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Abstract— This paper studies the impact of channel coherence and the role of channel state information (CSI) on
the probability of error in wideband multipath fading channels. Inspired by recent ultra wideband channel measurement
campaigns, we propose a sparse channel model for time and
frequency selective fading in which the number of resolvable
channel paths grow sub-linearly with signal space dimensions.
As a result, the degrees of freedom (DoF) in the channel scale
sub-linearly. With perfect CSI, the DoF reflect the amount
of channel diversity whereas with no CSI, the DoF represent
the level of channel uncertainty. Based on this model, we
investigate the reliability of wideband communication using
error exponents. With perfect CSI at the receiver, it is seen
that sparse channels are less reliable to communicate over
than rich channels in which the paths scale linearly with
signaling dimensions. When there is no receiver CSI, we analyze
training-based communication schemes aimed at learning the
sparse channel and our results reveal a fundamental tradeoff
between channel learnability and diversity that affects error
performance. We present numerical examples with realistic
parameter sets and discuss the conditions under which the two
effects can be balanced to obtain the best probability of error
in any practical system.

I. I NTRODUCTION
Emerging applications in ultra wideband (UWB) radio
and energy constrained networks (e.g. sensor networks)
have led to renewed interest in exploring the fundamental
performance limits of wideband/low-power communication
from an information-theoretic perspective. The availability
of channel state information at the receiver (CSIR) is an important factor that drastically impacts performance in the low
power regime, as illustrated in [2], [3], [4]. A common theme
that emerges from these papers is the critical impact of CSIR
on the choice of signaling schemes for the multipath channel
so that it achieves the capacity of the additive white Gaussian
noise (AWGN) channel in the limit of infinite bandwidth. In
particular, while [2] shows that spread-spectrum signals are
a poor choice at large bandwidths, the authors in [3] show
that peaky frequency shift keying signals achieve AWGN
capacity in the wideband limit. Practical wideband communication systems however use a large but finite bandwidth.
The main differences between the infinite bandwidth and the
large, finite bandwidth scenarios is quantified precisely in the
seminal work [4], where it is also shown that flash signals
are necessary to achieve the infinite bandwidth capacity limit
when there is no CSIR. But these signals, in addition to
being peaky and hence impractical, achieve the wideband
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limit extremely slowly (first-order optimal but not secondorder optimal in the language of [4]).
In spite of these advances, there has been little work
on the impact on performance of the physical scattering
environment and on how the wideband channel structure
couples with the availability and the quality of CSIR. For
example, a recent work [5] investigates the effect of channel
path growth on capacity and concludes that direct sequence
spread-spectrum with duty cycle signaling (peakiness in
time) is sufficient to achieve the infinite bandwidth limit,
if the number of channel paths grows sub-linearly with
bandwidth. It is clear that the key to a more complete
understanding lies in establishing a connection between the
physical channel character and the degrees of freedom (DoF)
in the channel and study its impact on capacity. The authors
in [6] study the intermediate case between the coherent
and non-coherent extremes under the assumption that the
channel coherence time increases as we decrease the signalto-noise ratio per degree of freedom. Using peaky Gaussian
signaling and with a coherence time - SNR scaling of the
1
form Tcoh = SNR
µ , they conclude that µ > 1 is necessary
and sufficient for first-order optimality while µ > 2 also
ensures second-order optimality. However, as remarked by
the authors themselves in [6, Lemma 2], there is no physical
basis for such scaling in coherence time with SNR.
In this paper, we consider joint time-frequency signaling
and propose a sparse multipath channel model which provides a natural mechanism for the scaling of channel coherence with signaling duration and bandwidth. The motivation
for this model also arises from recent measurement results
(see e.g. [13] and references therein) for UWB channels,
which show that the number of propagation paths in the physical environment scale sub-linearly with bandwidth. This is
in contrast to rich multipath, where the number of paths scale
linearly with bandwidth, and which is the assumption in most
existing works. We used this model recently in [7], where
it is shown that for training-based communication schemes
using non-peaky signals, the notions of joint time-frequency
coherence and sparsity lead to dramatically reduced requirements on the channel coherence time necessary to achieve
first- and second-order optimality.
The focus of this paper is on applying the sparse channel
model to characterize the reliability of wideband communication, a measure of which is provided by the reliability
function and the random coding error exponent [1]. Error
exponents describe the rate at which the probability of error
(Pe ) decays with codeword length; they can be used to
determine the code lengths required for a desired Pe and
thus provide an estimate on the decoding complexity. For

