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Sub-Linear Capacity Scaling Laws for Sparse
MIMO Channels

Vasanthan Raghavan⋆ and Akbar M. Sayeed

Abstract— Recent attention on performance analysis of single-
user multiple-input multiple-output (MIMO) systems has been
on understanding the impact of the spatial correlation model
on ergodic capacity. In most of these works, it is assumed that
the statistical degrees of freedom (DoF) in the channel can be
captured by decomposing it along a suitable eigen-basis andthat
the transmitter has perfect knowledge of the statistical DoF. With
an increased interest in large-antenna systems in state-of-the-
art technologies, these implicit channel modeling assumptions in
the literature have to be revisited. In particular, multi-a ntenna
measurements have showed that large-antenna systems aresparse
where only a few DoF are dominant enough to contribute towards
capacity. Thus, in this work, it is assumed that the transmitter can
only afford to learn the dominant statistical DoF in the channel.
The focus is on understanding ergodic capacity scaling lawsin
sparse channels. Unlike classical results, where linear capacity
scaling is implicit, sparsity of MIMO channels coupled with a
knowledge of only the dominant DoF is shown to result in a new
paradigm of sub-linear capacity scaling that is consistentwith
experimental results and physical arguments. It is also shown
that uniform-power signaling over all the antenna dimensions is
wasteful and could result in a significant penalty over optimally
adapting the antenna spacings in response to the sparsity level
of the channel and transmit SNR.

Index Terms— Antenna arrays, correlation, fading channels,
information rates, MIMO systems, random matrix theory, re-
configurable arrays, sparse systems.

I. I NTRODUCTION

Background and Motivation:Multiple-input multiple-output
(MIMO) systems that employ antenna arrays at the transmitter
and receiver have emerged as a promising technology to
increase the spectral efficiency of wireless communications.
The intense research on MIMO systems has been inspired by
seminal works due to Telatar [1] and Foschini and Gans [2]
that showed a dramatic linear increase in channel capacity
with the number of antennas. While these initial results were
based on thei.i.d. model that represents a rich scattering
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environment and sufficiently large inter-element spacingsat
both ends, recent progress has been on realistic systems
exhibiting correlated fading [3]. Using a Kronecker model
for the spatial correlation that separates the impact of the
transmit and receive arrays, Chuahet al. [4] showed that linear
capacity scaling is realizable in correlated channels, albeit with
a slope smaller than that possible in i.i.d. channels. Implicit in
their work is the assumption that the transmitter can learn the
marginal statistics of the channel (equivalent to the variance
profile of the channel entries) perfectly.

The last few years of semiconductor and electromagnetics
research has witnessed significant advances in the design of
low-complexity, low-cost and miniature antennas and radio-
frequency front-ends [5]. Thus, in contrast to current sys-
tems where1-2 antennas is the norm, state-of-the-art MIMO
technologies such as WiMAX, LTE-A, etc., envision4 to 8
antennas [6], and short-range millimeter wave signaling inthe
60 GHz regime envisions1 16 to 32 antennas [7]–[11]. While
the early theoretical attention has been mostly inspired by
small-antenna systems, the dynamic of large-antenna systems
brings to the fore issues that had not been studied in depth till
recently.

In particular, with Nt = 2 transmit andNr = 2 receive
antennas, the Kronecker model can captureNt + Nr = 4
of the 4 marginal statistical parameters (the variances of
the four entries in the channel matrix). Many measurement
campaigns [12]–[17] have demonstrated the accuracy of a
Kronecker fit to measured data in either the2×2 or Manhattan-
type urban settings. In general, asNt and/or Nr increase(s),
there is a mismatch between the linear increase (Nt + Nr)
in the degrees of freedom (DoF) afforded by the Kronecker
model and the quadratic increase (NtNr) in the DoF available
in the true channel matrix (the variances of the entries).
This is because the Kronecker model essentially enforces the
joint power spectrum of the channel to be the product of
the marginal power spectra at both ends, thereby producing
artifact paths at the intersections of the real spectral peaks.
These artifacts increase the diversity order but decrease the
apparent capacity since they take away energy from all real
paths that do not lie at the intersection points so that the
overall power is kept constant. When larger antenna arrays
are used (with improved angular resolution), the Kronecker

1Note that “60 GHz antennas have a smaller form factor than 1 GHz an-
tennas, as antenna dimensions are inversely proportional to carrier frequency.
Therefore, more antennas can be packed within a fixed area foran improved
beamforming gain” [7]. Nevertheless, it is important to note that the sparsity
assumptions of this paper may be violated in the60 GHz regime. Further
measurement studies are necessary to understand the applicability of this paper
to the60 GHz regime.
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model’s performance is thus significantly impaired [18]–[28].
To overcome the deficiencies of the Kronecker model, a

non-separable correlation framework that models theNtNr

variances (after the channel has been decomposed along a
suitable eigen-basis) has been introduced [27]–[30]. In this
context, measurements [19, Figs. 9 and 11], [20]–[26], [31]as
well as fundamental electromagnetic studies [32]–[39] show
that not all of theNtNr DoF in the true channel are made
alike. In other words, a few entries in the true channel matrix
have a large variance and capture a significant fraction of the
channel power2 whereas most of the entries are non-dominant.
That is, large-MIMO systems aresparse.

As antenna dimensions increase, sparsity implies that not all
the DoF in the channel can be learned at the transmitter with
sufficient accuracy. It is often worthwhile for the transmitter
to treat the non-dominant entries in the channel as noise.
While we do not expect any difference in the classical linear
capacity scaling law if the transmitter knew the statistics
perfectly (and a significant fraction of the channel entrieshave
a non-negligible variance), it is of interest in understanding the
capacity scaling laws with statistical uncertainty.
Contributions:

• Towards this goal, we first develop a model for sparse
MIMO systems. For this, we focus on the simpler setting
whereNt = Nr = N . A family of channels of increasing
dimension is sparse if the number of dominant DoF,D,
satisfies3 D = Θ(Nγ) for someγ ∈ (0, 2) with γ = 2
corresponding to the non-sparse regime. Further, existing
works are motivated by the small-antenna regime and
hence, normalize the channel power asρc = Θ

(
N2
)
.

This assumption violates physical laws, more specifically
energy conservation laws, sinceρc has to eventually4

satisfy ρc = O(N). Similar justifications are also pro-
vided in [40]–[44]. With a primary focus on studying
the impact of sparsity on capacity and as a means to
accommodate a more realistic transition between the
existing and asymptotic channel power normalizations,
we assume thatρc = Θ(D) = Θ(Nγ), γ ∈ (0, 2) in this
work.

• With the above model, we study the rate of scaling
of the average mutual information,Iunif(N, ρ), with an
input constrained by powerρ and excited uniformly from
all antennas. Using asymptotic random matrix theory
(RMT), for any fixed ρ, we show thatIunif(N, ρ) =
Θ (ρc/N) = Θ(Nγ−1). In other words,Iunif(N, ρ)
scales sub-linearly withN in sparse channels. For models
described by [1], [2], [4], [30], [45], etc., whereρc =
Θ(N2) is assumed implicitly or explicitly, linear capacity
scaling is observed.

2The channel power is a measure of the richness of multipath and is defined
asρc , E

[
Tr(HH

H )
]

(see Definition 2 in Sec. II-B).
3We use the standard big-Oh (O), little-oh (o) and Θ notations: That is,

1) f(x) = O(g(x)) as x → ∞ if lim
x→∞

f(x)
g(x)

≤ Ku for someKu < ∞,

2) f(x) = o(g(x)) if lim
x→∞

f(x)
g(x)

= 0, and 3)f(x) = Θ(g(x)) if Kl ≤

lim
x→∞

f(x)
g(x)

≤ Ku for someKl > 0 andKu < ∞.
4While it is clear that what is “eventual” is debatable, the current channel

power normalization is optimistic for large-antenna systems.

• At this stage, it is not clear whether a linear capacity
scaling is possible in sparse channels provided that the
transmitter knew the statistics of theD dominant DoF and
hence, adapted the input in response to this knowledge.
For this, we first establish a fundamental upper bound
on the ergodic capacity:Cerg(N, ρ) = O(N

γ
2 ). Since

γ
2 > γ − 1 for γ ∈ (0, 2), the upper bound is better
than the scaling law forIunif(N, ρ), but still sub-linear
in sparse channels.

• We then show that the fundamental upper bound is
achievable (from a scaling viewpoint) by constructing a
structured family of channels corresponding to different
canonical distributions in which theD non-vanishing
coefficients in the decomposed channel matrix can be
factored asD = pq, where p denotes the number of
parallel channels andq denotes the number of DoF per
parallel channel. Using results from RMT, we show that
the capacity of all channels from this family can be well-
approximated as

Cerg(N, ρ) ≈ p log

(
1 + ρ

q

p

)
. (1)

The above formula reveals a fundamental tradeoff in
sparse channels between the number of parallel channels
(p) and the receivedSNR per parallel channel (ρ q/p).
Optimizing this tradeoff results in a channel configuration
that is denoted asthe ideal MIMO channeland whose ca-
pacity scaling law is in conformity with the upper bound.
We also show how the sparse configuration achieving
the scaling law ofCerg(N, ρ) can be realized in practice
by adapting the antenna spacings at the transmitter and
receiver in response to the sparsity level andρ.

• We next turn our attention to capacity behavior of the
structured family as a function of theSNR. For a fixed
(but large)N , we provide explicit constructions of chan-
nels that maximize capacity at a givenSNR. For all
practical purposes, three channel configurations suffice
to maximize capacity over the entireSNR range. We call
these three configurationsthe beamforming channel, the
ideal channeland the multiplexing channel, respectively.
The ideal configuration in this setting is the same configu-
ration that is optimal from a capacity scaling perspective.

• While the capacity analysis of correlated MIMO chan-
nels has received significant attention over the last few
years [4], [30], [41], [45]–[57], much of the progress
has relied on indirect characterizations of the limiting
eigenvalue distribution function (EED) via the Stieltjes
transform. Certain simplifications are possible in either
the low- or the high-SNR extremes [28], [30], [47],
[53], [58]–[61]. However, in general, asymptotic capacity
formulas are based on solving certain complicated fixed-
point equations that do not reveal the impact of channel
statistics on capacitytransparently. Our work applies new
RMT techniques to study the capacity scaling problem
that result in transparent capacity estimates for allSNRs
(see, e.g., (1)). While the structural form of (1) suggests
that this formula can be guessed by using a “law of
large numbers”-type argument, it must be pointed out that
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this argument is not rigorous and as much justified as if
Telatar’s seminal result [1] could be arrived at via the
same argument instead of via a recourse to RMT.

