT ) parallel spatial channels between the transmitter and the receiver. Thus, a MIMO channel
can supportmin(NR, NT ) simultaneous data streams without any additional consumption of power or bandwidth.
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Initial works on exploiting MIMO capacity gains were based on spatial multiplexing– transmittingindependent
temporally codeddata streams on multiple antennas – inspired by the BLAST space-time communication architecture
proposed in [8], [9]. However, it was soon realized that the reliability of MIMO communication could be dramatically
enhanced byspace-time coding– joint coding across spatial and temporal dimensions. The field of space-time coding
was launched by the seminal work in [45], [46]. However, initial work on orthogonal space-time block codes [47],
[48] and space-time trellis codes [46] emphasized exploitation of spatial diversityfor improved reliability, at the cost
of rate. Subsequent works on space-time coding were aimed at combining the rate advantage of spatial multiplexing
and diversity advantage of orthogonal space-time codes, such as linear dispersion codes [49]. The ability to exploit
the channel DoF for diversity (reliability) or multiplexing (rate) is governed by a fundamentaldiversity versus
multiplexing tradeoff, which was characterized in the highSNR regime in [50].

In Sec. III-B.1, we first extend our discussion on statistical characterization of MIMO channels in Sec. II-B to
non-ULA geometries and also emphasize fundamental differences in spatial channel characteristics compared to
channel characterization in time and frequency. We then discuss MIMO link capacity in Sec. III-B.2, followed by
a discussion of MIMO transceiver structure in Sec. III-B.3.

1) Marginal and Joint Channel Statistics:The seminal work of Telatar, Foschini and Gans [6], [8], [9], [7] on
the capacity of MIMO channels was based on an i.i.d. model forH representing a rich scattering environment - the
elements ofH are modeled as i.i.dCN (0, 1) random variables. However, i.i.d. MIMO channels are the exception
rather than the norm in practice. Thus, there has been extensive work in the last decade on modeling and analysis
of spatially correlated MIMO channels in which the entries of H exhibit a correlated structure [16], [51], [52],
[10], [53], [54]. The relevant statistics for correlated MIMO channels are transmit, receive, and joint statistics

ΣT = E[HHH] = UTΛTUH
T (80)

ΣR = E[HHH ] = URΛTUH
R (81)

ΣTR = E[hhH ] = UTRΛTRUH
TR , h = vec(H) (82)

whereΣT denotes thetransmit covariance matrix, ΣR denotes thereceive covariance matrix, andΣTR denotes the
joint covariance matrixof h = vec(H), wherevec(H) corresponds to stacking the columns ofH into oneNT NR-
dimensional vectorh [55]. The second equalities in the above equations representthe eigen decompositions of the
respective matrices. For example,UT represents the (unitary) matrix of eigenvectors of the transmit covariance
matrix, andΛT represents the corresponding diagonal matrix of transmit eigenvalues. For Rayleigh fading channels,
the channel statistics are characterized by thejoint covariance matrixΣTR, andΣT and ΣR can be viewed as
marginal channel statistics as seen from the transmitter or the receiver side, respectively.

Initial works on correlated MIMO channels were based on the so-calledkroneckermodel (see, e.g., [51]) which
is entirely based on the marginal transmit and receive statistics

Hkron = Σ
1/2
R HiidΣ

1/2
T = URHindU

H
T , Hind = Λ

1/2
R HiidΛ

1/2
T (83)

whereHiid represents an i.i.d. channel matrix andHind has independent but not identically distributed entries. The
joint statistics for the kronecker model are given by

hkron = vec(Hkron) =
[

Σ
1/2
T ⊗ Σ

1/2
R

]

hiid = [U∗
T ⊗ UR]hind (84)

ΣTR,kron = E
[

hkronh
H
kron

]

= ΣT ⊗ ΣR = [U∗
T ⊗ UR] [ΛT ⊗ ΛR] [U∗

T ⊗ UR]H (85)

where⊗ denotes the kronecker product and we have used the identityvec(ADB) = [BT ⊗ A]vec(D) [55]. The
second equality in (85) shows that the joint statistics of kronecker model are simply the kronecker product of the
marginal statistics, and the third equality is the eigen decomposition ofΣTR,kron which is related to the eigen
decomposition of the marginal statistics through kronecker products

UTR,kron = U∗
T ⊗ UR , ΛTR,kron = ΛT ⊗ ΛR . (86)

The separable structure of joint statistics in terms of marginal statistics in the kronecker model is not sufficiently
rich to capture realistic channels in practice (see, e.g., [56], [57], [35], [58], [34]). The virtual MIMO channel
representation for ULAs [16] was the first model for correlatedMIMO channels that did not suffer for this limitation.
Recall from (27) that the virtual representation decorrelates the MIMO channel matrixH

Hv = AH
RHAT (87)
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through the two-dimensional DFT effected byAR andAT . The entries ofHv are independent but not identically
distributed (as is the case forHind for the kronecker model), and the correlation inH is captured by the power
profile, {Ψ(i, k)}, of the entries ofHv defined in (32). It turns out that for ULAs, the matrices of transmit and
receive eigenvectors are independent of the scattering environment and are given by DFT matricesAR andAT

UT,v = AT , UR,v = AR ,UTR,v = A∗
T ⊗ AR . (88)

Furthermore, the corresponding diagonal matrices of eigenvalues for the marginal and joint covariance matrices are
determined by the power profile,{Ψ(i, k)}, of Hv:

ΛT,v = E[HH
v Hv] , ΛR,v = E[HvH

H
v ] , ΛTR,v = E[hvh

H
v ] , hv = vec(Hv) . (89)

Comparing (86) and (89), we note thatΛTR,v is not constrained to have a separable structure asΛTR,kron.
The kronecker model is applicable to arbitrary array geometries but is limited to separable statistical channel

modeling. The virtual representation, on the other hand, captures joint channel statistics in full generality but is
limited to ULAs of antennas. Motivated by these advantages and limitations of the two models, a generalization
of the virtual representation – theeigenbeam modelor the canonical model– was proposed in [35] and [36] to
capture joint channel statistics for arbitrary array geometries. Specifically, the canonical model replaces the DFT
matricesAT andAR in the virtual representation (27) with the matrices of transmit and receive eigenvectors in
(80) and (81)

H = URHcU
H
T . (90)

With this transformation, it is shown in [35], [36] that if all the columns ofH share the same set of eigenvectors
(UR) and all the columns ofHH share the same set of eigenvectors (UT ), the matrixHc has independent but not
necessarily identically distributed entries (as inHv andHind). Thus, for the canonical model, the joint statistics
are characterized by

UTR,c = U∗
T ⊗ UR , ΛTR,c = E[hch

H
c ] , hc = vec(Hc) . (91)

The canonical model is completely parallel to the virtual representation and corresponds to replacingAT andAR

with UT andUR, respectively. The canonical model captures joint channel statistics, not constrained by a separable
structure, and is applicable to arbitrary array geometries. However, unlike the virtual representation for ULAs for
which the channel eigenvectors are independent of the scattering geometry, the eigenvectors in the canonical model,
as in the kronecker model, depend on both the scattering environment and the array characteristics.