the case of perfect CSIR and narrowband block Gaussian
fading, random coding error exponents have been analyzed
in [8], [9], [10]. While [9] investigated the average Pe using
random coding and outage probability (slow fading), the
authors in [10] provide several upper and lower Pe bounds
and analyze the performance of coded diversity schemes. For
the low SNR wideband non-coherent channel, [11], [12] have
recently investigated the role of error exponents. The authors
in [12] study the capacity and reliability of the non-coherent
wideband multiple-antenna channel with coherence scaling
similar to [6] and compute the random coding exponent using
the capacity achieving peaky Gaussian signaling input. From
a capacity point of view, channel uncertainty is the only
limiting factor and peaky signals aim to reduce the penalty
due to channel uncertainty. However from a system design
perspective, given a fixed amount of transmitter resources
and certain quality of service (QoS) requirements (threshold
Pe , maximum delay, etc), it is not very clear how the
channel and signal parameters interact in determining the
error performance. For a given set of system constraints, we
ask the follwoing question: what is the best strategy to obtain
the minimum Pe ? In this work, we identify a fundamental
tradeoff between the ability to learn the multipath channel
(channel estimation) and the level of delay-Doppler diversity
(DoF) for the family of sparse channels. As we will see, no
such phenomenon occurs in the case of rich channels.
We use orthogonal short-time Fourier (STF) basis functions [15] for signaling over the time-varying multipath
channel. Without any peakiness in the input, we first explore
the random coding error exponent with perfect CSIR. It is
observed that sparse channels have smaller error exponents
than rich channels, which can be attributed to the larger
number of DoF in rich environments. Furthermore, reliability decreases, either as we increase sparsity or as we
increase the signaling duration over which we code. For
training-based communication schemes, our results reveal
a fundamental tradeoff between channel learnability and
diversity in sparse channels. The sparser the channel (larger
the channel coherence), easier it is to learn the channel.
However increased sparsity means that we communicate over
fewer DoF, which affects reliability. We derive the necessary
conditions in terms of the channel coherence dimension to
obtain the optimal tradeoff (best Pe ) and this provides the key
to choosing signaling parameters matched to given channel
conditions. We will also use the tradeoff analysis to characterize the minimum-energy-per-nat required to guarantee a
certain reliability for any desired communication rate.
II. M ULTIPATH C HANNEL M ODEL
In this section we describe the sparse channel model and
assumptions based on which our analysis is done. A physical
discrete multipath channel can be modeled as
X
βn x(t − τn )ej2πνn t + w(t)
(1)
y(t) =
n

where βn , τn ∈ [0, Tm ] and νn ∈ [−Wd /2, Wd /2] denote
the complex path gain, delay and Doppler shift associated

with the n-th path and w(t) is complex AWGN. Tm and Wd
represent the delay and Doppler spreads produced by the
channel. We assume an underspread channel, Tm Wd < 1,
which is valid for most radio channels.
A. Delay-Doppler Diversity
For a signaling duration T and bandwidth W , the channel
admits the following decomposition [14] in terms of resolvable multipath delays and Doppler shifts as illustrated in
Fig. 1(a)
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where Al,m = {n : `/W − 1/2W < τn ≤ `/W +
1/2W, m/T − 1/2T < νn ≤ m/T + 1/2T } is the set of all
paths whose delays and Doppler shifts lie within the (`, m)th delay-Doppler resolution bin. The number of resolvable
paths (the number of dominant non-vanishing hl,m ) signifies
the delay-Doppler diversity, D, afforded by the channel
(the number of statistically independent degrees of freedom
(DoF))
D
DT,max