Organization: Section II introduces the channel model, the
channel power, and discusses how it is normalized in this
work. Section III formulates the problems studied in this paper.
Section IV and V study capacity scaling in sparse channels as
a function of antenna dimensionN and SNR, respectively.
Section VI discusses connections with some recent works.
Concluding remarks and directions for future research are
provided in Section VII.
Notation: We use upper- and lower-case symbols to denote
matrices and vectors, respectively.X(m, n) andX(m) denote
the entry in them-th row andn-th column, and the entry
in m-th diagonal ofX, respectively.XT andXH denote the
regular and the Hermitian transpose ofX while its trace and
determinant are denoted byTr(X) anddet(X). IN stands for
the identity matrix of orderN . The upper-caseE[·] stands for
the expectation operator andCN (µ, σ2) denotes the complex
normal distribution with meanµ and varianceσ2. The symbols
λ, ρ andN are in general reserved for eigenvalues,SNR and
antenna dimensions, respectively while the subscriptserg and
opt stand for ergodic and optimal, respectively.

II. SYSTEM SETUP

Consider a Rayleigh-fading (zero-mean, complex Gaussian)
MIMO system with Nt antennas at the transmitter andNr

antennas at the receiver modeled by the system equation

y = Hx + n (2)

wherey denotes theNr-dimensional received vector,x de-
notes theNt-dimensional transmitted vector,H denotes the
Nr × Nt channel matrix, andn denotes the additive white
Gaussian noise.

A. Channel Model

A commonly-used physical model for the MIMO channel
H is given as

H =

L∑

ℓ=1

√
NtNr · βℓ ar(θr, ℓ)a

H
t (θt, ℓ) (3)

where the transmitter and receiver arrays are coupled through
L propagation paths5 with complex path gains{βℓ}, Angles
of Departure (AoD){θt, ℓ} and Angles of Arrival (AoA)
{θr, ℓ}. In (3), at(θt) andar(θr) denote the transmit steering
and receive response vectors for transmitting/receiving in the
normalized directionθt/θr whereat(θt) is defined as

at(θt) ,
1√
Nt

[1, e−j2πθt , · · · , e−j2π(Nt−1)θt ]T , (4)

with ar(θr) defined similarly. The angleθ is related to the
physical angle (in the plane of the arrays)φ ∈ [−π/2, π/2] as

θ = d sin(φ)/λ (5)

5In general,L is an increasing function ofNt and Nr in (3) because as
{Nt, Nr} increases (with a fixed antenna spacing), the number of physical
paths captured by the arrays increases due to larger array aperture.

whered is the antenna spacing andλ is the wavelength of
propagation. We consider arrays withd = λ/2 spacing for
which θ ∈ [−1/2, 1/2] and we assume that the paths are
distributed over the entire angular spread. Finally, we assume
that over the time-scales of interest, the location of scattering
paths (AoDs and AoAs) remain fixed and the only source of
randomness in the channel is due to the complex path gains
{βℓ}, in particular due to their random phases. Furthermore,
the path gains are assumed to be statistically independent due
to the independence between their random phases.

While the physical model accurately captures the scattering
environment, it is cumbersome to use in capacity analysis due
to the non-linear dependence ofH on the propagation param-
eters in (3). Thus, statistical models have become important
in capacity analysis of MIMO systems. Initial studies use the
so-calledi.i.d. modelwhere the entries ofH are assumed to be
i.i.d. Gaussian random variables [1], [2]. However, this model
is not suitable for applications where the assumptions of large
antenna spacings or a rich scattering environment become
invalid.

A decomposition ofH (called thevirtual representation) is
proposed in [29], [45], [53] where

H =

Nr∑

m=1

Nt∑

n=1

Hv(m, n)ar(θ̃r, m)aH
t (θ̃t, n) = ArHvA

H
t . (6)

In (6), H is uniformly sampled over
{
θ̃t,n = n/Nt

}
and{

θ̃r,m = m/Nr

}
, and this choice results in unitary discrete

Fourier matricesAt andAr, respectively. Thus,H and

Hv = AH
r HAt (7)

are unitarily equivalent. Distinct virtual channel coefficients
correspond to approximately disjoint subsets of paths (leading
to the notion ofpath partitioning) and hence, it is reasonable to
model the virtual channel coefficients as independent Gaussian
random variables [29].

The uniform sampling in the angular domain{θ̃r,n} and
{θ̃t,m} for the virtual representation is justified with a uniform
linear antenna array at both the transmit and receive ends.
Extensions to more general array geometries have also been
proposed in [27], [28], [30]. One particular case of this general
channel model is the commonly-used Kronecker (separable)
correlation model (see [28] and Appendix B for details). While
the mathematical development in the rest of the paper could
be interpreted in terms of this more general model, we will
illustrate our results with the virtual representation dueto the
intuitive physical interpretation associated with it (e.g., the
spatial eigenfunctions are beams in the virtual directions).

B. Degrees of Freedom

Since{Hv(m, n)} are independent, the statistics ofH are
characterized by the virtual channel power matrixΨ where

Ψ(m, n) , E
[
|Hv(m, n)|2

]
. (8)

The matricesAt andAr constitute the matrices of eigenvec-
tors for the transmit and receive covariance matrices, respec-
tively: E[HHH] = AtΛtA

H
t and E[HHH ] = ArΛrA

H
r ,
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where Λt = E[HH
v Hv] and Λr = E[HvH

H
v ] are the

diagonal matrices of transmit and receive eigenvalues. We
can interpretΨ as the joint distribution of channel power
as a function of transmit and receive virtual angles withΛt

and Λr serving as the corresponding marginal distributions:
Λt(n) =

∑
m Ψ(m, n) andΛr(m) =

∑
n Ψ(m, n).

We now introduce two notions that will be useful throughout
this work.

Definition 1: Regular Channels [62].Let H, Hv and Ψ

denote the channel matrix, its virtual channel matrix and the
virtual channel power matrix, respectively. A channel is called
column-regular if

∑
m Ψ(m, n) is independent ofn, row-

regular if the above condition is true forHT , and regular if it
is both row- and column-regular.

Definition 2: Channel Power and Independent DoF.The
channel powerρc is defined as the energy of the physical
scattering environment captured by the transmit and receive
antenna arrays. That is,

ρc , E
[
Tr
(
HHH

)]
= E

[
Tr
(
HvH

H
v

)]
(9)

=

Nr∑

m=1

Nt∑

n=1

Ψ(m, n) =

L∑

ℓ=1

NtNrE |βℓ|2 (10)

where the last equality follows from the physical model in (3).
The channel power is a measure of the richness of multipath
and is, in general, a function of array size (antenna spacing
and number of antennas), geometry, etc.

We also defineD, the number of independent DoF afforded
by H, as the number of dominant entries inHv:

D =
∣∣∣{(m, n) : Ψ(m, n) > ǫ}

∣∣∣ (11)

where the appropriately chosen6 thresholdǫ is such that the
dominant virtual channel entries contribute significantlyto
channel power and hence, channel capacity.

Initial measurement campaigns [16], [17] suggest that rich
multipath models are reasonable models for multi-antenna
systems. In particular, Ganset al. [16] present a measure-
ment campaign at Lucent Bell Labs with a7 × 5 array and
show that a significant fraction of the i.i.d. MIMO capacity
can be realized in practice with the BLAST scheme, thus
providing evidence for a rich scattering model. While the
authors introduce a degree of freedom parameter (DF ) [16,
equations (4) and (5)] that could be viewed aseffective rank
of the channel, they neither study how many of theNtNr

channel coefficients are dominant as a function of the cell-site
nor the behavior ofDF as a function of antenna dimensions.
More pertinent to the discussion here, the authors show that
there exist cell-sites where the BLAST potential could not be
reached, and they suggest [16, pp. 578-579] that this could be
because of poor scattering (or fewer thanNtNr DoF in the
channel). In [17], the authors report a campaign in Manhattan
with a 16 × 16 array that suggests a close-fit for the channel
with a rich multipath7 model such as the Kronecker model.

6The choice of this threshold needs further study and is beyond the scope
of this paper. See [31] for one definition ofǫ, as a function of the power of
the dominant path.

7See App. B for why the Kronecker model is an example of a rich multipath
model.

However, this work does not address settings where the terrain
is typically different from that of downtown Manhattan (with
transmit antennas usually on top of tall buildings). Another
early work [15, Sec. VC] studies capacity scaling with up to10
transmit and receive antennas at the BYU campus, but it would
be unfair to compare the setting in this work with [15] as they
assume a fixed array aperture as antenna numbers increase.

Note that some of the early work from the Bell Labs
(BLAST) project present evidence for sparsity. For example,
Kyritsi et al. study capacity with a15× 12 array in an indoor
setting and claim that “· · · the study showed that the system
capacity does not scale linearly with the number of antenna
elements, as one would have expected in a rich scattering
environment. This indicates that the signals are highly corre-
lated · · · ” [63, p. 1228]. Following these early works, MIMO
channel modeling has attracted significant attention in the
literature and extensive studies have been reported. In contrast
with [16], [17], recent work provide evidence to suggest that
many measured wireless channels aresparsereflecting a sparse
multipath environment. We now present a small sampling of
this extensive literature. Fundamental electromagnetic stud-
ies [32]–[39] as well as recent measurement campaigns [19,
Figs. 9 and 11], [20]–[26], [31] and channel modeling efforts
under diverse sets of assumptions [37]–[39] indicate that only
a small subset of the available DoF (theNtNr statistical
parameters{Ψ(m, n)}) in a MIMO channel are dominant
enough to be leveraged towards reliable communications over
practicalSNR ranges.

A simpler communication-theoretic motivation for sparsity
is that while there may be many channel coefficients whose
energy levels are non-zero, their relative power is rather low
and therefore are masked by noise It becomes impossible
or too costly to estimate such coefficients accurately and
thus from the transmitter’s viewpoint, it is reasonable to treat
their contributions as noise. A sparse virtual channel matrix
provides a model for spatial correlation inH: in general, the
sparser theHv, the higher the correlation inH andvice versa.

It must also be pointed out that many works, apart from [16],
propose a DoF metric that is related to the rank ofH

(multiplexing gain) which captures MIMO performance; see
e.g., [19], [64]–[66] and references therein for both the single-
user and multi-user contexts. In contrast, (11) proposes a DoF
metric that captures theNtNr statistical parameters of the
channel matrix. While the rank ofH is an important DoF
metric, it does not accurately capture the impact of sparsity on
capacity. In particular, the multiplexing gain may not change
even if many coefficients in the channel cannot be learned
reliably. In this setting, understanding the scaling of a metric
such as in (11) can shed clear insights on capacity behavior.
While the subsequent analysis in this work builds a case
for (11), its suitability as a DoF metric merits further attention.

C. Channel Power Normalization

It is common in the literature to normalize the channel
so as to ensure that site-specific received-SNR biases caused
by large-scale fading are removed. More specifically, ifH̃

denotes the un-normalized channel matrix (inclusive of large-
scale fading losses), the normalized channel matrixH is given
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as

H =
√

Lp · H̃ (12)

where Lp denotes the path loss factor. With the standard
normalization (denoted asN1), we constrainH such that
ρc = NtNr. While N1 is reasonable for systems with a small
number of antennas, it fails to be consistent in asymptotic
(in number of antennas) capacity analyses. Further, the use
of N1 in sparse channels results in the unbounded growth of
the variances of some (the dominant) channel coefficients as
antenna dimensions increase. We identify the main problem
with N1 and propose an alternate normalization in Sec. III to
overcome it.