2) Capacity of Non-selective MIMO Channels:We now discuss characterization of the ergodic capacity of
MIMO channels – the maximum (long-term) information rate that can be reliably supported by MIMO channels.
We assume that perfect CSI is available at the receiver (coherent reception) and only statistical CSI is available at
the transmitter. Recall the system equation for a MIMO link

r =
√

ρHx + w (92)

whereρ denotes the total transmit signal-to-noise ratio (SNR),E[‖x‖2] = 1, andw ∼ CN (0, INR
). For the coherent

case, whenH is assumed perfectly known at the receiver, the ergodic capacity is given by [7], [10], [1], [2]

C = max
Q:trace(Q)≤1

E
[

log det
(

I + ρHQHH
)]

bits/s/Hz , (93)

which corresponds to using the capacity-achieving Gaussian input,x ∼ CN (0,Q), whereQ = E[xxH ] denotes the
input covariance matrix, andtrace(Q) = E[‖x‖2] denotes the sum of the diagonal entries ofQ. For i.i.d. MIMO
channels, the optimal input is i.i.d. across different spatial dimensions,xopt ∼ CN (0, I/NT ) and the capacity can be
approximated atC ∼ min(NT , NR) log(1 + ρ) representing the multiplexing gain over single-antenna channels. In
particular, for i.i.d. channels, the capacity increases indirect proportion to the number of antennas,min(NT , NR),
without any additional increase in transmit power or bandwidth.

For correlated channels, it has been shown that the capacity-achieving input covariance matrix takes the form
[53], [54], [36]

Qopt = UTΛoptU
H
T (94)

where UT is the matrix of transmit eigenvectors, defined in (80), andΛopt is determined via thestatistical
waterfilling in the optimization (93), and can be determined via iterative numerical algorithms [53], [54]. The
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above relation states that the capacity-achieving input vector has statistically independent components in the eigen
domain corresponding to the diagonal covariance matrixΛopt. Unlike i.i.d. channels for which a uniform-power,
full-rank input is optimal at allSNRs, for correlated channels the rank of the input is a functionof the operating
SNR since the transmit eigenvalues are not uniform. In particular, in the limit of highSNR, a uniform-power input
is optimal, that isΛopt = I/NT as in i.i.d. channels, whereas in the limit of lowSNR, a rank-1beamformingis
optimal; that isrank(Λopt) = 1 and all the transmit power is concentrated in the eigen-direction corresponding to
the largest transmit eigenvalue [53], [54], [36].

3) MIMO Transceivers: Eigenspace/Beamspace Signaling:In this section, we discuss the basic structure of
MIMO transceivers using information about channel statistics and capacity optimal signaling. From a signal space
perspective, the transmitted signalx ∈ CNT and the received signalr ∈ CNR . These signals can be represented using
any orthonormal bases for the corresponding signal spaces.The transmitted signal can be represented as a linear
combination of the transmit basis vectors, and the receivedsignal is first projected onto the receive basis vectors
to facilitate further processing at the receiver. While anyset of transmit and receive basis vectors can be used in
principle, appropriate choice of bases can greatly facilitate system design and analysis. Our discussion on modeling
of MIMO channel statistics suggests a natural choice: the set of statistical transmit eigenvectors, the columns of
UT , at the transmitter, and the set of statistical receiver eigenvectors, the columns ofUR, at the receiver. That is,
the transmit signalx is represented as a linear combination of transmit eigenvectors and the received signalr is
projected onto the receive eigenvectors:

x = UTxc , rc = UH
R r ⇔ rc =

√
ρHcxc + wc (95)

wherewc = UH
Rw ∼ CN (0, I), andxc = UH

T x and rc are the representations of the transmitted and received
signals (in the antenna domain) with respect to the transmitand receive eigen bases. We note that for ULAs for
which UT = AT and UR = AR, signaling and reception in the eigen domain corresponds tothe beamspace
domain and has an intuitively appealing physical interpretation: the elements ofxc = xv correspond to signals
transmitted in different beam directions, and the elementsof rc = rv correspond to received signals from different
beam directions. Furthermore, as discussion in Sec. II-B, theindependence of different entries ofHv = Hc has an
intuitively appealing interpretation due to path partitioning: distinct entries ofHv are associated with disjoint sets
of propagation paths.

The above relation shows the benefit of representing the transmitted and received signals in terms of thestatistical
channel eigenvectors (or fixed steering and response vectorsin ULAs): the resulting channel matrix couplingxc and
rc is the canonical channel matrix,Hc, which has independent entries. Thus, transmission and reception along the
statistical eigenvectors effectively decorrelates the channel matrixH. Furthermore, as in (94), the capacity-achieving
xc consists of independent Gaussian signals; that is,xc ∼ CN (0,Λ), whereΛ is a diagonal covariance matrix,
and the capacity characterization in (93) can be equivalently expressed as

C = max
Λ:trace(Λ)≤1

E
[

log det
(

I + ρHcΛHH
c

)]

bits/s/Hz . (96)

As discussed above, uniform power allocation across all eigen directions is optimal at highSNRs, whereas a rank-1
input that excites the dominant transmit eigen direction isoptimal at lowSNRs. The uncorrelated nature ofHc in
(95) greatly facilitates design and analysis in a variety ofaspects, including capacity analysis [53], [36], [52], [37],
channel estimation [59], spatial multiplexing [60], and space-time coding [61], [62].

It is worth noting that even though the elements ofHc are statistically independent, different transmitted symbols
in xc interference with each other at the receiver due to the non-diagonal entries inHc. This is analogous to multi-
user interference in CDMA systems and a variety of interference suppression techniques, originally developed for
CDMA systems [28], can be used at the receiver for reliable decoding of the transmitted symbols.

4) Space-Time Coding:In this section, we review the basic idea of space-time coding to reap the capacity and
diversity advantage of MIMO channels [45], [46]. Our focus is on the probability of error analysis of space-time
codes that leads to the criteria used in the design of space-time codes [45], [46]. Since the seminal works in
[45], [46], a variety of methodologies have been proposed for space-time code design, including space-time trellis
codes [46], orthogonal space-time block codes [47], [48], and linear dispersion codes [49]. We consider signaling
and reception in the eigenspace (or beamspace for ULAs), as in(95), that greatly facilitates analysis for spatially
correlated MIMO channels.
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The basic idea in space-time coding is to jointly encode information in space and time to exploit spatial diversity
for enhanced reliability. Consider a discrete-time model for anNR × NT MIMO system in the eigenspace

rc(k) =
√

ρHc(k)xc(k) + wc(k) (97)

where the indexk represents thek-th channel use. We consider a block fading model so that the channel is
constant overK ≥ NT channel uses and changes independently between blocks ofK channel uses. For simplicity
of notation, we suppress the subscript ‘c’ with the understanding that we are working in the eigenspace so that
the elements ofH (= Hc) are independent but not necessarily identically distributed. Stacking the received signal
vectors over one block ofK channel uses, the system equation becomes

R =
√

ρHX + W (98)

whereR = [r(1), · · · , r(K)] is theNR×K matrix of received signal vectors,X = [x(1), · · · ,x(K)] is theNT ×K
matrix of transmitted signal vectors, andW = [w(1), · · · ,w(K)] is the NR × K noise matrix. The transmitted
signal matrix (or space-time codeword)X satisfies the power constraintE[trace(XXH)] = K.