=
=

DT DW ≤ Dmax = DT,max DW,max
dT Wd e , DW,max = dTm W e
(3)

where DT,max denotes the maximum number of resolvable Doppler shifts (maximum Doppler/time diversity) and
DW,max denotes maximum number of resolvable delays
(maximum delay/frequency diversity). Both DT,max and
DW,max increase linearly with T and W , respectively, and
represent a rich multipath environment in which each delayDoppler resolution bin in Fig. 1(a) is populated with a path.
On the other hand, as illustrated by the dotted resolution bins
in Fig. 1(a), physical multipath channels get sparser with
increasing W due to fewer than DW,max resolvable delays
and with increasing T due to fewer than DT,max resolvable
Doppler shifts. We model such sparse multipath channels
with sub-linear scaling in D:
DT ∼ (dT Wd e)δ1 , DW ∼ (dW Tm e)δ2 , δ1 , δ2 ∈ [0, 1]
(4)
where the smaller the value of δ the slower (sparser) the
growth in the resolvable paths in the corresponding domain.
Note that this also implies that the number of DoF, D =
DT DW , scale sub-linearly with the number of signal space
dimensions denoted by N = T W .
B. Time-Frequency Coherence
We consider signaling using an orthonormal short-time
Fourier (STF) basis [15] that serves as an approximate eigen
basis for sufficiently underspread channels ([15], [16]) and
naturally relates delay-Doppler diversity to coherence in
time-frequency. Representing (1) with respect to the STF
basis yields an N -dimensional matrix system equation
y = Hx + w

(5)
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where Tcoh = T 1−δ1 /Wdδ1 is the coherence time and
δ2
Wcoh = W 1−δ2 /Tm
is the coherence bandwidth of the
channel (see Fig. 1(b)). Note that δ = 1 corresponds to a rich
multipath channel in which Nc = Ncoh,min = 1/(Tm Wd ) is
fixed and D = Dmax increases linearly with N . The other
extreme of δ = 0 models an extremely sparse channel in
which D is fixed and Nc scales linearly with N . For sparse
channels (δ ∈ (0, 1)), both Nc and D increase sub-linearly
with T and W . Thus while we obtain ergodic channel
behavior with large signaling dimensions, the sub-linear
growth in D enables us to track the channel and communicate
reliably. For simplicity, we will assume δ1 = δ2 = δ in the
following analysis.
It can be seen from (7) that channel coherence can scale
in two possible ways, either as δ changes (effect of channel)
or as we change T and(or) W (effect of signal space). Thus
for a given δ, the signal space parameters can be suitably
chosen to obtain a desired level of operational coherence.
P
Using (7) and defining the parameter SNR = NP
= W
0W
(P is the transmit power and N0 = 1 as in (5)) leads to
1−δ
P 1−δ
Nc = (TTm Wd )δ SNR
1−δ . Furthermore, for any fixed P , by

(b)
Fig. 1.
(a) Delay-doppler sampling commensurate with signaling duration and bandwidth. (b) Time-frequency coherence subspaces in short-time
Fourier signaling.

δ
1−δ

α

(Tm Wd )
W
varying T with W according to T = (k)
P 1+α
provides us with the following relationship between channel
coherence dimension and SNR.

Nc =
where

k
SNRµ

(8)

µ = (1 + α)(1 − δ)