The total power captured by all the receiver antennas,ρr,
is related to the transmit power constraint,ρt = ρ, by

ρr , E
[
xH H̃H H̃x

]
= E

[
Tr
(
H̃xxH H̃H

)]
(13)

(a)
=

ρt

Nt
·E
[
Tr
(
H̃ H̃H

)]
(14)

(b)
=

ρt

Nt
· E
[
Tr
(
HHH

)]

Lp
(15)

where (a) follows from the assumption that the input is excited
uniformly from theNt transmit antennas and (b) from (12).
On the other hand, using the Friis transmission equation for
MIMO systems with imperfect CSI at the transmitter and a
coherent receiver, we have [44]

ρr

Nr
=

ρt

Nt
· Nt · (1 + o(1))

Lp
(16)

where theo(1) factor goes to zero as the operating frequency
increases.

Comparing (15) and (16), we obtain the relationship:

E
[
Tr
(
HHH

)]
= NtNr · (1 + o(1)), (17)

which is the basis forN1. However, equating (15) with (16)
ignores the fact thatρr cannot exceedρt (law of energy conser-
vation), independent of the choice ofNt or Nr. Incorporating
this fact, we see that

E
[
Tr
(
HHH

)]
≤ NtLp (18)

for all choices of{Nt, Nr} with

E
[
Tr
(
HHH

)]
= NtNr (19)

being a reasonable approximation8 for Nt andNr, both small.
In other words, for sufficiently largeNt andNr, the channel
power has to satisfyρc = O(Nt). Similar explanations for the
unrealistic nature ofN1, especially in the context of capacity
scaling, can be found in [40]–[43].

While it may be argued thatLp is so large in
current/proposed wireless technologies thatρc = O(Nt) will
kick in only for an exorbitantly large number of antennas, new
technologies such as60 GHz signaling not only envision the
use of16 to 32 antennas, but also short-range communications,
which in turn implies thatLp is bound to be small [7]–[11].

8The reason why we cannot claim that (19) is valid for allNr satisfying
Nr ≤ ⌊Lp⌋ is that the far-field assumptions necessary for (16) to hold would
be violated much earlier thanNr = ⌊Lp⌋.

Nevertheless, applicability to60 GHz is contingent on further
measurement studies.

III. PROBLEM FORMULATION

In the classical setting where the receiver has perfect chan-
nel state information and the transmitter has complete infor-
mation about the channel statistics,{Ψ(m, n)}, the ergodic
capacity is given as [1], [2]

Cerg(Nt, Nr, ρ)

= max
Q : Tr(Q)≤ ρ

E
[
log2 det(I + HQHH)

]
(20)

= max
Qv : Tr(Qv)≤ ρ

E
[
log2 det(I + Hv Qv HH

v )
]

(21)

whereQ = E
[
xxH

]
is the trace-constrained transmit covari-

ance matrix andQv = AH
t QAt. In this context, it is shown

in [54], [62], [67], [68] that capacity is achieved by a diagonal
Qv.

The mutual information achievable with a uniform-power
input Qv = Q = ρ

Nt
INt

is denoted asIunif(Nt, Nr, ρ). Note
that a uniform-power input is optimal under certain conditions:
i) i.i.d. channel [1], ii) regular channels [62], iii) maximin
robust for Rayleigh fading channels when the transmitter has
no statistical information [48], iv) high-SNR regime for non-
degenerate correlated channels [3], [47], [49], etc. WithH

denoting anNr × Nt channel with independent entries and
under the assumption that{Nr, Nt} → ∞, Nr

Nt
→ κTLV ∈

(0,∞), [30] computesIunif(Nt, Nr, ρ) by using the Stieltjes
transformational approach as

Iunif(Nt, Nr, ρ)

Nt

{Nr,Nt}→∞→

ET

[
log2

(
1 + ρκTLV ER [G(R, T )D(R)|T ]

)]

+ κTLV ·
(

log2(e)
(
ER [D(R)] − 1

)
− ER [log2(D(R))]

)
.

(22)

In (22), R andT are uniformly distributed random variables
on [0, 1], and ER and ET denote expectation with respect
to these random variables, respectively.G(r, t) stands for the
continuous representation of the virtual channel power matrix
supported on[0, 1] × [0, 1], that is,

G(r, t) = E
[
|Hv(i, j)|2

]
,

i

Nr
≤ r ≤ i + 1

Nr
,

j

Nt
≤ t ≤ j + 1

Nt
. (23)

D(r) is the solution to the following fixed-point equation:

D(r)

(
1 + ρET

[ G(r, T )

1 + ρκTLV ER [D(R)G(R, T )|T ]

])
= 1.

(24)

The above formula can also be extended to the case of
Cerg(Nt, Nr, ρ) (see [30] for details).

In the setting where the transmitter does not have complete
information about the variances of all the entries inHv,
a fundamentally new paradigm arises due to the ability to
spatially configure (or distribute) theD < NtNr DoF in the
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availableNtNr spatial dimensions ofHv. In this context, the
complicated nature of the fixed-point equation that describes
asymptotic capacity in (22)-(24) implies that any intuition on
the impact of sparsity on capacity difficult. To overcome this
difficulty, we will make the following simplifying assumptions
in this work.

• Assumption 1: We will henceforth assume thatNt =
Nr = N . We will use Cerg(N, ρ) and Iunif(N, ρ) to
denote the ergodic capacity and mutual information with
a uniform-power input, respectively. Due to the similarity
in structure between (20) and (21), we will henceforth use
H andQ to denoteHv andQv, respectively.

• Assumption 2:From Definition 2, it follows that theD
dominant entries ofΨ are bounded away from zero and
hence,

ρc = Θ(D) (25)

under the assumption thatsupN max
m,n

Ψ(m, n) ≤ K <

∞. To facilitate closed-form capacity analysis, we will
make the further assumption that each dominant coeffi-
cient ofH is CN (0, 1) and the non-dominant coefficients
are zero. While this assumption is simplistic, it allows us
to capture the underlying trends in capacity scaling and
as a function ofSNR.

• Assumption 3:From the perspective of scaling laws, a
family of virtual channel matrices of increasing dimen-
sion is said to besparseif D = o(N2) asN increases.
More specifically, we will assume that

ρc = D = Θ (Nγ) , γ ∈ (0, 2] (26)

where the first equality follows from Assumption 2.
• Assumption 4:In the rest of the paper, without loss in

generality, we will assume thatD is an integer when
we write D = Nγ . This is because given a fixedN
and arbitraryγ, a non-integer value ofD is obtained by
time-sharing an appropriate combination of channels of
integer dimensions [69]. Similarly, we assume thatD can
be decomposed asD = pq wherep and q are integers
and use time-sharing to realize non-integer{p, q} values.

Definition 3: Mask matrices.It is convenient to combine
the above assumptions to generate a sparse family of matrices
as

H = Hiid ⊙ M (27)

where⊙ denotes elementwise (Hadamard) product,Hiid is an
i.i.d. matrix of CN (0, 1) entries, andM is a mask matrix
with D unit entries and zeros elsewhere. It can be seen that
the virtual channel power matrixΨ = M and the entries of
Λt andΛr represent the number of non-zero elements in the
columns and rows ofM, respectively.

We address the following fundamental questions in this
paper.

• Question 1:We first study the impact of different sparse
channel configurations on capacity. Given a channel
power (and DoF) scaling lawρc = D = Θ (Nγ) , γ ∈
(0, 2], what is the fastest achievable capacity scaling law?
Which sparse channel configuration achieves this fastest

capacity scaling law? More precisely, we want to solve
the following optimization:

Copt, erg(N, ρ) ,

max
H∈H(D)

max
Q : Tr(Q)≤ ρ

EH

[
log2 det

(
I + HQHH

)]
(28)

whereH(D) denotes the class of matrices

H(D) =
{
H : H = Hiid ⊙ M, M(i, j) = 0 or 1,

and Tr(MHM) = D
}
. (29)

• Question 2: We next ask: what is the structure of the
channel configuration that maximizes capacity at a given
SNR?

Sec. IV studies the first question while Sec. V studies the
second. Note that the capacity formulation in (28) is fun-
damentally different from the conventional formulation (21)
where the optimization is only over the input covariance ma-
trix. Furthermore, while closed-form expressions for capacity
have been obtained under certain assumptions in the conven-
tional formulation [28], [30], [47], [53], [58]–[61], thisnew
formulation enables approximate capacity characterization at
all SNR’s.

IV. CAPACITY SCALING AS A FUNCTION OF ANTENNA

DIMENSIONS

In our goal of understanding the capacity scaling laws of
single-user MIMO systems, we start withIunif(N, ρ).

A. Scaling Law ofIunif(N, ρ)

Note thatIunif(N, ρ) can be written as

Iunif(N, ρ) = E

[
N∑

i=1

log2

(
1 +

ρλi

N

)]
(30)

whereλi are the eigenvalues ofHHH . The parallel channel
decomposition of (30) suggests that ifΘ(f(N)) eigenvalues of
HHH

N areΘ(1) wheref(N) is a particular choice that grows
sub-linearly withN , thenIunif(N, ρ) would scale asΘ(f(N))
asN increases. In other words, if

Tr(HHH) =
N∑

i=1

λi = Θ(Nf(N)), (31)

then the likelihood thatIunif(N, ρ) = Θ(f(N)) increases. The
following theorem formalizes this heuristic.

Theorem 1:Let the N × N channel matrixH have inde-
pendent entries withH(m, n) ∼ CN (0,Ψ(m, n)) and

sup
N

max
m,n

Ψ(m, n) ≤ K < ∞. (32)

Leveraging results from the asymptotic spectral theory of
random matrices, we have

ρK

1 + 4ρK
· log2(e) ≤ lim

N

Iunif(N, ρ) · N
E [Tr (HHH)]

≤ ρ · log2(e). (33)

In other words, Iunif(N, ρ) = Θ(f(N)) if and only if
E
[
Tr
(
HHH

)]
= Θ(Nf(N)).
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Proof: See Appendix A.

Theorem 1 states thatIunif(N, ρ) can be described completely
by the channel power per antenna dimension which is a
measure of the richness of multipath. Further, following As-
sumption 2, Theorem 1 implies thatIunif(N, ρ) = Θ(f(N))
if and only if the number of independent DoF in the channel,
D, scales withN asΘ(Nf(N)).

Specific examples of Theorem 1 have been established in
the literature in different forms.

• The famous linear capacity scaling result of Telatar [1]
critically depends on the assumption thatH has i.i.d.
CN (0, 1) entries resulting inρc = D = N2.