Consider a codebook ofN codewords,X = {X1, · · · ,XN}. In each block, one of theN codewords is transmitted.
The rate of the space-time codeX is determined by the size of the codebook and is given byR = log(N)/K
bits/channel use, which must be less than∆tC where∆t is the sampling interval defining each channel use and
C is the channel capacity at the given SNR (ρ) as defined in (93) or (96). We assume coherent reception and
that ML decoding is employed at the receiver to determine which codeword was transmitted. LetX denote a
transmitted codeword and̂X the decoded codeword at the receiver. Assuming that all codewords are equally likely,
the conditional error probability, conditioned on a particular realization ofH, is given by

Pe(H) =
1

N

N
∑

i=1

Pe(Xi|H) (99)

wherePe(Xi|H) denotes the conditional error probability when thei-th codeword is transmitted and is given by

Pe(Xi|H) = P
(

∪j 6=i

{

X̂ = Xj

}

|X = Xi,H
)

≤
N
∑

j=1,j 6=i

P (X̂ = Xj |X = Xi,H) (100)

where the inequality reflects the union bound [3]. Using the notationP (Xi → Xj |H) for P (X̂ = Xj |X = Xi,H),
the conditional error probability in (99) can be bounded as

Pe(H) ≤ 1

N

N
∑

i=1

N
∑

j=1,j 6=i

P (Xi → Xj |H) (101)

and the unconditional error probability can be bounded by averagingPe(H) over the statistics ofH

Pe = E[Pe(H)] ≤ 1

N

N
∑

i=1

N
∑

j=1,j 6=i

P (Xi → Xj) (102)

whereP (Xi → Xj) = E[P (Xi → Xj |H] denotes the pairwise error probability (PEP) of decodingX = Xi as
X̂ = Xj . Space-time code design boils down to the design of the codebook X so that the PEP between any pair
of codewords is as small as possible.

We now discuss the calculation of the PEP between an arbitrary pair of codewords to get insight into the design
criteria for the codebookX . Let E = X− X̂ denote the error codeword matrix whenX is transmitted and decoded
as X̂ 6= X. Using the fact thatH has independent Gaussian entries, the PEP can be bounded as [45], [46], [60],
[62]

P (X → X̂) = E[P (X → X̂|H)] ≤
∣

∣

∣
INT NR

+
ρ

4
Σ̃(INR

⊗ Re)
∣

∣

∣

−1
(103)

whereRe = EEH is the NT × NT codeword error correlation matrix and̃Σ = E[vec(HT )vec(HT )H ] is the
NRNT × NRNT (joint) channel covariance matrix of the vectorvec(HH) obtained by stacking the rows ofH.
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The bound in (103) shows that the PEP depends on the interaction between the channel and the codewords that is
captured by theNRNT × NRNT matrix

∆ = Σ̃(INR
⊗ Re) = diag(Σ̃(1)Re, · · · , Σ̃(NR)Re) (104)

where the second equality in terms of the block diagonal matrix follows from the fact thatΣ̃ is a diagonal matrix
of the formΣ̃ = diag(Σ̃(1), · · · , Σ̃(NR)) whereΣ̃(i) represents the diagonal covariance matrix of thei-th row of
H representing the MISO channel coupling theNT transmit eigen-dimensions to thei-th receive eigen-dimension.
Let di = rank(Σ̃(i)Re) ≤ min(rank(Σ̃(i), rank(Re)) ≤ NT . Using (104), the PEP bound in (103) simplifies to

P (X → X̂) ≤
NR
∏

i=1

∣

∣

∣
INT

+
ρ

4
Σ̃(i)Re

∣

∣

∣

−1
=

NR
∏

i=1

di
∏

j=1

(

1 +
ρ

4
λj(Σ̃(i)Re)

)−1
(105)

whereλj(Σ̃(i)Re) denotes thej-th non-zero eigenvalue of̃Σ(i)Re, the first inequality follows from the fact that
the determinant of the block diagonal matrix,∆, in (104) is the product of the determinants of the component
matrices, and the second equality follows from the fact thatthe determinant of a matrix equals the product of its
eigenvalues. At high SNR (ρ ≫ 1), the PEP bound in (105) can be further simplified to

P (X → X̂) ≤
(

4

ρ

)

PNR
i=1

di 1
∏NR

i=1

∏di

j=1 λj(Σ̃(i)Re)
(106)

where the first term reflects thediversity gain– the rank of∆ – and the second term reflects thecoding gain– the
product of the non-zero eigenvalues of∆ in (104). Thus, the overall goal of space-time code design is to design
the codebookX so that the resulting∆ for each pair of codewords has maximum rank (to maximize the diversity
gain) and the size of its non-zero eigenvalues is as large as possible (to maximize the coding gain).

We note that the diversity gain is bounded as
∑NR

i=1 di ≤ NRNT and is limited by both the rank of̃Σ(i) and
Re. For i.i.d. channels,̃Σ(i) = INT

, anddi = d = rank(Re). Thus, for i.i.d. channels, the high SNR PEP bound
in (106) reduces to

P (X → X̂) ≤
(

4

ρ

)NRd 1
∏NR

i=1

∏d
j=1 λj(Re)

(107)

which leads to the well-known “rank” and “determinant” criteria for space-time code design for i.i.d. channels [45],
[46]: the codebookX should be designed so that the error correlation matrixRe for each pair of codewords is full
rank (d = NT to ensure maximum diversity gainNT NR) and as large a determinant as possible (to maximize the
coding gain). In general, the design of the codebookX requires numerical methods to optimize the diversity and
coding gains.

C. Time- and Frequency-Selective MIMO Systems

In this section, we integrate our development of single-antenna transceivers for doubly selective channels in
Sec. III-A and MIMO transceivers for non-selective MIMO channels in Sec. III-B to develop transceiver structures in
the most general case of time- and frequency-selective, spatially correlated MIMO channels. In all cases, as discussed
in Sec. III-B, spatial signaling and reception in with respect to the transmit and receive spatial eigenvectors. In the
time-frequency domain, we will consider both OFDM/STF and CDMAsignaling. This yields two main classes of
transceivers: eigenspace-OFDM/STF transceivers, and eigenspace-CDMA transceivers.

1) Eigenspace-STF Transceivers:Consider a communication link withNT antennas at the transmitter andNR

antennas at the receiver operating over a doubly selective (Tνmax > 1, Wτmax > 1), spatially correlated MIMO
channel. Communication of information occurs through packets of durationT and bandwidthW . The spatio-
temporal signal space is of dimensionNs,T = NT TW at the transmitter and of dimensionNs,R = NRTW at the
receiver. Spatial modulation at the transmitter is done using theNT transmit eigenvectors, the columns of the transmit
covariance matrixUT : {uT,i : i = 1, · · · , NT }. Spatial demodulation at the receiver is done using theNR receive
eigenvectors, the columns of the receive covariance matrixUR: {uR,k : k = 1, · · · , NR}. Temporal modulation and
demodulation is done using theNo = TW STF basis waveforms:{φℓ,m(t) : ℓ = 0, · · · , Nt−1; m = 0, · · · , Nf−1}.
We consider transmission and reception of a single packet since inter-packet interference is negligible under the
assumption (41).

25



The transmitted signal vector for one packet can be expressedas

x(t) =
√
E

NT
∑

i=1

Nt−1
∑

ℓ=0

Nf−1
∑

m=0

xc,i,ℓ,muT,iφℓ,m(t) =

Nt−1
∑

ℓ=0

Nf−1
∑

m=0

UTxc,ℓ,mφℓ,m(t) , 0 ≤ t ≤ T (108)

whereE =
∫

E
[

xH(t)x(t)
]

dt = E∑i,ℓ,m E
[

|xc,i,ℓ,m|2
]

denotes the total transmit packet energy,{xc,i,ℓ,m} denote
theNs,T data symbols modulated onto the spatio-temporal basis waveforms, andxc,ℓ,m denotes theNT -dimensional
vector ofspatial data symbols corresponding to the(ℓ, m)-th STF basis waveform. Using the spatial eigenvectors
instead of the DFT vectors for ULAs, the sampled virtual representation in (35) becomes

H(t, f) = URHc(t, f)UH
T (109)

≈ UR





L−1
∑

ℓ=0

M−1
∑

m=−(M−1)

Hc(ℓ, m)ej2π m

T
te−j2π ℓ

W
f



UH
T (110)

=

NR
∑

i=1

NT
∑

k=1

L−1
∑

ℓ=0

M−1
∑

m=−(M−1)

Hc(i, k, ℓ, m)uR,ku
H
T,ie

j2π m

T
te−j2π ℓ

W
f (111)

whereHc(t, f) = UH
RH(t, f)UT is the representation ofH(t, f) with respect to the spatial basis functions, the

expansion within the brackets in (110) is a sampled delay-Doppler representation ofHc(t, f), and (111) is the most
explicit version of the sampled representation in terms of the spatial basis functions.