As we will see later, the reliability of both sparse and
in which the N × N channel matrix H is approximately rich channels is a function of only Nc and SNR and so
diagonal and w is complex AWGN vector whose components a relationship of the form in (8) helps us analyze the low
SNR asymptotics and illustrate the learnability vs. diversity
are i.i.d CN (0, 1).
h
i tradeoff. However the key difference between our work and
H = diag h1,1 · · · h1,Nc , h2,1 · · · h2,Nc · · · hD,1 · · · hD,Nc the assumptions in [6], [12] is that for a sparse channel we are
|
{z
} |
{z
}
|
{z
} able to provide a realizable and natural relationship between
Subspace 1
Subspace 2
Subspace D
(6) Nc and SNR that is physically justified.
We assume H to be exactly diagonal in this paper, as
III. R ANDOM C ODING E RROR E XPONENT WITH
justified in [15]. The diagonal entries of H also admit
P ERFECT CSIR
an intuitive block fading interpretation in terms of timefrequency coherence subspaces illustrated in Fig. 1(b): the
In this section we analyze the random coding error exposignal space is partitioned as N = T W = Nc D where
nent for sparse and rich channels under the assumption of
D represents the number of statistically independent TF
perfect CSIR. The reliability function of a channel is defined
coherence subspaces (delay-Doppler diversity; see (3)) and
as [1, Chp.5]
Nc represents the dimension of each coherence subspace. In
the block fading model, the channel coefficients over the i-th
− log Pe (N, R)
E (R) = lim sup
coherence subspace hi,1 · · · hi,Nc are assumed to be identical,
N →∞
N
hi , and the channel coefficients over the different coherence
subspaces are assumed to be i.i.d. zero-mean Gaussian ran- where Pe (N, R) is the average probability of error over
an ensemble of codes in which each codeword spans the
dom variables (Rayleigh fading). The variance
P of the channel
2
2
coefficients is normalized to E[|hi | ] = n E[|βn | ] = 1. signal space dimensions N = T W and communication takes
place at a transmission rate R (in nats/s/Hz). For any fixed
The dimension of each coherence subspace is given by
»
¼ N , the random coding exponent, Er (N, R), and the sphere
T 1−δ1 W 1−δ2
1
T W
packing exponent, Esp (N, R), are lower and upper bounds
·
=
≥
Nc = Tcoh Wcoh =
δ
δ
1
2
respectively on E(R). Furthermore, Er (N, R) = Esp (N, R)
DT DW
Tm Wd
Wd
Tm
(7) for a range of rates Rcr ≤ R ≤ C, where Rcr is defined as

the critical rate and C refers to channel capacity. We recall
the random coding upper bound on Pe [1], [10] given by
Pe ≤ e−N [Er (N,R)]
(9)
Er (N, R) = max max [Eo (N, ρ, Q) − ρR] (10)
0≤ρ≤1

Q

Eo (N, ρ, Q) =
µ
· h
i1+ρ ¸¶
R R
1
− N1 log EH y x q(x)p(y|x, H) 1+ρ dx
dy
(11)
Closed form expressions for the error exponent in (10) are
unknown, mainly because of the lack of knowledge about the
optimal input distribution. For temporal block fading, [8], [9]
have previously investigated error exponents with Gaussian
inputs and [8, Th. 22] shows that although not optimal, the
Gaussian input provides a tight lower bound. For the doubly
block fading model considered here, we fix the input to be
i.i.d. complex-valued Gaussian for the analysis. In addition
to the fact that this is the capacity achieving input (see [7]),
it makes the calculations tractable and provides us with a
tight lower bound to Er (N, R). For the system model in (5)
and (6), the integrals in (11) can be evaluated to obtain
Ã
"N µ
¶−ρ #!
Y
1
SNR|hi |2
Eo (N, ρ) = − log EH
1+
N
1+ρ
i=1
ÃD
"µ
¶−Nc ρ #!
Y
1
SNR|hk |2
(a)
EH
= − log
1+
N
1+ρ
k=1
Ã
"µ
¶−Nc ρ #!
1
SNR|h|2
(b)
log EH
(12)
= −
1+
Nc
1+ρ
where (a) follows from the block structure of the channel
in (6) and (b) is due to the fact that {hk } are i.i.d. The
expectation in (12) can be computed for arbitrary SNR in
terms of the incomplete Gamma function [17]
·
¸
³
´−Nc ρ ¡
¢
1+ρ
1+ρ
1
SNR
SNR
Eo (N, ρ) = − Nc log e
Γ 1 − Nc ρ, SNR
1+ρ
(13)
and the optimization over ρ can be performed numerically
to compute the best exponent Er (N, R) (as is done for
example in [10]). We will avoid the numerical optimization
and instead obtain a lower bound to Eo (N, ρ) in (12) and use
the lower bound to compute the optimal ρ∗ and analytically
characterize the error exponent. This line of thought was
previously advocated in [8] and more recently [12] uses a
similar approach. The key factor that is exploited in deriving
these bounds is the fact that we are in the SNR → 0 regime.
First though, we present an upper bound.
Lemma 1. Eo (N, ρ) in (12) is upper bounded by
µ
¶
1
Nc SNRρ
UB
Eo (N, ρ) ≤ Eo =
log 1 +
Nc
1+ρ
Proof. Notice that we can rewrite (12) as
µ
·³
´−Nc ρ ¸¶
SNR|h|2
1
Eo (N, ρ) = − Nc log EH 1 + 1+ρ