• In the correlated setting that can be modeled with the
Kronecker model (a transmit and receive side correlation
matrix), Chuahet al. [4] established a linear capacity
scaling result. The critical assumption behind this result
is the condition [4, p. 641] that the empirical eigenvalue
distribution (EED) function (see Definition 5 in App. A)
of both the transmit and receive covariance matrices
converge. In Appendix B, we show that this condition
is equivalent toρc = Θ(N2).

• In a prior work [45], aD-connected model that ensures
a systematic coupling betweenD of the N transmit
antennas with each receive antenna is studied. We had
showed that the ratioDN is decisive in controlling the
capacity behavior. IfDN → κLRS ∈ (0,∞), capacity is
shown to scale linearly whereas ifD = Θ(1), capacity is
shown to saturate. It can be seen thatρc = DN = Θ(N2)
in the former case, while it scales asρc = DN =
Θ(N) in the latter case, and thus in agreement with the
conclusions of Theorem 1. In general, ifρc = Θ(Nγ) for
someγ ∈ [1, 2], we haveIunif(N, ρ) = Θ(Nγ−1).

• A diagonal channel which corresponds to a scattering
environment with a line of scatterers and satisfiesρc =
Θ(N) leads to capacity saturation [70]. Note that the
above conclusion critically depends on the twin assump-
tions that ρc = Θ(N) and Q = ρ

N IN . However,
if either assumption were to fail, capacity saturation
need not be observed. For example, ifH is rank 1,
while a uniform-power input is wasteful and leads to
Θ(1) capacity growth, beamforming along the particular
dominant direction would achieve a capacity scaling of
Θ(log(N)).

Theorem 1 can also be established via the implicit Stieltjes
transformational approach. In [71, Chap. 4], we construct a
necessary and sufficient condition for linear capacity scaling
in terms of the EED function via a manipulation of the fixed-
point equations in (22)-(24) that characterize capacity inthe
limit. We then show that linear capacity scaling is possibleif
and only if D = Θ(N2). Theorem 1 can also be extended
(see [71, Theorem 4.12] for details) to linear scaling of the
average mutual information with the class ofalmost full-rank
input covariance matrices, defined as,

Q such that

∣∣∣∣
{

i : Q(i) = Θ

(
1

N

)}∣∣∣∣ = Θ(N). (34)

B. Fundamental Upper Bound on Scaling Law ofCerg(N, ρ)

Following the above discussion, it is important to understand
how far from optimality a uniform-power input is with respect
to a scaling viewpoint. In this pursuit, we now obtain a
fundamental upper bound on the scaling law ofCerg(N, ρ).

Theorem 2:Given a constraint on the scaling ofD, the
fastest rate at whichCerg(N, ρ) can scale is bounded as

Copt, erg(N, ρ) = O(
√

D). (35)

Proof: See Appendix C.
The importance of the above theorem is that in the special

case whereρc = D = Θ(Nγ), no matter how the spatial DoF
are distributed,Cerg(N, ρ) cannot exceedO(

√
D) = O

(
N

γ
2

)
.

Thus, we have a benchmark to compare the capacities of
different channel configurations in the familyH(D). Note that
in the same setting,Iunif(N, ρ) = Θ(Nγ−1). Sinceγ− 1 < γ

2
for γ < 2, we observe that the upper bound can be strictly
larger than the rate achieved with a uniform-power scheme.

C. A Structured Family of Channels to Achieve the Funda-
mental Upper Bound

To show that the upper bound in Theorem 2 is realizable,
in an order sense, we now introduce a structured family of
mask matricesM (and correspondingH’s via Definition 3)
that characterize systematically varying configurations of the
D DoF. For a givenD and N , the family is defined by two
integer parameters (p, q) such thatD = pq (see Assumption
4).

Definition 4: A family of mask matrices.Consider an
N × N mask matrixM with D = Nγ = pq non-zero entries
distributed overp columns andq non-zero entries in each
column such that1 ≤ {p, q} ≤ N and r = max (p, q). The
non-vanishing entries ofM are contained in ar×p sub-matrix
whose non-zero entries are given by

M
(
(n + m) mod r, n

)
= 1, 1 ≤ n ≤ p, q− ≤ m ≤ q+ (36)

whereq− = ⌈−(q − 1)/2⌉ and q+ = ⌈(q − 1)/2⌉. In other
words, theD DoF are configured to generate a channel matrix
that can supportp parallel channels andq = D/p DoF per
parallel channel.

The feasible range ofp depends on the value ofD relative
to N2. Let D = Nγ with γ ∈ (0, 2]. Let p = Nα, q = Nγ−α,
andα ∈ [0, 1] in Definition 4. For a givenγ, the feasible range
for α is

αmin , max (γ − 1, 0) ≤ α ≤ min (γ, 1) , αmax. (37)

When γ = 2, αmin = αmax = 1, and all channel configu-
rations essentially reduce toHiid in which p = q = N and
the resulting channel is the familiarN ×N i.i.d. channel. The
received9 SNR per parallel channel is

ρr

p
=

E[‖Hx‖2]

p
= ρ

D

p2
= ρ

q

p
(38)

9We will henceforth define receivedSNR with respect toH and not bother
about the path loss factor as in (13).
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0 ≤ γ ≤ 1

p(N) = 1

q
(N

) 
= 

Nγ 
/2

p(N) = N
γ /2

q(N) = 1

α = α         = γ
 max

α = α     = γ /2
id

α = α       = 0
min

BEAMFORMING IDEAL MULTIPLEXING

p(N) = N
γ

q
(N

) 
= 

N
γ

(a)

1 ≤ γ ≤ 2
p(N) = N

γ - 1

q
(N

) 
= 

Nγ 
/2

p(N) = N

p(N) = N
γ /2

q
(N

) 
= 

N

q
(N

) 
= 

N
γ 

- 
1

α = α         =1
 max

α = α     = γ/2
id

α = α       = γ - 1
min

BEAMFORMING IDEAL MULTIPLEXING

(b)

Fig. 1. A schematic illustrating the family of channels: (a)γ ∈ [0, 1] and (b)γ ∈ [1, 2].

where the second equality follows from the fact that

E[‖Hx‖2] = E
[
Tr
(
HxxHHH

)]
(39)

=
ρ

p
·E
[
Tr
(
HHH

)]
=

ρD

p
. (40)

To simplify the characterization in Definition 4, note that
if q ≥ p, the non-vanishing part ofM is a q × p matrix
of ones (the corresponding part ofH is a q × p i.i.d. matrix),
whereas ifq < p, the non-vanishing part ofM is ap×p matrix
with essentiallyq non-vanishing diagonals. In the terminology
of [45], M is a q-connectedp-dimensional matrix. Thus, the
corresponding channel matricesH are regular (see Defini-
tion 1), with rank(H) = min (r, p) = p for which the uniform-
power input over thep parallel channels is optimal [62].

The family of channels is illustrated in Fig. 1. As can be
seen from Fig. 1, note that the above definition is asymmetric
asp increases fromNαmin to Nαmax . This is because ifp > q,
a q × p i.i.d. channel does not result inp parallel channels
with q DoF per parallel channel. The only channel structure
that ensures this condition is theq-connectedp-dimensional
matrix.

We also identify three distinct regimes forp (and ρr/p)
which result in distinct capacity behaviors.

i) Beamforming regime:α ∈
[
αmin,

γ
2

)
⇐⇒ p = o (q) and

ρr

p → ∞ asN → ∞.
ii) Ideal regime: α = γ

2 ⇐⇒ q
p = δ = Θ(1) and ρr

p = ρ δ =
Θ(1) asN → ∞.

iii) Multiplexing regime: α ∈
(

γ
2 , αmax

]
⇐⇒ q = o (p) and

ρr

p → 0 asN → ∞.
Three canonical channel configurations, one from each

regime, corresponding toα = αmin,
γ
2 and αmax, will be

referred to asbeamforming, ideal and multiplexingchannels
and will be denoted byHbf ,Hid andHmux, respectively. Note
that while the beamforming channel refers to a particular
DoF configuration, the beamforming regime corresponds to
a family of channels that satisfyp = o(q).

D. Capacity Analysis of Sparse Family of Channels

We now analyze the capacity of the family of channels
introduced above. For this, we defineCappx(N, ρ) as

Cappx(N, ρ) , p log

(
1 + ρ

q

p

)
. (41)

The proofs of all statements in this section are relegated to
Appendix D.
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The capacity of channels in the beamforming regime fol-
low from the asymptotic spectral characterization in Bai and
Yin [72].

Theorem 3 (Beamforming Regime):Let H be a q × p
channel in the beamforming regime withκbf = q

p → ∞.
The structure of the channel configuration in the beamforming
regime depends on whether i)p is finite asκbf → ∞, or ii)
p → ∞ asκbf → ∞. In the former case, we have

Cerg, bf(N, ρ)

Cappx(N, ρ)
→ 1 +

|Oprob.

(
1/

√
q
)
|

log2 (1 + ρκbf)
. (42)

In the latter case,Cerg, bf(N, ρ) is given by

Cerg, bf(N, ρ)

Cappx(N, ρ)
→ 1+

log2

(
1 +

√
1 − 4t2

)
+ log2(e)

4t2 ·
(
1 −

√
1 − 4t2

)
− log2(e)

log2 (1 + ρκbf)
(43)

where t ,
ρ
√

κbf

1+ρ κbf
. In either case, the correction term

∆Cbf(N, ρ), defined as,

∆Cbf(N, ρ) ,
Cerg, bf(N, ρ) − Cappx(N, ρ)

Cappx(N, ρ)
(44)

satisfies|∆Cbf(N, ρ)| ≈ O
(

1
log2(1+ρκbf)

)
.

Among all channels in the beamforming regime, the smallest
value for the correction term is achieved by the beamforming
channel that corresponds toα = αmin. However,κbf = q

p →
∞ asN → ∞ for every channel in this regime and hence the
correction term∆Cbf(N, ρ) → 0 for all ρ. Thus,Cappx(N, ρ)
is a good asymptotic approximation of the exact capacity at all
SNRs. For a fixedN , note that|∆Cbf(N, ρ)| takes the largest
value in the low-SNR regime.

The capacity of channels in the ideal regime is essentially a
reformulation of the well-known i.i.d. capacity formula due
to Telatar [1], Rapajic and Popescu [73], and Verdú and
Shamai [74].

Proposition 1 (Ideal Regime): Let H be a q × p channel
and letκid = q

p = Θ(1). If κid ∈ [1,∞), the capacity ofH is
given by

Cerg, id(N, ρ)

q

{p,q}→∞→ log2 (1 + ρ − ρh)+

1

κid

log2 (1 − ρh + ρκid) − log2(e)
h

κid

(45)

h =
1

2


1 + κid +

1

ρ
−
√(

1 + κid +
1

ρ

)2

− 4κid


 . (46)

If κid ∈ (0, 1), we have

Cerg, id(N, ρ)

p · log2(e)

{p,q}→∞→ loge

(
1 + 2ρκid +

√
1 + 4ρκid

2

)

+

√
1 + 4ρκid − (1 + 2ρκid)

2ρκid

. (47)

Define the correction term

∆Cid(N, ρ) ,
Cerg, id(N, ρ) − Cappx(N, ρ)

Cappx(N, ρ)
. (48)

Then,∆Cid(N, ρ) can be well-approximated in the low- and
the high-SNR extremes as follows:

|∆Cid(N, ρ)| ≈





as ρ → 0 by

{
5
2 ρ(1 + κid), κid > 1
5ρκid, κid ≤ 1,

as ρ → ∞ by






log
(

κid−1

κid

)

log(ρ) , κid > 1
1

log(ρκid)
, κid ≤ 1.