Using (108) and (109) in (33), the received signal vector canbe expressed as

r(t) =
√
E

Nt−1
∑

ℓ=0

Nf−1
∑

m=0

∫ W/2

−W/2
URHc(t, f)xc,ℓ,mΦℓ,m(f)ej2πftdf + w(t) (112)

whereΦℓ,m(f) is the Fourier transform ofφℓ,m(t), andw(t) denotes anNR × 1 vector of independent complex
AWGN processes. The received signal vector is first projected onto receive spatial eigenvectors to yield

rc(t) = UH
R r(t) =

√
E

Nt−1
∑

ℓ=0

Nf−1
∑

m=0

∫ W/2

−W/2
Hc(t, f)xc,ℓ,mΦℓ,m(f)ej2πftdf + wc(t) (113)

which is then projected onto the STF basis waveforms to yield

rc,ℓ,m = 〈rc(t), φℓ,m(t)〉

=
√
E

Nt−1
∑

ℓ′=0

Nf−1
∑

m′=0

(

∫ T

0

∫ W/2

−W/2
Hc(t, f)Φℓ′,m′(f)φ∗

ℓ,m(t)ej2πftdtdf

)

xc,ℓ′,m′ + wc,ℓ,m (114)

≈
√
EHc(ℓTo, mFo)xc,ℓ,m + wc,ℓ,m (115)

where the term in the brackets in (114) evaluates to≈ δℓ−ℓ′δm−m′Hc(ℓTo, mFo), Hc(ℓTo, mFo) = Hc(t, f)|(t,f)=(ℓTo,mFo),
due to the eigen property of STF basis functions, resulting in (115). Stacking theNR × 1 vectors,{rc,ℓ,m}, into
a singleNs,R = NRTW dimensional vector yields the following matrix system equation for eigenspace-STF
transceivers

rc =
√
EHcxc + wc (116)

Hc = diag (Hc(0, 0), · · · ,Hc(0, (Nf − 1)Fo),Hc((Nt − 1)To, 0), · · · ,Hc((Nt − 1)To, (Nf − 1)Fo))(117)

whererc ∈ CNs,R , xc ∈ CNs,T , E[‖xc‖2] = 1, wc ∼ CN (0, INs,R
), and theNs,R × Ns,T matrix Hc in (117) is the

representation ofH(t, f) with respect to the spatial eigenvectors and STF basis waveforms used for transmission and
reception. As shown in (117),Hc has ablock diagonalstructure due to the eigen property of STF basis waveforms,
and theNR × NT component matrices on the diagonal are the eigen-domain spatial matrices corresponding to
different STF dimensions.
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2) Capacity of Doubly Selective MIMO Channels:The system equation (116 for eigenspace-STF transceivers can
be interpreted as a combination of (75) and (95) – each diagonal entry in (75) is replaced by a spatial matrix in the
eigen-domain of the form (95). In particular, each of the component spatial matrices in (117) has independent, but
not identically distributed entries due to the spatial transformation into the eigen domain. Consequently, (117) also
greatly facilitates calculation of the coherent ergodic capacity of doubly-selective correlated MIMO channels. The
capacity achieving input vector,xc ∈ CNs,T , has zero-mean and independent Gaussian entries,xc,opt ∼ CN (0,Λc),
and the diagonal covariance matrixΛc can be decomposed as

Λc = diag
(

Λc,0,0, · · · ,Λc,0,Nf−1, · · · ,Λc,Nt−1,0, · · · ,Λc,Nt−1,Nf−1

)

, (118)

corresponding to the ordering of the STF dimensions in (117), where each component diagonal matrix is anNT ×NT

matrix corresponding to a particularxc,l,m in (108). The coherent ergodic capacity of the link, assumingperfect
knowledge ofHc at the receiver, can be computed as

C =
1

TW
max

Λc:trace(Λc)≤1
E
[

log
{

det
(

INs,R
+ EHcΛcH

H
c

)}]

b/s/Hz (119)

=
1

TW

Nt−1
∑

ℓ=0

Nf−1
∑

m=0

max
Λℓ,m:trace(Λc,ℓ,m)≤1/TW

E
[

log
{

det
(

INR
+ EHc(ℓTo, mFo)Λc,ℓ,mHH

c (ℓTo, mFo)
)}]

(120)

= max
Λc:trace(Λc)≤1/TW

E log det
(

INR
+ EHc(0, 0)ΛcH

H
c (0, 0)

)

b/s/Hz (121)

where the second equality follows from the fact that the optimal energy allocation is uniform across different STF
dimensions, and the third equality follows from the fact that the spatial statistics ofHc(t, f) are invariant with
respect tot andf due to channel stationarity in time and frequency. Note thatΛc is of dimensionNs,T ×Ns,T in
(119) and of dimensionNT ×NT in (121). The optimal spatial power allocation matrixΛc in (121) is determined
via statistical waterfilling, assuming knowledge of channelstatistics at the transmitter, as in (III-B.2).

A couple of comments about the system equation (116) and the corresponding capacity characterization are in
order. First, note that energy allocated to different STF dimensions evaluates to

E
TW

=
ρT

TW
=

ρ

W
(122)

whereρ = E/T denotes the total average transmit power (or, equivalently, the total average transmitSNR since the
noise in different dimensions is normalized to unit variance in wc ∼ CN (0, INs,R

). Second, for purely frequency-
selective channels, the STF basis waveforms reduce to OFDM basis waveforms corresponding to a MIMO-OFDM
system [63] represented in the domain of statistical spatial eigenvectors. Furthermore, for ULAs eigendomain is
replaced by beamspace for signaling and reception. Finally,while capacity-achievingxc has independent entries,
from a reliability (probability of error) perspective it isadvantageous to code across the different spatial-temporal-
spectral dimensions inxc, analogous to the difference between spatial multiplexingand space-time coding in
non-selective MIMO systems.