(14)

³
h
³
³
= − N1c log EH exp −Nc ρ log 1 +

SNR|h|2
1+ρ

´´i´
(15)

The³ result follows
the log inequality
´
³by applying
´
SNR|h|2
SNR|h|2
log 1 + 1+ρ
≤
and then computing the
1+ρ
expectation in closed form.
The following lemma presents a lower bound to Eo (N, ρ).
Lemma 2. Eo (N, ρ) in (12) can be lower bounded by
Eo (N, ρ) ≥EoLB =
Ã
¡
¢ !
Nc SNR 1 − SNR1−² ρ
1
log 1 +
− o(1)
Nc
1+ρ
(16)
for ² > 0 and sufficiently small.
Proof. We provide a sketch of the proof. The expectation in
(12) equals
Z ∞³
´−Nc ρ
I=
1 + SNRv
exp[−v] dv
1+ρ
0

2

where V = |h| with p.d.f. fV (v) = exp[−v], v > 0. By
rewriting the integrand as in (15) and splitting the integral
into two parts
Z c
h
³
´i
I=
exp −Nc ρ log 1 + SNRv
exp[−v] dv
1+ρ
Z0 ∞
h
³
´i
+
exp −Nc ρ log 1 + SNRv
exp[−v] dv
1+ρ
c

¡ 1+ρ ¢
where c = SNR
for small enough ² > 0. By simplifying
²
and further bounding the two integrals it can be shown that
I ≤ I1 + I2
where
I1
I2

·

¸−1
Nc ρSNR(1−SNR1−² )
1+
1+ρ
£ ¡ 1+ρ ¢
¡
¢¤
= exp − SNR² − Nc ρSNR1−² 1 − SNR1−²
=

k
(µ = 0
Next, using the relation in (8) Nc = SNR
µ
corresponds to a rich channel and µ > 0 is a sparse channel)
and defining
¡
¢
f (SNR) = Nc SNR1−² 1 − SNR1−²
¡
¢
= k SNR1−²−µ 1 − SNR1−²

we have
µ ¶
I2
lim
=
SNR→0 I1
h³
limSNR→0 1 +

f (SNR)SNR² ρ
1+ρ

´

£ ¡ 1+ρ ¢
¤i
exp − SNR
− ρ f (SNR)
²
(17)

The limit is now analyzed in the following cases: Case 1 :
0 ≤ µ < (1 − ²), Case 2 : (1 − ²) ≤ µ < 1 and Case 3 :
µ ≥ 1. In all three cases the limit in (17) equals zero and as
a consequence, we have I2 = o (I1 ). This implies that
I ≤ I1 + o (I1 ) = I1 (1 + o(1))

P/N0 = 30 dB, Tm = 1 µs, Wd = 100 Hz, W = 100 MHz, δ = 0.5

Putting things together into (12) completes the proof.
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For our numerical results to follow we will ignore the
o(1) terms that are negligble. The approximation improves
depending on the value of ², although this comes at the
expense of a very small loss in tightness in the upper bound.
The following theorem provides the required Pe random
coding upper bound using the result of Lemma 2.
Theorem 1. The probability of error for the N-dimensional
channel in (5), using i.i.d. Gaussian input and maximumlikelihood decoding at the receiver, is upper bounded by
Pe ≤ e−N [Er
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A. Perfect CSIR: Sparse vs Rich Channels
We present numerical results for a realistic parameter set
to illustrate the findings of Theorem 1. Figure 2 shows
the random coding error exponent, normalized by the SNR
as a function of transmission rate (normalized by Rmax )
for fixed N and varying δ. It can be observed that the
error exponent is largest for the rich channel and decreases
monotonically as the channel gets sparse (smaller δ). This is
because with perfect CSIR, we would get a lower Pe for a
channel with higher diversity (δ = 1) than one with lower
diversity (0 < δ < 1). Conversely, for a desired Pe , we will
need to transmit at a lower rate in the sparser channel to
meet the Pe requirement.
Tm = 1 µs,

T=1s

0.05

(N,R)]

where ErLB (N, R) is given in (18)

P/N0 = 30 dB,

T = 1 ms

0.3

Wd = 100 Hz,

W = 100 MHz,

Fig. 3.
Er (N, R) /SNR vs. normalized transmission rate with perfect
CSIR illustrating the effect of increasing signaling duration

increase T for fixed δ (Fig. 3). They eventually approach
zero in either scenario, thereby characterizing the reliability
completely for all transmission rates. Similar findings have
been reported previously in [9], although the authors used a
different model there; it being quasi-static and block fading
in time (δ = 0 case in our model). To summarize the perfect
CSIR case, while sparsity has no impact on capacity, it
significantly degrades the reliability of communication for
all rates below capacity.