(49)

Observe that the correction terms vanish andCappx(N, ρ) is
accurate in eitherSNR extreme. In the medium-SNR regime,
Cappx(N, ρ) is only an approximate fit toCerg(N, ρ).

The capacity of channels in the multiplexing regime follows
from the regularity property coupled with an implicit spectral
characterization in [75].

Theorem 4 (Multiplexing Regime): Let H be a channel
in the multiplexing regime withκmux = q

p → 0. In the
asymptotics ofN , Cerg, mux(N, ρ) is given by

Cerg, mux(N)

log2(e) · p
→ 2 loge

(
1 +

√
1 + 4ρκmux

2

)

−
√

1 + 4ρκmux − 1√
1 + 4ρκmux + 1

. (50)

The correction term∆Cmux(N, ρ), defined as,

∆Cmux(N, ρ) ,
Cerg, mux(N, ρ) − Cappx(N, ρ)

Cappx(N, ρ)
(51)

satisfies|∆Cmux(N)| ≈ ρκmux

2 .
Among all channels in the multiplexing regime, the smallest
value for|∆Cmux(N, ρ)| is achieved by the multiplexing chan-
nel corresponding toα = αmax. However, in the asymptotics
of N , κmux and∆Cmux(N, ρ) vanish for every channel in this
regime. Thus,Cappx(N, ρ) is a good asymptotic approximation
of the exact capacity at allSNRs. In contrast to the beamform-
ing channel, whenN is fixed, the correction term is largest at
high-SNR.

E. Discussion

• New Tricks or Reformulation of Existing Toolkit?:
Since the literature on MIMO capacity is extensive, it is
important to understand the fundamentally novel nature
of our contributions that do not fall under the purview of
existing MIMO capacity results/formulas. In particular,
Telatar [1], Rapajic and Popescu [73], and Verdú and
Shamai [74] study the regime in RMT where the transmit
and receive dimensions (p andq) satisfy p

q = Θ(1), which
is the context of the ideal regime (Prop. 1). The cases
where eitherpq → 0 (the context of Theorem 3) andpq →
∞ (the context of Theorem 4) require new tools from
RMT and have not been studied in the MIMO literature.
In fact, the limiting eigenvalue distributions in these two
cases are different from the classical Marčenko-Pastur
law that characterizes MIMO capacity in the context of
Prop. 1. On the other hand, while [30], [55], [56], etc., has
studied the capacity of random matrices with independent
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entries (that are non-identically distributed) using the
implicit Stieltjes transformation approach, Theorem 1
uses a new technique to capture capacity scaling as a
function of channel power scaling. None of these results
follow from a well-established heuristic or from a “law of
large numbers”-type argument (that is not mathematically
justified or rigorous) and require recourse to sophisticated
RMT tools, as can be seen from App. D.

• Accuracy of Cappx(N, ρ): Our analysis also produces a
tractable capacity approximation,Cappx(N, ρ), and we
now study its accuracy via numerical studies. In Fig. 2,
we consider a sparse channel withD = N (γ = 1)
and plot the capacities of beamforming (p = 1), ideal
(p =

√
N ) and multiplexing (p = N ) channels as a

function ofN for 0, 5 and15 dB. Three curves are plotted
in each figure: i) the Monte Carlo estimates of capacity, ii)
the RMT estimates proved in Sec. IV-D, iii)Cappx(N, ρ).
Fig. 2 illustrates the closeness of RMT estimates with
the Monte Carlo estimates. The plot also shows that
while Cappx(N, ρ) is reasonably accurate across allSNRs,
consistent with our theoretical results, the mismatch
betweenCappx(N, ρ) and Cerg(N, ρ) is largest at low-,
medium- and high-SNR’s for the beamforming, ideal and
multiplexing channels, respectively. Further, as shown in
Sec. IV-D, the mismatch vanishes in the limit of large
N for both beamforming and multiplexing channels; the
mismatch vanishes for the ideal channel only in the limit
of low- or high-SNR.

• Optimal Sparse Channel Configuration:While further
study could be made rigorous by using the RMT estimates
of capacity from Sec. IV-D, motivated by the reasonable
accuracy ofCappx(N, ρ) across all channel configurations
andSNRs and with an aim to keep the ensuing analysis
simple, we will henceforth useCappx(N, ρ) in our study
of capacity.
Proposition 2: For any given channel power/DoF scal-
ing law ρc = D = Nγ , γ ∈ (0, 2], and transmitSNR of
ρ, the ideal channel characterized by

pid ≈
√

ρD

4
=

√
ρ

2
Nγ/2 (52)

qid ≈
√

4D

ρ
=

2√
ρ

Nγ/2 , κid =
qid

pid

(53)

maximizes the capacity among all possible channel con-
figurations at the givenρ. Moreover, the ideal channel
achieves the fundamental limit in Theorem 2 and is
optimal from a capacity scaling perspective

Cerg, id(N, ρ) ≈
√

D log(1 + ρκid)O
(√

D
)

= O
(
Nγ/2

)

Proof: Consider the first and second derivatives of
Cappx(N, ρ) with respect top. Definingx ,

ρ·ρc

p2 = ρ Nγ

p2 ,

the derivatives turn out to be

Ċappx(N, ρ) ,
d

dp
Cappx(N, ρ) (54)

= log2(e) ·
(

loge(1 + x) − 2x

1 + x

)
(55)

C̈appx(N, ρ) ,
d

dp
Ċappx(N, ρ) (56)

= log2(e) ·
2x(1 − x)

(1 + x)2 p
. (57)

We note that Ċappx(N, ρ) < 0 for x < x0 and
Ċappx(N, ρ) > 0 for x > x0 where x0 ≈ 4, while
C̈appx(N, ρ) > 0 for x < 1 and C̈appx(N, ρ) < 0 for
x > 1. Thus, the capacity is maximized atx0 = ρ Nγ

p2 =
ρ D
p2 ≈ 4, from which the expressions for the pair (pid,

qid) in (53) follow. Equation (54) directly follows from
(53).
In particular, it is easy to see that sincep = o(q) in the
beamforming regime andq = o(p) in the multiplexing
regime, we have

Cerg, bf(N, ρ)

Cerg, id(N, ρ)

N→∞→ 0, and (58)

Cerg, mux(N, ρ)

Cerg, id(N, ρ)

N→∞→ 0. (59)

The optimality of the ideal channel configuration from
a scaling perspective is illustrated in Fig. 3 forD = N
(γ = 1) via the approximate capacity expression. The
capacity is plotted on a log-log scale as a function ofN
for ρ = 0, 5 and 15 dB. At low-SNR, the beamforming
channel initially dominates for smallN as

Cerg, mux(N, ρ) < Cerg, id(N, ρ) < Cerg, bf(N, ρ), (60)

but the ideal channel eventually dominates asN gets
large. On the other hand, at high-SNR, the multiplexing
channel initially dominates as

Cerg, bf(N, ρ) < Cerg, id(N, ρ) < Cerg, mux(N, ρ), (61)

but the ideal channel again eventually dominates. Note
that the curves forρ = 5 dB are close to the optimal
choice of pid =

√
N according to (53) and hence, the

ideal channel dominates the beamforming and multiplex-
ing channels for all values ofN . In general, the value
of N at which the ideal channel becomes dominant is a
function of ρ and γ. The following section will explore
this in more detail.

V. CAPACITY AS A FUNCTION OFSNR

We now study the impact of different sparse channel con-
figurations defined in Sec. IV-C on capacity as a function of
SNR. For this discussion, we assume thatN is large enough so
that Cappx(N, ρ) capturesCerg(N, ρ) in all the three regimes
sufficiently accurately.

The approximate capacity formula reveals a fundamental
tradeoff between the number of parallel channelsp and the
receivedSNR per parallel channelρr/p = ρ · q

p . The impact
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Fig. 2. Exact capacity expressions and estimates for the family of channels in Definition 4.

of this tradeoff on ergodic capacity is easily illustrated via
a numerical study. Fig. 4 plotsCappx(N, ρ) as a function of
ρ for N = 25 and D = N (γ = 1). The plot considers
three configurations – beamforming (p = pmin = 1), ideal
(p = pid =

√
N ), and multiplexing (p = pmax = N ) – as well

as the capacities of 10 configurations corresponding to equally
spaced values ofα ∈ [0, 1] via p = Nα. That is,

Cappx, α(N, ρ) , Nα log
(
1 + ρNγ−2α

)
. (62)

Fig. 4 shows that there existSNRs,ρlow andρhigh, so that the
beamforming channel yields highest capacity forρ ≤ ρlow and
the multiplexing channel yields highest capacity forρ ≥ ρhigh.
In the medium-SNR range, ρlow < ρ < ρhigh, the opti-
mal (capacity-maximizing) channel configuration continuously
transitions from beamforming to multiplexing channel through
the ideal configuration. Furthermore, while the beamforming
and multiplexing channels exchange roles in the low- and
high-SNR regimes, the ideal channel is a robust choice whose
capacity lies between the two extremes. The optimal channel
configuration at anySNR optimizes thep vs. ρr/p trade-off
for maximizing capacity.

The next result builds on Prop. 2 and characterizes the opti-
mal capacity-maximizing channel configuration as a function
of ρ.

Proposition 3: For a large N such that Cappx(N, ρ) is
sufficiently accurate, letρc = D = Nγ , γ ∈ (0, 2] and define
α⋆ , min(γ, 2−γ). The optimal capacity-maximizing channel
configuration at anyρ is given by

popt(ρ) ≈





Nαmin , ρ < ρlow√
ρ D
2 =

√
ρ

2 Nγ/2, ρ ∈ [ρlow, ρhigh]
Nαmax , ρ > ρhigh

(63)

whereρlow , 4
Nα⋆ , andρhigh , 4Nα⋆

.

Proof: Recall the two different feasible ranges forp
depending onγ. For γ ∈ (0, 1), p varies from pmin = 1
to pmax = Nγ . For γ ∈ [1, 2], p varies frompmin = Nγ−1 to
pmax = N . The first derivative ofCappx(N, ρ) with respect to
p vanishes when

ρD

p2
=

ρNγ

p2
≈ 4 (64)

which characterizes the capacity-maximizing point. Solving
ρlow = 4p2

min/N
γ , pmin = Nαmin , it is easy to check that a

common representation forρlow in both cases above isρlow =
4

Nα⋆ . Similarly, solvingρhigh = 4p2
max/N

γ , pmax = Nαmax ,
yields the value ofρhigh stated in the proposition in both cases.
In the intermediate regime,popt directly follows from (64).