3) Eigenspace-CDMA Transceivers:In eigenspace-CDMA transceivers the spatial basis functions used at the
transmitter and the receiver remain the same, but spread spectrum waveforms are used for temporal signaling. Let
q(t) denote a unit energy spreading waveform of the form (42). The transmitted signal vector for one packet is
given by

x(t) =
√
EUTxcq(t) =

√
E

NT
∑

i=1

uT,ixc,iq(t) (123)

wherexc ∈ CNT , E[‖xc‖2] = 1, is the vector of symbols transmitted in different spatial transmit eigen directions,
andE denotes the total transmit energy (ρ = E/T denotes the total transmit power orSNR):

∫ T
0 E

[

xH(t)x(t)
]

dt =
E∑i E[|xc,i|2]

∫

|q(t)|2dt = E . Using (110), the received signal vector is given by

r(t) =
√
E

L−1
∑

ℓ=0

M−1
∑

m=−(M−1)

URHc(ℓ, m)xcq(t − ℓ/W )ej2πmt/T + w(t) , (124)
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whereHc(ℓ, m) represents the component ofHc(t, f) in (109) corresponding to the(ℓ, m)-th resolvable delay and
Doppler shift. The received signal is first projected onto the receive spatial basis functions to yield

rc(t) = UH
R r(t) =

√
E

L−1
∑

ℓ=0

M−1
∑

m=−(M−1)

Hc(ℓ, m)xcq(t − ℓ/W )ej2πmt/T + wc(t) (125)

which is then correlated with delayed and Doppler shifted versions ofq(t) to yield

rc,ℓ,m =

∫ T

0
rc(t)q

∗(t − ℓ/W )e−j2πmt/T dt

≈
√
EHc(ℓ, m)xc + wc,ℓ,m , ℓ = 0, · · · , L − 1 , m = −(M − 1), · · · , M − 1 . (126)

Stacking all the delay-Doppler correlator vector outputs in(126) into a singleNRD = NR×L(2M−1) dimensional
vector yields the system equation for eigenspace-CDMA transceivers

rc =
√
EHcxc + wc (127)

whererc ∈ CNRD, xc ∈ CNT , wc ∼ CN (0, INRD), andHc is a NRD × NT channel matrix given by

Hc =
[

HT
c (0,−(M − 1)), · · · ,HT

c (L − 1, M − 1)
]T

(128)

reflecting theD = L(2M−1) level delay-Doppler diversity, in addition to theNR level spatial diversity, exploitable
at the receiver.

As in Sec. III-A.1, if a single BPSK symbol is transmitted,xc = bxc,o, b ∈ {−1, 1} for some unit energyxc,o,
then the ML estimate for the bit and the correspondingPe is given by

b̂ = sign
(

real
{

xH
c,oH

H
c rc

})

, z = xH
c,oH

H
c rc = b

√
E‖Hcxc,o‖2 + xH

c,oH
H
c wc (129)

Pe(Hc) = Q

(

√

2E‖Hcxc,o‖2

)

, Pe = E [Pe(Hc)] . (130)

Note that the decision statisticz in (129) involves theNRD dimensional vectorHcxc,o, a linear combination of
the columns ofHc, which has independent entries. Thus, the the decision statistic involves aχ2 random variable
with 2NRD DoF representing the spatial-delay-Doppler diversity exploitable at the receiver.

In this section, we have primarily focussed on point-to-point communication using wideband MIMO transceivers.
In a multi-user context, in general there is interference between the signals of different users, especially in CDMA
systems, and a variety of multiuser detection techniques can be applied [28]. Multiuser detection techniques based
on the sampled channel representation for a multiple accesschannel where the base station or access point is
equipped with an antenna array are discussed in [64]. Interference suppression is also discussed in the following
section.

IV. A CTIVE WIRELESSSENSING WITH WIDEBAND MIMO T RANSCEIVERS

In this section, we discuss an application of wideband MIMO transceivers in the area of wireless sensor networks
that have emerged as a promising technology for gathering information about the physical environment using a
network of wireless sensor nodes (see, e.g., [22], [23]). Thesensor nodes can sense the environment in a variety of
modalities, including acoustic, seismic, chemical and biological, and can communicate using wireless front ends.
Since the sensor nodes are typically battery powered, energyconsumption by the sensors is a key design challenge.
Wireless sensor networks are being developed for a variety of applications, including surveillance, environmental
monitoring, industrial monitoring and healthcare. Most existing proposals for the communication architecture in
wireless sensor networks are based on the original vision ofin-network processing: the measurements collected
by the sensors are processed within the network for different application tasks (e.g. detection or classification of
an event) via exchange of local information between sensorsin the network. However, in-network processing of
sensor data can entail excess delay and energy consumption due to the attendant tasks of information routing and
coordination between nodes (see, e.g., [24]).

Specifically, we present a framework for information retrieval in wireless sensor networks –Active Wireless
Sensing(AWS) – in which a wireless information retriever (WIR), equipped with a multi-antenna array, actively
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interrogates an ensemble of (single-antenna) wireless sensors with wideband space-time waveforms for rapid retrieval
of sensor information [25], [26], [27]. A key motivation forAWS is to reduce the excess delay and energy
consumption associated with the distributed communication architecture in in-network processing. Technological
advances in agile radio frequency (RF) front-ends and reconfigurable antenna arrays provide another motivation
for AWS. While originally developed for rapid information retrieval in sensor networks, the framework is also
applicable to general point-to-multipoint network communication settings.

AWS is built on two primary assumptions: i) the sensor nodes are dumb in that they have limited computational
ability but have relatively sophisticated RF front-ends, and ii) the WIR is computationally powerful, is equipped
with an antenna array, and actively interrogates the sensorensemble with wideband space-time waveforms. A key
idea behind AWS is that the distinct sensors inducedistinct space-time signaturesat the WIR that depend on the
sensor locations relative to the multipath scattering environment connecting the sensors to the WIR. The sensor
space-time signatures are exploited by the WIR for distinguishing different sensor signals. In the context of the
development in Sec. III, the MIMO transceiver at the WIR is an example of a beamspace-CDMA transceiver that
performs spatial processing in the beamspace and uses spread-spectrum waveforms for communication with the
sensors.

The next sub-section introduces the basic communication architecture in AWS and develops the space-time system
model for communication between the WIR and the sensors through a multipath channel. In Sec. IV-B, we discuss
the concept of angle-delay matched filtering for computationof sufficient statistics for information retrieval at the
WIR, and also discuss the impact of multipath scattering on the DoF in the theangle-delay signaturesinduced
by the sensors at the WIR. Sec. IV-C discusses the uplink communication in AWS from the sensor ensemble
to the WIR. In particular, we discuss a linear minimum-mean-squared-error (MMSE) scheme for suppressing the
interference between sensor transmissions, and discuss two important performance metrics: sensing capacity that
characterizes the maximum rate of reliable information retrieval from the sensor ensemble, and the probability of
error in recovering sensor data. In Sec. IV-D, we focus on downlink communication in AWS from the WIR to
the sensor ensemble. In particular, we highlight the potential of time-reversal techniques[29], [30] for downlink
communication in AWS.

A. Basic Space-Time Communication Architecture

Sensor Ensemble

WIR

Scatterers
∆θ

c/WR2R1

LOS Path

Scattered Path

r(t) Beam-

forming

Matrix

A
H

Code MF

Code MF

Code MF
rV (2; t)

rV (N ; t)

rV (1; t)
1/W

rN,ℓ

r1,ℓ

r2,ℓ

x̂K

x̂1

x̂2

Decoder

(a) (b)

Fig. 10. Active Wireless Sensing. (a) Basic architecture for communication between the WIR and the sensor ensemble. (b) Computation
of sufficient statistics at the WIR through angle-delay matched filtering.

Consider an ensemble ofK sensors randomly distributed over a region of interest, as illustrated in Fig. 10(a).
The WIR equipped with anN -element uniform linear array (ULA), initiates informationretrieval by sending a
beacon signal for timing and frequency synchronization. Thesensors send information to the WIR in packets of
durationT and bandwidthW , synchronized with respect to timing of the beacon from the WIR. The sensors use
a commonspread-spectrum waveform,q(t), of the form (42) and known at the WIR, to communicate to the WIR.
Unlike traditional multiple access schemes, such as CDMA, in which distinct nodes are assigned distinct codes
or signatures{qk(t)}, in AWS all sensor nodes use an identical temporal spread-spectrum waveformq(t). Their
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transmissions are distinguished at the WIR via distinct angle-delay signatures induced by the multipath scattering
environment.