T = 10 ms
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Er (N, R) /SNR vs. normalized transmission rate with perfect
Fig. 2.
CSIR. Effect of varying δ . Solid line denotes the linear portion (ρ∗ = 1) and
the dashed line is the region where 0 < ρ∗ < 1. Rcr defines the boundary
between the two regions.

The effect of signaling duration, T , on the random coding
exponent is illustrated in Fig. 3 where the normalized exponent is plotted for a fixed δ = 0.5 and different values
of T . Once again we notice that the error exponent of
sparse channels decreases uniformly, both with rate and with
increasing duration T . However, the error exponent of a rich
channel is a constant and independent of T . The critical rate,
Rcr , and the cut-off rate, defined as Ro = Er (N, 0), also
decrease, either as δ gets smaller as seen in Fig. 2 or as we

We now turn our attention to the more practical scenario
where there is no CSIR a priori. We consider schemes
that explicitly send training signals to learn the channel and
then communicate using knowledge of the estimated channel
coefficients. The training scheme used here is similar to the
one in [6], adapted suitably for the STF signaling framework.
The total energy available for training and communication
per codeword is P T , of which a fraction η is used for training
and the remaining fraction (1−η) is used for communication.
We will use the mean square error (M SE) of the estimated
channel coefficient in each coherence subspace as a measure
of the quality of learning. Since the MSE over one coherence
subspace depends only on the training energy rather than on
the number of dimensions, our scheme uses one signal space
dimension in each coherence subspace for training and the
remaining (Nc − 1) for communication. The training energy
per coherence subspace is given by Etr = ηTDP = ηNc SNR
and the communication energy per coherence subspace is
given by (1 − η)Nc SNR. Thus the variance of the minimum
mean squared error (M M SE) estimate of the channel
i
h coefficient in each coherence subspace is given by E |hbi |2 =
Etr
1+Etr h, 1

≤ii ≤ D , and the corresponding M SE is given
1
e
by E |hi |2 = 1+E
. The communication phase can be
tr
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µ
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1
+
− R − o(1)
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µ
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1
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Nc log 1 +
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0
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1−²
SNR(1−SNR
)
= 2 2+N SNR 1−SNR1−²
[
(
)]
c
¡
¢
= SNR 1 − SNR1−²

described by
yd = Hxd + wd

=
=

b d + ∆Hxd + wd
Hx
b n xd + nd
H

(21)

where H is the (Nc − 1)D-dimensional communication
b and ∆H represent the estimated channel matrix
channel, H
and the estimation error matrix respectively. The data vector
xd is ³zero-mean i.i.d.
Gaussian with covariance matrix
´
(1−η)Nc SNR
Q =
I(Nc −1)D . Furthermore (21) has been
Nc −1
b n have unit
normalized so that the diagonal entries in H
variance. The overall noise vector nd is the sum of the
additive white Gaussian noise and the noise due to estimation
error. For our analysis, we will assume that nd has i.i.d.
zero mean Gaussian¶entries with covariance matrix Qn =
µ
1+ (N

(1−η)Nc SNR
c −1)(1+ηNc SNR)
ηNc SNR
1+ηNc SNR

I(Nc −1)D and as conjectured in [12],

this should provide a lower bound to the error exponent.
With the details of the training scheme in place, we
investigate the random coding exponent, the result of which
is summarized in the following theorem.
Theorem 2. The average probability of error for the
training-based communication scheme is upper-bounded by,
Pe ≤ e−N [Er

tr

(N,R)]

where Ertr (N, R) is given in (22)
Proof. Once the channel coefficients have been estimated
with the aid of training signals, we are back to the coherent set-up of Sec. III, although with some errors due to
estimation. Therefore, we can compute the random coding
exponent, Eonc (N, ρ) starting with the integral form in (11)
as in the perfect CSIR case. Evaluating the integrals and
simplifying using the channel structure and the i.i.d. property
of the estimated channel coefficients as in (12) now yields
"µ
¶−(Nc −1)ρ #
K b2
1
nc
log EH
1+
|h|
Eo (N, ρ) = −
bn
Nc
1+ρ
(28)
where
2