Using Prop. 3, we get the theoretical estimatesρlow ≈ −8
dB andρhigh ≈ 20 dB for the channel configurations (N =
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Fig. 3. Capacities of the beamforming, ideal, and multiplexing channel configurations as a function ofN .

25, γ = 1) illustrated in Fig. 4. In the figure, we observe
that the beamforming channel is indeed optimal forρ < −8
dB and the multiplexing channel is optimal forρ > 20 dB.
The value ofpopt characterized in Prop. 3 for the medium-
SNR range,ρ ∈ [ρlow, ρhigh], is illustrated by the dotted curves
in the figure which plotCappx, α(N, ρ) for 10 equally spaced
values ofα ∈ [0, 1]. For each intermediate-SNR, there is a
Cappx, α(N, ρ) curve that yields the maximum capacity.

While Prop. 3 states the precise value ofpopt for any ρ ∈
[ρlow, ρhigh], the ideal channel configuration withpid = Nγ/2

serves as a robustfixed configuration in this intermediate
range. Thus, for all practical purposes, the three canonical
configurations – beamforming (p = pmin), ideal (p = pid)
and multiplexing (p = pmax) – accurately approximate the
capacity-maximizing configuration over the entire range. That
is,

p̃opt(ρ) =






pmin = Nαmin ρ < ρ̃low

pid = Nγ/2 ρ̃low ≤ ρ ≤ ρ̃high

pmax = Nαmax ρ > ρ̃high

(65)

whereρ̃low and ρ̃high are the solutions to the following equa-
tions

Nαmin log(1 + ρ̃lowNγ−2αmin) = Nγ/2 log(1 + ρ̃low) (66)

Nαmax log(1 + ρ̃highN
γ−2αmax) = Nγ/2 log(1 + ρ̃high).

(67)

The SNRs ρ̃low and andρ̃high are also illustrated in Fig. 4.
Note that the ratioρhigh

ρlow
attains its largest value,N2, for

γ = 1 (D = N ), whereas it achieves its minimum value of
unity for γ = 0 (D = 1) or γ = 2 (D = N2). Thus, thep
vs. ρr/p tradeoff that determinespopt does not exist for the
extreme cases of highly correlated (γ = 0) and i.i.d. (γ = 2)
channels. Note that in either case all the three configurations
reduce to the sameH. On the other hand, the impact of this
tradeoff on capacity is maximum forγ = 1 corresponding to
ρc = D = N .

VI. CONNECTIONS TORELATED RESULTS

A. Realizing the Channel Configurations in Practice

In this paper, we have analyzed the impact of distribution of
theD < N2 DoF in sparse channels on ergodic capacity. Our
results provide information-theoretic benchmarks on optimal
channel configurations from the viewpoint of scaling laws as
well as capacity as a function ofSNR for fixed, but largeN . In
practice, however, the configuration of the DoF is determined
by the AoAs{θr, ℓ} and AoDs{θt, ℓ} of propagation paths in
the scattering environment. Thus, a natural question is whether
the theoretical results in this paper can be leveraged in practice
for capacity gains in physically sparse channels. This question
is addressed in our related paper [76] where we show that
in a sparse scattering environment with randomly distributed
(over the angular spreads) paths, the antenna spacings at
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the transmitter and receiver can be systematically adapted
to the level of sparsity andSNR to realize the different
channel configurations discussed in this paper. In particular,
the multiplexing channel corresponds to maximal antenna
spacings at both transmitter and receiver, the ideal channel is
realized via medium antenna spacings at both transmitter and
receiver, and the beamforming channel is realized via closely
spaced antennas at transmitter and large spacings at receiver.
The notion of small, medium and large spacings is quantified
in [76] and the readers are referred to it for more details.

B. Recent Works on Antenna Design and Large-Dimensional
Systems

A recent work by Barriacet al. [77] provides insight into
the problem of optimizing antenna spacing at the transmitter
for maximizing capacity in correlated MIMO channels. This
insight is based on studying the variations in the channel’s
eigenvalues as a function of antenna spacings. It is argued
in [77] that in the low-SNR setting, spacing the transmit
antennas sufficiently close to each other so as to excite
only one channel eigenmode is the optimal strategy while
in the high-SNR regime, choosing the spacings sufficiently
large so as to excite all the channel eigenmodes is optimal
from a capacity perspective. The authors further conjecture
that the optimal number of eigenmodes to be excited in the

medium-SNR regime is a monotonic function ofSNR. In this
paper, we have provided a systematic investigation of this
problem in the context of correlated channels in which the
source of correlation is sparsity of multipath. The number of
parallel channelsp is equivalent to the number of channel
eigenmodes excited, and the beamforming and multiplexing
channel configurations are characterizations of the low- and
high-SNR analogues of [77].

Another recent work [78] discusses techniques for optimiz-
ing antenna locations in a fixed volume to maximize spectral
efficiency in low-SNR. Design guidelines offered in [78] pro-
vide evidence to the optimality of closely spaced antennas in
the low-SNR regime. Evidence for optimality of closely spaced
transmit antennas in the low-SNR regime also comes from
a recent study [79] on error exponents in correlated MIMO
channels. This work shows that in the low-SNR setting, a fully
correlated channel yields higher error exponents (reliability),
thereby suggesting that closely spaced antennas may be more
desirable in such scenarios.

A recent work [80] shows that in the multi-user setting and
in the limit of an infinite number of base station antennas,
powerful benefits such as: i) arbitrarily small transmit energy
per bit, ii) disappearing effect of uncorrelated noise and fast
fading, iii) total throughput per cell that is independent of
cell-site, etc. can be accrued. It is important to note that most
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of these benefits critically hinge on statistical knowledgeat
either end. However, as motivated in Sec. II-B, this is an
optimistic assumption, especially in the large antennas regime.
In contrast to [80], our work corresponds to the more realistic
scenario of including the overhead of statistics estimation. The
lack of knowledge of the independent DoF inH and their
locations can also be addressed from a compressive sensing
framework [81], [82].

C. MMSE Estimation and Mutual Information

An underlying connection between MMSE estimation and
mutual information is obtained in [30], [83] from the implicit
capacity characterization of (22) by definingΓ(t) andΥ(t):

Γ(t) , κTLV ER [G(R, t)D(R)] (68)
(a)
= κTLV ER

[ G(R, t)

1 + ET [G(R, T )Υ(T )|R]

]
(69)

Υ(t) ,
ρ

1 + ρΓ(t)
(70)

where the equality in (a) follows from the analysis in [30]. It
can be seen that the quantityρΓ(t) corresponds to theSNR at
the output of a linear MMSE receiver for the signal transmitted
from the corresponding transmit dimension whereas the corre-
sponding MSE is seen to beΥ(t)

ρ . In our setting, the regularity
of the family of channels in Definition 4 can be exploited to
obtain more insights on the trade-off between number of data-
streams and the MSE of the individual data-streams.

Proposition 4: Consider the family of channels introduced
in Definition 4 with D = qp andκ = q

p . In the beamforming
and the ideal regimes under the assumption thatκ > 1, Γ(t)
satisfies

{
Γbf(t), Γid, {κ>1}(t)

}

=
ρκ − ρ − 1 +

√
(ρκ − ρ − 1)

2
+ 4ρκ

2ρ
. (71)

On the other hand, in the multiplexing and the ideal regimes
under the assumption thatκ ≤ 1, Γ(t) is given by

{
Γmux(t), Γid, {κ≤1}(t)

}
=

√
1 + 4ρκ − 1

2ρ
. (72)

Proof: See Appendix E.
Sinceκ → 0 in the multiplexing regime,ρΓmux(t) → ρκ =
ρ q

p . That is, theSNR at the output of a linear MMSE receiver
is the receivedSNR per parallel channel and the mean-
squared error at the receiver is 1

1+ρr/p . By letting κ → ∞
in the beamforming regime, it is straightforward to see that
ρΓbf(t) → ρ q

p for all ρ. Similarly, as ρ → 0, a Taylor’s
series analysis ofΓ(t) in both cases of the ideal regime shows
that ρΓid(t) → ρκ. The corresponding limits in the high-
SNR regime areΓid, {κ>1}(t) → ρ(κ−1) andΓid, {κ≤1}(t) →
2
√

ρκ, respectively. The convergence ofρΓ(t) to ρr/p for all
ρ in the beamforming and multiplexing regimes is related to
the tightness ofCappx(N, ρ) in these regimes.

Thus the beamforming configuration (which maximizes
ρr/p) trades off the number of data-streams for the MSE of
the individual data streams and is optimal at low-SNR. The

multiplexing configuration corresponds to the other extreme in
this trade-off and is optimal at high-SNR while the ideal con-
figuration optimizes thisrate-distortion tradeoff at medium-
SNR.

D. Spectral Efficiency in the Low-SNR Regime

In the low-SNR regime, the seminal work by Verdú [58]
shows that the minimum energy per bit necessary for reliable
communicationEb

N min
and the wideband slopeS0 are the key

figures of merit. It is a straightforward exercise to show that
(see [58] and [60] for related results)Eb

N min
of all the three

configurations is given by a common formula

Eb

N min, ⋆

=
loge(2)

Ċerg, ⋆(N, 0)
=

loge(2)

q
(73)

where Ċerg, ⋆(N, 0) and C̈erg, ⋆(N, 0) denote the first and
second derivatives (w.r.t.ρ) of the ergodic capacity (in
nats/dimension) asρ → 0. Another straightforward calcula-
tion shows that

S0, ⋆ =
2
(
Ċerg, ⋆(N, 0)

)2

−C̈erg, ⋆(N, 0)
=

2 q2 p2

E
[
Tr
(
(HHH)

2
)] , (74)

which can be computed as

S0, bf =
2qp

q + p
≈ 2p, S0, id =

2qp

q + p
= p, S0, mux = p.

(75)

Note that Eb

N min, ⋆
is the smallest for the beamforming chan-

nel. Even though the multiplexing channel has the largest
S0 among the three channels, the minimum energy per bit
is the dominating figure of merit at low-SNR and the larger
values ofS0 for the ideal and multiplexing channels become
irrelevant. The low-SNR capacity gain of the beamforming
channel relative to the ideal and multiplexing channels is
precisely a manifestation of these gains inEb

N min
.