The transmitted signals from theK sensors for one packet are given by

xk(t) =
√
Eq(t)xk , 0 ≤ t ≤ T , k = 1, · · · , K (131)

where xk(t) denotes the transmitted waveform,xk the data symbol, andE the transmission energy from the
k-th sensor. The sensor transmissions pass through a frequency-selective (Wτmax > 1) and time non-selective
(Tνmax ≪ 1) multipath channel consisting ofNp scattering paths, as illustrated in Fig. 10(a). The received signal
vector at theN -element ULA of the WIR,r(t) = [r1(t), r2(t), . . . , rN (t)]T , is a superposition of all the sensor
transmissions

r(t) =
K
∑

k=1

∫ τmax

0
hk(t

′)xk(t − t′)dt′ + w(t) =
√
E

K
∑

k=1

xk

Np
∑

n=1

βk,nq(t − τk,n)a(θk,n) + w(t) (132)

≈
√
E

K
∑

k=1

xk

N
∑

i=1

L−1
∑

ℓ=0

Hv,k(i, ℓ)q(t − ℓ/W )a(i/N) + w(t) (133)

hk(t) =

Np
∑

n=1

βk,nδ(t − τk,n)a(θk,n) ≈
N
∑

i=1

L−1
∑

ℓ=0

Hv,k(i, ℓ)δ(t − ℓ/W )a(i/N) (134)

wherehk(t) represents theN × 1 vector channel impulse response from thek-th sensor to the WIR,a(θ) denotes
theN ×1 array response vector (see (25)) of the ULA at the WIR, andw(t) denotes a vector AWGN process with
independent components. The second equality in (132) and thefirst equality in (134) represents a physical model
for hk(t), whereτk,n ∈ [0, τmax] denotes the relative delay,θk,n ∈ [−1/2, 1/2] the angle of arrival (AoA), andβk,n

the complex path gain of then-th scattering path associated with thek-th sensor. The third approximation in (133)
and the second approximation in (134) represent the sampledrepresentation of the multipath channel associated
with k-th sensor at delay resolution∆τ = 1/W and angle resolution∆θ = 1/N (L = ⌈Wτmax⌉ + 1). Thus, each
hk(t) is characterized by theLN sampled angle-delay channel coefficients{{Hv,k(i, ℓ)}.

Without loss of generality, assume that for each sensor, then = 1 path represents a strong line-of-sight (LOS)
component with energyE[|βk,1|2] = 1 and the remainingNp − 1 paths are non-line-of-sight (NLOS) with energy
E[|βk,n|2] = σ2

s < 1, n = 2, . . . , Np, as illustrated in Fig. 10(a). The energy of the scattered paths, σ2
s , is generally

smaller than that of the LOS components since the NLOS paths incur additional losses due to multiple reflections
and larger propagation distances. We also assume that{θk,n, τk,n} are fixed during the time-scales of interest. The
only source of channel randomness are the random and independent phases of the gains{βk,n}. The total channel
power,σ2

c , is defined as
σ2

c =
∑

n

|βk,n|2 = 1 + (Np − 1)σ2
s (135)

and grows linearly withNp since more paths couple more energy transmitted from the sensors to the WIR.

B. Angle-Delay Matched Filtering

As evident from the sampled representation in (133), the received packet signal from each sensor belongs to an
Ns = LN dimensional spatio-temporal signal subspace spanned by the (approximately17) orthonormal space-time
basis functions{ui,ℓ(t) = 1√

N
a(i/K)q(t − ℓ/W )}. Thus, to retrieve the sensor data for each packet, the WIR

performsangle-delay matched filteringwith respect to{ui,ℓ} as illustrated in Fig. 10(b):r(t) is first projected
onto N fixed beam directions, and each beamformer output is then temporally correlated with uniformly delayed
versions ofq(t) to yield the sufficient statistics for information retrieval

ri,ℓ =
1√
N

∫ T

0
aH(i/N)r(t)q∗(t− ℓ/W )dt ≈

√
EN

K
∑

k=1

xkHv,k(i, ℓ)+wi,ℓ , i = 1, · · · , N , ℓ = 0, · · · , L−1 .

(136)

17The approximation is due to the approximate orthogonality of delayed versions of q(t) – see (49).
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Stacking the angle-delay matched filtered (MF) outputs in anNs-dimensional vector, the uplink system equation
in AWS can be written as [26]

r =
√

NEHx + w =
√

NE
K
∑

k=1

xkhk + w (137)

wherex denotes theK dimensional vector of transmitted sensor symbols,w ∼ CN (0, INs
), hk is anNs dimensional

vector consisting of{Hv,k(i, k)}, andH = [h1, · · · ,hK ] is theNs×K uplink channel matrix coupling the sensors
to the WIR. The factor

√
N in (137) represents the array gain at the WIR. We note that AWSis equivalent to a

semi-distributed MIMO system withH representing the channel matrix. Successful recovery of sensor data at the
WIR requires thatNs ≥ K and thehk’s are linearly independent so thatrank(H) = K.

The vectorhk represents theangle-delay signatureinduced by thek-th sensor at the WIR, which can be estimated
at the WIR using pilot sensor transmissions. Since the components of hk correspond to the sampled channel
coefficients, it can be explicitly related to the physical scattering environment via the concept of path partitioning
[25] (see also Sec. II).

hk(i, ℓ) = Hv,k(i, ℓ) ≈
∑

n∈Si,ℓ(k)

βk,n , Si,ℓ(k) = {n : |θk,n − i/N | < 1/2N , |τk,n − ℓ/W | < 1/2W} (138)

where Si,ℓ(k) denotes the set of all paths, associated with thek-th sensor, whose angles and delays lie within
the angle-delay resolution bin of size∆θ × ∆τ = (1/N) × (1/W ) corresponding to the(i, ℓ)-th angle-delay MF
output in (136). The dominant non-vanishing entries inhk represent its statistically independent DoF since they
correspond to disjoint sets of propagation paths (with independent path gains). Using (138), we can now characterize
the differences in the structure of{hk} for LOS and multipath scattering environments, as discussednext.

In a LOS channel (Np = 1), eachhk has one DoF – one dominant non-vanishing component – corresponding
in a single angle-delay bin determined by the relative physical location of thek-th sensor encoded in(θk,1, τk,1). It
follows from (138) that the sensor signatures{hk} are linearly independent (H is full rank) if and only if sensors
are spaced sufficiently far apart so that their LOS paths lie in distinct angle-delay bins. When sensors are closely
spaced, multiple sensors are mapped to the same angle-delaybin. In this case, separation of sensor transmissions
at the WIR requires that the sensors associated with the sameangle-delay bin be assigned distinct spreading codes,
as in traditional CDMA systems.

In a multipath environment with sufficiently many (Np ≫ 1) andspatially distributedNLOS paths, it follows from
(138) that eachhk exhibits a large number of dominant non-vanishing components or DoF that are statistically
independent. It can also be shown that ifNp ≥ Ns ≥ K, the entries ofH are (approximately) statistically
independent and hence the differenthk are linearly independent18 almost surely [27]. As a resultH is full-
rank almost surely. Thus, AWS allows for exploitation of multipath scattering in two important aspects. First,
the average energy in each signatureE

[

‖hk‖2
]

= σ2
c grows linearly withNp (see (135)), thereby increasing

energy efficiency. Second, the presence of multipath scattering increases the DoF in sensor angle-delay signatures,
effectively increasing the sensor resolution at the WIR. Thus, AWS over multipath can accommodate finer-scale
sensing and larger information rates compared to LOS environments.