K (Nc , SNR) =

η(1 − η) (Nc SNR)
(Nc − 1) (1 + ηNc SNR) + (1 − η) Nc SNR
(29)

(18)

(19)
(20)

The expression in (28) needs to be maximized over the
fraction of energy used for training, η, to obtain the best exponent. It is easily seen that this is equivalent to maximizing
K in (29) as a function of η. Performing this maximization
yields K ∗ and the optimal η ∗ as in (26) and (27) (next page).
It is interesting to note that the η ∗ maximizing the error
exponent here equals the one that maximized a lower bound
on the mutual information related our results on capacity in
[7]. Next, instead of computing the expectation, we use the
lower bound of Lemma 2 that leads to the following bound
Ã
¡
¢!
ρK ∗ 1 − (K ∗ )1−²
1
nc
Eo (N, ρ) ≥
log 1 +
(30)
Nc
1+ρ
Using the lower bound and maximizing over ρ to obtain the
best exponent completes the proof.
V. D ISCUSSION OF R ESULTS
A. Asymptotic Coherence of Sparse Channels
The performance of the channel estimation scheme is an
indicator of the position in an intermediate regime, whether
we are closer to the coherent or to the non-coherent extreme.
The quality of channel estimation is measured using the
following metrics: (i) M SE of channel estimates and (ii)
optimal fraction of total energy used for estimation, η ∗ .
The following theorem provides the condition in terms of
the channel coherence to obtain efficient and consistent
estimation.
Theorem 3. In the limit of large signal space dimensions,
the performance metrics of the training scheme satisfy
M SE → 0
if and only if Nc =

k
SNRµ

and

η∗ → 0

(31)

and µ > 1

Proof. See Appendix A
The result says that sparse channels are asymptotically
coherent provided the channel coherence dimension satisfies
the condition specified in Theorem 2. Whether or not this
condition is satisfied depends critically on the choice of
signal parameters (T , W ) and transmit power, P . Using (7)
and (8) along with T = W α it can be shown that
(1 + α)(1 − δ) >
or

α

>

1
δ
(1 − δ)

(32)

Ro

µ
¶

(Nc −1)K ∗ (1−(K ∗ )1−² )

1

log
1
+
− R − o(1)
0 ≤ R ≤ Rcr

2

 Nc
µ
¶
(Nc −1)K ∗ (1−(K ∗ )1−² )ρ∗
=
1
− ρ∗ R − o(1) Rcr ≤ R ≤ Rmax

Nc log 1 +
1+ρ∗




0
R > Rmax
´
³
∗
∗ 1−²
K (1−(K )
)
Nc −1
=
2Nc
[2+(Nc −1)K ∗ (1−(K ∗ )1−² )]
³
´
¡
¢
Nc −1
=
K ∗ 1 − (K ∗ )1−²
Nc
µ
¶
(Nc −1)K ∗ (1−(K ∗ )1−² )
= N1c log 1 +
2

K∗

=

η ∗ (1−η ∗ )Nc SNR2
(Nc −1)(1+η ∗ Nc SNR)+(1−η ∗ )Nc SNR

η∗

=

Nc SNR+Nc −1
(Nc −2)Nc SNR

Ertr (N, R)

Rcr
Rmax

·q

1+

(Nc −2)Nc SNR
Nc SNR+Nc −1

provides the desired conditions. Similarly, for a fixed T
(delay-limited system), it can be shown that if P ∝ W β ,
then β ∈ (δ, 1) is necessary and sufficient to satisfy the
condition in Theorem 3. The rate at which the M SE and
η ∗ approach zero can also be derived and the dependance is
given by η → 0 as √N 1SNR and M SE → 0 (Etr → ∞) as
c
√
Nc SNR. On the other hand no such phenomenon occurs in
the case of rich channels, where Nc is a constant and does
not scale with SNR (µ = 0). In fact the optimal training
scheme in this case asymptotically uses half the total energy
(η ∗ → 12 ) to estimate the channel coefficients and the M SE
does not decay to zero as can be observed from the proof of
Theorem 3.