VII. C ONCLUSION

MIMO capacity gains in i.i.d. channels relative to single
antenna systems rest on two key effects: i) higher coupling
between the transmitted and received signal energy due to the
larger array apertures, and ii) statistical independence between
the channel coefficients. The first effect primarily impacts
capacity scaling with antenna dimensions and is directly
reflected in the quadratic channel power scaling assumption
in existing results. While this assumption may be justified for
small antenna dimensions, such scaling inρc is not sustainable
indefinitely from an energy conservation viewpoint. The sec-
ond effect primarily governs channel capacity as a function
of SNR for a fixed number of antennas. Thus the capacity
scaling laws and capacity behavior as a function ofSNR are
critically dependent on the channel power normalization and
the number of statistically independent DoF in the channel.
Virtually all existing information-theoretic studies of MIMO
capacity implicitly assume a rich scattering environment with
a quadratic channel power scaling.
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In this paper, we have made a case for studying sparse
MIMO channels with a channel power scaling that is com-
mensurate with the sparsity level. Sparse channels introduce
a feature that affects capacity behavior and one that is not
seen in non-sparse channels: the spatial configuration of the
D dominant DoF in the availableN2 spatial dimensions.
While classical linear scaling behavior in ergodic capacity
holds when the transmitter knows the statistics of the channel
completely, in the case where the transmitter only knows the
distribution of the dominant DoF in the channel, we show
that the ergodic capacity scales sub-linearly with antenna
dimensions. We also illustrate the sparse channel structure
that achieves the optimal capacity scaling behavior, both as a
function of antenna dimensions andSNR. For this, we develop
a capacity characterization of sparse MIMO channels using
new tools from RMT. This characterization has a heuristic
interpretation (in hindsight) and reveals a trade-off between
the number of parallel channels and the receivedSNR per
parallel channel.

Complementing our results on ergodic capacity, we ana-
lyze the outage capacity of sparse channels in [69]. In this
context, thep vs. ρr/p tradeoff manifests itself as a rate-
reliability trade-off. Consistent with ergodic capacity results,
the beamforming channel is outage optimal at low-SNR, the
multiplexing channel at high-SNR, and the ideal channel at
medium-SNR. One promising direction for future research is
to investigate the potential of reconfigurable antenna arrays
in cognitive wireless systems, as prompted by our related
paper [76] in which it is shown that the different channel
configurations can be realized in practice by systematically
adapting the antenna spacings at the transmitter and receiver
to the level of sparsity and operatingSNR.
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APPENDIX

A. Proof of Theorem 1

Preliminary results:We start with a trivial inequality.
Lemma 1:Let z ≥ 0. We then have

z

z + 1
≤ loge(1 + z) ≤ z. (76)

We define the empirical eigenvalue distribution (EED) function
as follows.

Definition 5: The EED of ann × n Hermitian matrixX

(denoted asFX(·)) is defined as

FX(λ) ,
1

n

∣∣∣ {i : λi(X) ≤ λ}
∣∣∣, (77)

where
∣∣·
∣∣ denotes the cardinality of the set under consideration.

The density function corresponding to the EED is called the
empirical eigenvalue density function.

We need the following spectral characterization from random
matrix theory.

Lemma 2:Yin, Bai and Krishnaiah, 1988 [84].Consider a
family of random matrices of increasing dimension. LetH be
an N ×N random matrix with independent entries satisfying
H(m, n) ∼ CN (0,Ψ(m, n)) and max

m,n
Ψ(m, n) ≤ K < ∞,

independent ofN . Let λmax denote the largest eigenvalue of
HHH . Then,

Pr

(
λmax

N
> 4K

)
= o

(
1

N ℓ

)
for all ℓ ≥ 1. (78)

Remark 1:Lemma 2 is a slight generalization of the fol-
lowing result that is more-often used in MIMO capacity
analysis [1], [73], [74]: the largest eigenvalue ofHHH where
H is an i.i.d. random matrix, with entries that are mean zero
and varianceσ2, is almost surely equal to4σ2. The lemma can
also be restated as: ifH is a random matrix with independent
entries having bounded variance, and if the EED function
of HHH

N converges, then the limit distribution function has
compact support.

Proof: We briefly summarize the proof from [84] to
keep the flow of this paper self-contained. Without loss in
generality, we will henceforth assume thatK = 1. It is easy
to see that for anyµ > 0 and all integersm ≥ 1

Pr

(
λmax

N
> 4 + µ

)
≤ E

[
Tr
(
(HHH)m

)]

[(4 + µ)N ]
m . (79)

The “Truncation lemma” of [84, p. 556] shows that there
exists a sequence of positive numbersδN and AN such that
δN → 0, AN → ∞, m = AN log(N), δNN1/3 → 0, and
AN (δN )1/6 → 0 asN → ∞. With this choice ofm andδN ,
it can be shown that (see [84] for details),

Pr

(
λmax

N
> 4 + µ

)
≤ N2

(
1 + 2δ

1/2
N

)2m
[

4

4 + µ

]m

(80)

→ N2 exp
(
4mδ

1/2
N

) [ 4

4 + µ

]m

. (81)

With the above choice ofm, it is easy to check thatmδ
1/2
N →

0, and N ℓ+2
[

4
4+µ

]m
→ 0 for all ℓ, and anyµ > 0. This

completes the proof of Lemma 2.

Using Lemma 2, we now prove the following proposition.

Proposition 5: Let H be a random matrix as defined in
Lemma 2. Then,E

[
λmax χ

(
λmax

N > 4
)]

can be made arbi-
trarily small for sufficiently largeN .

Proof: We use the fact [85, p. 50] that for a positive
random variableX , the mean can be bounded as

E [X ] ≤
∞∑

k=0

Pr (X ≥ k) . (82)
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The above fact along with Lemma 2 yieldsE
[

λ2
max

N2

]
≤ C <

∞. This follows from

E

[
λ2

max

N2

]

≤
35∑

k=0

Pr

(
λ2

max

N2
> k

)
+

∞∑

k=36

Pr

(
λ2

max

N2
> k

)
(83)

≤ 36 +

∞∑

k=6

N2
(
1 + 2δ

1/2
N

)2m
(

4

k

)m

(2k + 1) (84)

≤ 36 + 2N2
(
1 + 2δ

1/2
N

)2m

4m

∫ ∞

5

dx

xm−1
(85)

= 36 + 2N2
(
1 + 2δ

1/2
N

)2m 4m

5m−2(m − 2)
. (86)

It is easy to see that for the choice ofm as in Lemma 2,
the second term in the above bound tends to0 as N → ∞
and that we have provedE

[
λ2
max

N2

]
≤ C < ∞. The proof of

Prop. 5 follows from the Schwarz’s inequality,

E

[
λmax χ

(
λmax

N
> 4

)]

≤
(
E
[
λ2

max

])1/2
[
Pr

(
λmax

N
> 4

)]1/2

, (87)

and Lemma 2.
Proof of Theorem 1:We are now prepared to prove Theo-
rem 1. For a given fixedδ > 0, following Prop. 5, letN(δ)
be such that

E

[
λmax χ

(
λmax

N
> 4

)]
≤ δ for all N ≥ N(δ). (88)

Note that from Lemma 1, we can boundIunif(N, ρ) as follows:

log2(e) ·
N∑

i=1

E

[
ρλi

N

1 + ρλi

N

]
≤ Iunif(N, ρ)

≤ log2(e) ·E
[

N∑

i=1

ρλi

N

]
(89)

log2(e) ·
N∑

i=1

E

[
ρλi

N

1 + ρλi

N

]
≤ Iunif(N, ρ)

≤ log2(e) ·
ρ

N
· E
[
Tr
(
HHH

)]
. (90)

For the lower bound, observe that ifN ≥ N(δ), we have
N∑

i=1

E

[ ρλi

N

1 + ρλi

N

]

≥ ρ ·
N∑

i=1

E

[
λi

N

1 + ρλi

N

χ

(
λmax

N
≤ 4

)]
(91)

≥ ρ

1 + 4ρ
·

N∑

i=1

E

[
λi

N
χ

(
λmax

N
≤ 4

)]
(92)

=
ρ

1 + 4ρ
·

N∑

i=1

E

[
λi

N

(
1 − χ

(
λmax

N
> 4

))]
(93)

≥ ρ

1 + 4ρ
·
[(

N∑

i=1

E

[
λi

N

])
− δ

]
. (94)

Sinceδ > 0 is arbitrary, Theorem 1 follows.

B. Implicit Assumption of Quadratic Scaling of Channel
Power in [4]

With a generalNt andNr, an implicit assumption prevalent
in existing works is thatρc = Θ(NtNr). We now show how
one such popular result assumes this condition implicitly.

Chuahet al. consider a Kronecker model forH whereH

is given as

H = Ur Λ1/2
r Hiid Λ

1/2
t UH

t (95)

with Hiid being an i.i.d. matrix for some positive-definite
diagonal matricesΛt and Λr. They study MIMO capacity
under the assumption that the EED functions ofΛt and Λr

converge in distribution (as dimensions increase) to a non-
trivial distribution. From Definition 5, the assumptions onΛt

andΛr imply that there exist positive numbersλt,0 andλr,0,
{ǫt, ǫr} > 0, and integersNt,0 andNr,0 such that
∣∣∣ {m : Λr(m) > λr,0}

∣∣∣ > ǫrNr for all Nr ≥ Nr,0,

(96)∣∣∣ {n : Λt(n) > λt,0}
∣∣∣ > ǫtNt for all Nt ≥ Nt,0.

(97)

Thus for allNt andNr sufficiently large, we have
∑

m

Λr(m) > λr,0 · ǫr · Nr and (98)

∑

n

Λt(n) > λt,0 · ǫt · Nt, (99)

and hence,

ρc =
∑

m,n

Ψ(m, n) =
∑

m,n

Λr(m)Λt(n) (100)

=
∑

m

Λr(m)
∑

n

Λt(n) = Θ(NtNr). (101)

C. Proof of Theorem 2

By applying Jensen’s inequality to (28) and using the fact
that a diagonalQ (= diag (Qi)) achieves capacity for the class
H(D) [62], [68], Copt, erg(N, ρ) can be bounded as

Copt, erg(N, ρ)

≤ max
H∈H(D)

max
Tr(Q)≤ ρ

log2 det
(
I + Q ·E

[
HHH

])
(102)

= max
{Pi}

max
{Qi}

N∑

i=1

log2 (1 + Pi Qi) (103)

wherePi =
∑

k E
[
|H(k, i)|2

]
=
∑

k Ψ(k, i) represent the
column powers ofH. The optimization in (103) is subject to
the twin constraints that

Pi ≥ 0,
∑N

i=1 Pi = ρc, (104)

Qi ≥ 0,
∑N

i=1 Qi = ρ. (105)
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We now recast this optimization10 as follows:

max
s

max
{Pi}

max
{Qi}

s∑

i=1

log2 (1 + Pi Qi) s.t. 1 ≤ s ≤ N,

(106)

Pi > 0, i = 1, · · · , s and Pi = 0, i > s

with

s∑

i=1

Pi = ρc, (107)

and Qi ≥ 0, with

s∑

i=1

Qi = ρ. (108)

Given s fixed between1 and N , the inner optimization can
be written in terms of Lagrange multipliersη1 andη2 as

max
{Pi}

max
{Qi}

{
s∑

i=1

log2 (1 + Pi Qi) + η1

(
ρc −

s∑

i=1

Pi

)

+η2

(
ρ −

s∑

i=1

Qi

)}
. (109)

Given anyi, the partial derivatives of the above argument with
respect toQi andPi have to vanish at the maxima. Thus we
take partial derivatives of the above function with respectto Qi

andPi and set the derivatives equal to0. It is easy to check
that Qi

Pi
is independent ofi. Using this relationship to meet∑s

i=1 Qi = ρ, we see thatQi = ρ
ρc

· Pi. Now revisiting the
partial derivative with respect toQi under the constraint that
Qi = ρ

ρc
· Pi and setting the derivative to0, we getPi = ρc

s .
It is easy to verify that the second derivative is negative with
this particular choice ofPi andQi.