C. Uplink Communication: Rate and Reliability of InformationRetrieval

In this section, we discuss the performance of uplink communication in AWS from the sensors to the WIR.
Under the assumption thatT ≫ τmax, packet by packet decoding suffices. Consider the simultaneous transmission
of K packets from theK sensors in (131) in a single packet durationT . In the angle-delay MF outputs in (137),
the angle-delay signatures of different sensors,{hk}, interfere with each other since they are not orthogonal, in
general. This is analogous to interference between multi-user transmissions in a CDMA system and a variety of
multi-user detection techniques can be applied [28]. We consider a simple linear MMSE interference suppression
scheme [28] that exploits the differences in{hk} to suppress the interference between them. The linear MMSE
receiver is described by aK × Ns matrix, Gmmse, that operates on the MF output vectorr and is given by

Gmmse = arg min
G

E[‖Gr − x‖2] = HHR−1 (139)

18Even if two components of distincthk ’s correspond to the same set of propagation paths, as in (138), the path phases associated with
the common set of paths will be different for the two sensors if the paths are sufficiently distributed in space relative to the sensor separation.
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whereR = E[rrH ] = NEHHH + I is the correlation matrix of the MF outputs. In (139),R−1 suppresses the
interference corrupting the MF outputs, and the matrixHH performs angle-delay signature matched filtering on
the resulting filtered MF outputs. Thek-th filtered decision statistic iñr = Gmmser can be expressed as

r̃k =
√

NEhk
HR−1hkxk +

√
NE

∑

k′ 6=k

hk
HR−1hk′xk′ + hk

HR−1w , k = 1, · · · , K (140)

where hk
HR−1hk represents the filtereddesiredsignal from thek-th sensor, andhk

HR−1hk′ the suppressed
interference from thek′-th sensor. Decisions on the transmitted symbols inx can then be made from̃r depending
on the nature of the symbol constellation.

If the sensors transmit using BPSK symbols,{xk ∈ {−1, +1}}, the symbol decisions at the WIR take the form

x̂mmse = sign {real (r̃)} = sign {real (Gmmser)} . (141)

Using a Gaussian approximation for the interference [28], the instantaneous (conditioned onH) probability of error
in detecting thek-th bit stream from thek-th sensor can be expressed in terms of the signal to interference and
noise ratio (SINR) as

Pe,k(H) = Q
(

√

2SINRk(H)
)

, SINRk(H) =
NE|hk

HR−1hk|2
‖hk

HR−1‖2 + NE ∑
k′ 6=k

|hk
HR−1hk′ |2

. (142)

The long-term averagedPe is given byPe = E[Q(
√

2SINRk(H))] where the expectation is over the statistics of
H.

1) Sensing Capacity:The uplink communication scheme discussed above corresponds to uncodedtransmissions
from each sensor.K bits of sensor information are retrieved by the WIR in each transmission packet of duration
T , over a bandwidthW , with energyE expended by each sensor. What is thesensing capacity– the maximum
rate of reliable information retrieval – of AWS for a given packet energyE?

The capacity of the AWS system is governed by theNs×K stochastic matrixH in (137) under the constraint of
independent transmissions from different distributed sensor nodes (components ofx). Using results on the capacity
of MIMO channels [7], [53], the sensing capacity of AWS, for a given H, is given by

C(H) =
1

TW + L
log det

(

I + ENHHH
)

=
1

TW + L

Keff
∑

k=1

log2 (1 + ENλk) b/s/Hz (143)

which reflects the mutual information between theK sensor inputs andNs MF outputs at the WIR, under the
assumption of equal power and independent Gaussian signaling from the sensors19, andTW + L = (T + τmax)W
is the effective time-bandwidth product for each channel use. The second equality in (143) is in terms of the
eigenvalues,{λk}, of the matrixHHH where1 ≤ Keff ≤ K is the rank ofHHH and represents the number of
parallel channels created between the sensor ensemble and the WIR. The long-term ergodic capacity is given by
C = E[C(H)], where the expectation is over the statistics ofH in (143). The sensing capacity can be achieved
via independentlycodedtransmissions from the sensors.

2) Numerical Results:We now illustrate the performance of information retrievalin the AWS uplink with
numerical results. The results are generated using a spreading code of dimensionTW = 127 for q(t), N = 9
antennas at the WIR,K = 108 sensors, a normalized delay spread ofL = 12 delay bins, and energy in the NLOS
paths,σ2

s = 1/8. The scatterers are located half-way between the sensor ensemble and the WIR, as illustrated in
Fig. 10(a). The distances shown areR1 + R2 ≈ 2R = 100c/W , wherec is the speed of wave propagation. We
consider two cases of sensor spacing: (i) widely spaced - theLOS paths from the108 sensors arrive in distinct
angle-delay bins at the WIR, or (ii) closely spaced - the108 LOS paths are mapped to only12 distinct angle-delay
bins. The normalized angular spread for the NLOS paths isθk,n ∈ [−1/

√
2, 1/

√
2] corresponding to spatial path

dispersion of 45 degrees on either side of broadside direction.
The probability of error performance and sensing capacity inAWS are illustrated in Fig. 11 which plot the long-

term Pe andE[C(H)], averaged across all sensors, as a function of the per-sensor transmitSNR, E . In Fig. 11(a)

19We note that since the elements ofH are independent, the ergodic capacity achieving inputxopt ∼ CN (0,Λ) – that is independent
signaling from the sensors is optimal. IfE[HHH] = cI, thenΛ = c′I as in (143).
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Fig. 11. (a) & (b):Pe versus per-sensor transmitSNR (E). (c) & (d): Sensing capacity versus per-sensor transmitSNR (E). The sensors
are widely spaced in (a) and (c), and closely spaced for (b) and (d).

and (c), the sensors are widely spaced and henceH is always full-rank as discussed in Sec. IV-B, andKeff = K.
Thus, in this case, the shift in thePe curves towards lowerSNR and the upward shift in the capacity curves with
increasingNp primarily reflect the increased energy coupled through the multipath channel (increased size of the
eigenvalues in (143)). In Fig. 11(b) and (d), the sensors are closely spaced and henceH is rank-deficient in the
LOS scenario (see Sec. IV-B). In this case, the improvedPe performance and the increase in the sensing capacity
with Np are due to two effects. First, the spatially distributed NLOS paths increase the DoF in the channelH

(Keff increases), which is reflected in the increasingslopeof both thePe and capacity curves asNp increases,
corresponding to an increase in the diversity gain and the multiplexing gain, respectively. Second, the shifts in the
Pe and capacity curves for largerNp are also due to higher energy capture as in the previous case.

ThePe curves correspond to retrieval ofK = 108 bits per channel use. For widely spaced sensors in Fig. 11(a),
Pe = 10−3 is achieved at a per-sensorSNR of -10dB for Np = 100 paths, and at -5dB forNp = 20 paths. The
corresponding AWS capacity at theseSNRs for closely spaced sensors in Fig. 11(c) is about2.2 × (TW + L) =
2.2× 139 ≈ 305 bits per channel use for eitherNp = 100 or Np = 20 paths. Thus, uncoded transmission achieves
about 1/3rd of capacity at aPe = 10−3. For closely spaced sensors, on the other hand, from Fig. 11(b) the samePe

is achieved atSNRs of -10dB and -1dB forNp = 100 andNp = 20, respectively. The corresponding AWS capacity
at theseSNRs from Fig. 11(d) is about1.8 × 139 = 250 bits per channel forNp = 100 and about2 × 139 = 278
bits per channel use forNp = 20. Thus, the spectral efficiency of uncoded transmission is a little higher for closely
spaced sensors. Furthermore, its worth noting that the performance is almost invariant to the spacing of sensors
for richer multipath (Np = 100), since aPe = 10−3 is achieved at the sameSNR of -10dB in both cases. On the
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other hand, for fewer paths (Np = 20), a higherSNR of -1dB (compared to -5dB) is required for closely spaced
sensors compared to widely spaced sensors to achieve aPe = 10−3.