Using this choice ofQi in (102), we have

Copt, erg(N, ρ) ≤ max
s

{
s · log2

(
1 + ρ

ρc

s2

)}
. (110)

The s that achieves this maximum satisfiess = Θ
(√

ρc

)

which can be seen by setting the derivative w.r.t.s to zero.
This choice ofs leads to the statement of Theorem 2.

D. Asymptotic Ergodic Capacity Analysis

Preliminary Results: We need a few asymptotic spectral
characterizations to understand the ergodic capacity of the
family of channels from Definition 4. The first two lemmas
are needed to study capacity in the beamforming regime.

Lemma 3:Let G be ap × q complex random matrix with
i.i.d. entries having mean zero and variance one. Letκbf =
q
p → ∞ with p finite. Then

∥∥∥∥
GGH

q
− Ip

∥∥∥∥ = Oprob.

(
1√
q

)
(111)

where ‖ · ‖ refers to a well-defined matrix norm and the

notationOprob.

(
1√
q

)
implies that the residual term converges

in probability to zero with the dominant term beingO
(
1/

√
q
)
.

10Note that even thoughs runs through1 to N in the following opti-
mization, not all possible choices fors may be feasible. For example, if
ρc = Nγ , γ < 1, thens is constrained by1 ≤ s ≤ ⌈ρc⌉. We do not bother
with this technicality here.

In other words, the eigenvalues ofGGH

q converge to1 almost
surely.

Remark 2:Note that the conclusion of Lemma 3 follows
from the law of large numbers and depends critically on the
fact thatp is finite while q → ∞ [86]. If this condition fails
to hold, the spectral behavior ofGGH can be significantly
different as shown below.

Lemma 4:Bai and Yin, 1988 [72], [87]. Let G be ap× q
complex random matrix with i.i.d. entries having mean zero,
variance one and finite fourth moment. Assume thatκbf =
q
p → ∞ with p → ∞. Then, the empirical eigenvalue density

function of GG
H−qI√
pq converges with probability1 to f(λ)

where

f(λ) =

√
4 − λ2

2π
, |λ| ≤ 2. (112)

We also need the following lemma which is relevant in the
ideal regime.

Lemma 5:Grenander and Silverstein, 1977 [88].Let q and
p be such thatκid = q

p ∈ (0, 1] as p → ∞. Let G denote
a q-connectedp-dimensional channel [45] where the non-
trivial entries ofG are i.i.d. with mean zero and variance one.
The empirical eigenvalue density function ofGG

H

q converges
pointwise in probability tof(λ) where

f(λ) =
1

2π

√
4 − λ

λ
, 0 ≤ λ ≤ 4. (113)

We are now prepared to prove the main statements of Sec. IV.
Proof of Theorem 3:As mentioned in the statement of the
theorem, we have two cases: i)p is finite asκbf → ∞, or
ii) p → ∞ as κbf → ∞. In the former case,HHH is finite
dimensional and a straightforward application of Lemma 3
results in (42). In the latter case,HHH is infinite-dimensional
in the asymptotics ofN and it is not clear how to apply law
of large numbers to an infinite number of entries. Taking a
recourse to Lemma 4, we have

Cerg, bf(N, ρ)

p log2

(
1 + ρ q

p

)

=
E
[∑p

i=1 log2

(
1 + ρ λi(HHH )

p

)]

p log2

(
1 + ρ q

p

) (114)

(a)
=

E
[∑p

i=1 log2

(
1 + ρ

(
µi

√
q
p + q

p

))]

p log2

(
1 + ρ q

p

) (115)

(b)
= 1 +

E [
∑p

i=1 log2 (1 + tµi)]

p log2

(
1 + ρ q

p

) (116)

(c)→ 1 +
1

log2

(
1 + ρ q

p

) ·
∫

(−∞,∞)

log2 (1 + tη) f(η) (117)

(d)
= 1 +

log2(e)

2π · log2

(
1 + ρ q

p

)
∫

[−2,2]

loge (1 + tη)
√

4 − η2dη

︸ ︷︷ ︸
I

(118)
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where µi represent the eigenvalues ofHHH−qI√
pq in (a), t =

ρ
√

q
p

1+ρ q
p

in (b), and (c) follows from the convergence ofµi to

f(η) in Lemma 4.
The integral in (d), I, can be rewritten by using the

integration-by-parts formula as

I = 2

∫ 2

−2

loge(1 + tη)√
4 − η2

dη +
1

2

∫ 2

−2

√
4 − η2

1 + tη
dη

− 1

2

∫ 2

−2

√
4 − η2dη (119)

(e)
= 2π loge

(
1 +

√
1 − 4t2

2

)
− π +

1

2t

∫ 2

−2

√
4 − η2

η + 1
t

dη

︸ ︷︷ ︸
I1

(120)

where (e) follows from [89, 4.292(3)].I1 can be computed
using standard techniques as

I1
(f )
= −

∫ 2

−2

η√
4 − η2

dη +
1

t

∫ 2

−2

dη√
4 − η2

+

(
4 − 1

t2

)∫ 2

−2

dη
(
η + 1

t

)√
4 − η2

(121)

(g)
=

1

t

∫ 2

−2

dη√
4 − η2

−
(

4 − 1

t2

)∫ t
1+2t

t
1−2t

dη√
η2
(
4 − 1

t2

)
+ 2η

t − 1
(122)

(h)
=

π

t
− π

√
1 − 4t2

t
(123)

where (f) follows from [89, 2.282(1)], (g) from [89, 2.281]
and (h) from [89, 2.261(3)]. Thus, we have

Cerg, bf(N, ρ)

= p log2

(
1 + ρ

q

p

)
+ p log2

(
1 +

√
1 − 4t2

)

+
log2(e)p

4t2
·
(
1 −

√
1 − 4t2

)
− log2(e)p. (124)

For the correction term∆Cbf(N, ρ), using a Taylor’s series
expansion, we have

|∆Cbf(N, ρ)| ≈ 1

log2 (1 + ρκbf)
·

[
log2(e)

1

2κbf

+ log2

(
1 − 1

κbf

− 1

κ2
bf

)]
. (125)

Proof of Proposition 1: When κid ∈ (1,∞), Hid reduces
to a q × p i.i.d. channel. The i.i.d. channel capacity formula
from [73], [74] is precisely the statement of the theorem.
Whenκid ∈ (0, 1], Hid reduces to aq-connectedp-dimensional
channel. Using Lemma 5, it is not difficult to check that (47)
holds (see [45, Theorem 5] for more details).

With respect to the correction terms, we need to compute
the high- and low-SNR trends for theκid ≤ 1 and κid > 1

cases separately. Ifκid > 1 and ρ → ∞, a Taylor’s series
analysis ofh in (45) shows that

h → 1 − 1

ρ(κid − 1)
+

κid

ρ2(κid − 1)3
. (126)

Using this, it is easy to see that

Cerg, id(N, ρ)

log2(e) · q

→ 1

κid

loge

(
κid

κid − 1
+ ρ(κid − 1) − κid

ρ(κid − 1)3

)

+ loge

(
κid

κid − 1
− κid

ρ(κid − 1)3

)
−
(

1

κid

− 1

ρκid(κid − 1)

)

(127)

and this results in (49). Asρ → 0, another Taylor’s series
expansion shows thath → ρκid − ρ2κid(1 + κid) and

Cerg, id(N, ρ) → log2(e) · ρ · q
(

1 − 5

2
ρ(1 + κid)

)
(128)

from which (49) follows immediately. For theκid ≤ 1 case,
trivial computations yield

Cerg, id(N, ρ) → log2(e)p

(
loge(ρκid) − 1 − 1

2ρκid

)
(129)

as ρ → ∞ and Cerg, id(N, ρ) → log2(e) · q · ρ (1 − 5ρκid) as
ρ → 0. The conclusions in (49) are again immediate.
Proof of Theorem 4:In the multiplexing regime,H is a q-
connectedp-dimensional matrix. The definition ofH leads to
two possibilities: i) eitherq is a constant andκmux = q

p → 0,
or ii) q → ∞ and κmux = q

p → 0. Note that Lemma 5 is
applicable only whenq

p = Θ(1). So in either case, we do
not have knowledge (a closed-form expression) of the limiting
EED.

Nevertheless, [75, Corollary 3.1, p. 656] studies the limiting
EED of a Gram matrix (a matrix of the formHHH) with a
given variance profile and shows that the Stieltjes transform
of the EED shares the same structural form as that of (22)-
(24). It is important to note that Hachemet al. allow the
possibility ofκmux → 0 in the structure of the variance profile;
see [75, Assumption A-2, Remark 2.2, p. 652] for details. The
structural similarity between the fixed-point equations in[75]
and [30] implies that we can exploit the regularity of the
multiplexing regime to solve for capacity in closed-form in
either case asN increases. It should not be surprising that the
capacity formula is identical to that of the ideal channel with
κid < 1. The correction term follows from a routine application
of Taylor’s series expansion.

E. Proof of Proposition 4

The fact that we have two distinct solutions forΓ(t) in the
ideal regime is a consequence of the structure of the family of
channels studied. In the beamforming and ideal regimes with
κ > 1, the channelH has the structure of aq × p channel
with i.i.d. entries. On the other hand, in the ideal regime with
κ ≤ 1 and in the multiplexing regime, the channelH is a
q-connectedp-dimensional channel as illustrated in Fig. 1. In
either case, the channel is both row- and column-regular and
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hence,Γ(t) is independent of the transmit dimensiont. Thus
we will denote it for simplicity byΓ and the associated MSE
quantity Υ satisfies the relationshipΥ = ρ

1+ρΓ . Substituting
for Υ in (68), we have

Γ = κTLV ER

[
G(R, t)

1 + ρ
1+ρΓ ET [G(R, T )|R]

]
. (130)

In the first case,κTLV (the ratio of receive and transmit
dimensions) reduces toκTLV = κ. Note that ET [G(r, T )]
is independent ofr and equals1. Thus, the conditional
random variableET [G(R, T )|R] = 1. Plugging this and
simplifying (130), we have

Γ

(
1 +

ρ

1 + ρΓ

)
= κER[G(R, t)]. (131)

SubstituteER[G(R, t)] = 1 and solving for the quadratic
equation in (131), we obtain (71). We proceed on similar
lines in the second case. The following modifications are to
be made: i)κTLV = 1, ii) while ET [G(r, T )] andER[G(R, t)]
are still independent ofr andt, respectively, they equalκ here.
Solving for the resultant quadratic, we obtain (72).
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