D. Downlink: Addressing Sensors with Space-Time Reversal Signaling

An attractive feature of AWS is the ability of the WIR to individually address distinct sensors for “programming”
them for different tasks, such as signal estimation or eventdetection. Furthermore, it is often desirable to shift the
computational burden from the (sensor) nodes to the access point (WIR) for energy efficiency. With these goals
in mind, in this section we discuss a novel downlink communication scheme for sending dedicated information to
distinct sensors usingspace-time reversed(STR) versions of their signatures{hk} [65]. The sensor nodes can then
retrieve the information intended for them by simply match-filtering to the (common) spread spectrum waveform,
q(t), used in the uplink communication — no channel estimation isrequired at the sensors. Time reversal techniques,
previously successfully used in acoustic communication and imaging applications [29], have been investigated more
recently for wireless communications (see, e.g., [30]).

The STR transmitted signal vector from the WIR is given by

str(t) =
K
∑

k=1

str,k(t) (144)

str,k(t) =

√

E
N‖hk‖2

sk

N
∑

i=1

L−1
∑

ℓ=0

h∗
k(i, ℓ)a

∗
(

i

N

)

q∗
(

T̃ − t − ℓ

W

)

, 0 ≤ t ≤ T̃ , T̃ = T + τmax(145)

where str,k(t) denotes the STR signal andsk the data symbol intended fork-th sensor withE[|sk|2] = 1, and
the normalization ensures that eachstr,k(t) has energyE . Using the reciprocity of the multipath channel and the
sampled channel representation, the received signal at thek′-th sensor is given by

zk′(t) =
N
∑

i=1

L−1
∑

ℓ=0

hk′(i, ℓ)aT (i/N)str(t − ℓ/W ) + wk′(t) (146)

wherewk′(t) denotes the AWGN process at thek′-th sensor. Thek′-th sensor filtersxk′(t) with q(t) and the filter
output is given by

xk′(t) =

∫

zk′(t′)q(t − t′)dt′ . (147)

Samplingxk′(t) at the “optimal” sampling timet = T̃ yields the decision statistic,xk′ , at thek′-th sensor for
detecting the symbol,sk′ , intended for it [65]

xk′ = xk′(T̃ ) =
√

EN‖hk′‖2 sk′ +

K
∑

k=1,k 6=k′

√

EN

‖hk‖2
hT

k′h
∗
k sk + wk′ , k′ = 1, · · · , K (148)

where the first term represents the desired signal component,the second term denotes the interference with WIR
transmissions intended for other sensors, andwk′ denotes the noise in the decision statistic. The factor

√
N reflects

the beamforming gain in downlink communication due to the antenna array at the WIR. Stacking the decision
statistics into oneK-dimensional vector yields the downlink system equation with STR signaling

x =
√
ENHT H̃∗s + w , H̃ =

[

h1

‖h1‖
, · · · ,

hK

‖hK‖

]

(149)

where
√
EH̃∗s represents the STR signal transmitted from the WIR with total transmit energyKE , s denotes the

vector of data symbols intended for different sensors withE[‖s‖2] = K,
√

NHT represents the downlink channel
coupling the WIR to the vector of sensor decision statistics, x, with

√
N reflecting the beamforming gain, and

w ∼ CN (0, IK) represents the independent noise corrupting the sensor decision statistics. The diagonal entries of√
ENHT H̃∗ represent the desired signal terms and the off-diagonal entries represent the interference inx as in

(148).
Fig. 12(a) shows theSNR of the decision statistics,x, for all sensors when the WIR transmits information only

for a particular sensor (index 23) using its signature. Notethat the desired sensor exhibits a significantly higher
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Fig. 12. (a) TheSNR of the decision statistics at different sensors with STR signaling from the WIR intended for a particular sensor. In
the (top) image plot, a black circle indicates the target sensor (index 23). The plots correspond toNp = 100 scattering paths. (b)Pe vs
per-sensor transmitSNR (E) for different number of scattering pathsNp. The simulation setup in all plots is identical to the one used for
the numerical results in Figs. 11(b) and (d) corresponding to closely spaced sensors.

SNR compared to other sensors due to the STR operation – in general,the richer the multipath, the sharper the
ability of STR signaling to focus the signal at the desired sensor (location) while minimizing the interference to
other sensors (locations) [29]. Low-complexity linearprecodingtechniques, analogous to linear MMSE interference
suppression in the uplink, can also be used at the WIR to further suppress any residual interference between the
different sensor transmissions, thereby improving the reliability of downlink communication [65]. Fig. 12(b) shows
the averagePe of STR signaling with one such interference suppression scheme as a function of per-sensor transmit
SNR (E) when K = 108 sensors are simultaneously addressed. Note the effect of both increasedenergy capture
(Pe curves shift towards lowerSNR) and higher angle-delay diversity(steeperPe curves) with larger number of
scattering pathsNp.

V. CONCLUDING REMARKS

Multipath propagation and interference are the two most salient features of wireless communications. While
the basic theory of point-to-point communication over multipath wireless channels is fairly well-developed, theory
for optimally dealing with interference in a network setting is still not fully developed [66], [67]. In this chapter,
we have discussed basic transceiver structures for optimalcommunication over multipath wireless channels. Our
development was anchored on a sampled virtual representation of wireless channels that captures the interaction
between the physical propagation environment and signal space of the transceivers in time, frequency and space to
reveal the statistically independent DoF available in the channel for communication. While the primary focus of
transceiver design and analysis was on point-to-point links, we also discussed an application of the theory in active
wireless sensing in which linear techniques for suppression of multiuser interference were considered.

In terms of future work, the development in this chapter laysthe foundation for exploiting the advanced
capabilities ofagile wireless transceivers for optimal communication and sensing over multipath wireless channels.
Technological advances are affording wireless transceivers with agility in terms of frequency, bandwidth, waveform,
and/or array configuration. Design and analysis of waveform-agile wireless transceivers requires multipath channel
characterization as a function of the resolution in time, frequency and space afforded by the wireless transceiver
configuration. This interaction is captured by the sampled virtual channel representation. Such sophisticated wireless
transceivers also hold great promise in the emerging area ofcognitive radio[68], [69], [70] in which the wireless
nodes in a network sense and adapt to the wireless environment to better utilize the limited radio spectrum. The
concept of cognitive radio also subsumes two related emerging areas ofdynamic spectrum access[71], [72] and
waveform diversity[73]. From the viewpoint of the impact of multipath propagation, a key emerging insight is that
wireless channels exhibit asparsemultipath structure as the dimension of the signal space increases [74]. Recent

35



research results have shown that agile wireless transceiver configuration can be adapted to the sparsity of multipath
for dramatic increases in link capacity and reliability (see, e.g., [38], [75], [76]). From the viewpoint of learning
the channel state information, a key element of cognitive radio, the emerging theory of compressed sensing could
be fruitfully leveraged for efficient estimation of sparse multipath channels [77].

In the context of other chapters in this handbook, this chapter is most closely related to Chapter 2 on Wavefields
and Chapter 4 on MIMO Radio Propagation. Other chapters that have related material include Chapter 1 on
Fundamental Issues in Sensor and Array Processing, Chapter 8 onSpace-Time Waveform Diversity for Radar Arrays,
Chapter 14 on Coherent and Incoherent Array Processing Methods, and Chapter 17 on Distributed Estimation and
Collaborative Sensing.
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