(23)
(24)
(25)
(26)

¸
−1

(27)

exponent is investigated by plotting the cut-off rate in (25).
The cut-off rate is the error exponent at R = 0. For
each scenario, the T at which the maximum is achieved
defines Tc . We notice that smaller the Tm Wd , smaller is
Tc . For fixed Tm Wd , Tc decreases as we decrease δ (sparser
channels). The error exponent behavior in these plots is the
result of a fundamental tradeoff between channel estimation
performance and the inherent level diversity in the channel
that manifests as we vary δ or T in all of the above plots.
W = 100 MHz, T = 0.1s, Tm = 1 µs, Wd = 100 Hz, δ = [0.1:0.1:1]
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B. Learnability vs. Diversity Tradeoff
In this sub-section, we present numerical results to illustrate the main result of this work, which is a fundamental
tradeoff between channel learnability and diversity in sparse
channels. Figure 4 illustrates the effect of sparsity and compares the error exponent for a family of sparse channels and
for the rich channel using the training-based communication
scheme. The corresponding curves with perfect CSIR (as
in Fig. 2) are also shown for reference. For clarity, the
exponent is drawn on a log scale. It is observed that for
any fixed transmission rate, the error exponent increases as
the channel gets sparser, peaks at a particular value of δ,
and then decreases as we make δ smaller. The value of δ at
which the maximum occurs is not the same for all rates and
depends on the fraction of Rmax at which we signal.
In Fig. 5 we fix the level of channel sparsity and investigate
the effect of increasing signaling duration, T . Once again
we observe a similar effect: for every transmission rate R,
there is an optimal T that maximizes the error exponent. It is
not beneficial to increase T indefinitely in sparse channels.
As we traverse from Rmax to smaller rates, this optimal T
decreases until we hit a critical duration Tc , that maximizes
the error exponent at R = 0.
We explore this further in Fig. 6 where the effect of
channel spread factor and signal parameters on the error

(22)
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Fig. 4. Ertr (N, R) for a family of sparse channels; Solid lines denote the
perfect CSIR case while dashed lines denote the training-based scheme

It is clear from the plots that for fixed signaling dimensions
there exists a δ ∈ (0, 1) at which Pe is minimum. This is
illustrated in Fig. 7 in which we plot Pe as a function of
δ for the exact same parameters of Fig. 4 and for several
bandwidths. Notice that Pe is minimized at a critical δ = δc
for each W (highlighted for W = 1GHz in Fig. 7). This point
of minimum Pe (or maximum error exponent in Figs. 4, 5,
6) characterizes the tension between two competing effects
(i) channel learnability, quantified in terms of the M SE of
the channel estimates and (ii) the delay-Doppler diversity
afforded by the channel. Wireless channels that are more
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Pe vs. δ that illustrates the learnability-diversity tradeoff
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sparse (δ < δc ) can be estimated better (smaller M SE) than
those that are less sparse (δ > δc ). However, when there is
perfect CSIR, the latter class of channels are more reliable to
communicate over due to the larger number of DoF (as was
illustrated earlier in Fig. 2). The best Pe is obtained when
the two effects are balanced at the optimal value δ = δc . This
value of δc can be derived in terms of the signal parameters
as
log(T P/k)
(33)
δc =
log(T W Tm Wd )
Furthermore, the condition on channel coherence dimension
that defines the optimal tradeoff point can be derived as
summarized in the following theorem.
Theorem 4. For the family of underspread sparse channels, a necessary and sufficient condition that minimizes
the probability of decoding error for the training-based
communication scheme is
k
(34)
Nc =
SNR
Proof. See Appendix B

Theorem 4 provides guidelines for choosing the signaling
parameters that match the behavior of the sparse channel
in order to obtain the best Pe . In particular, the result
says that given a δ, the best Pe is obtained by choosing
δ
signal parameters T ∝ W 1−δ . The result also captures the
fundamental difference between the requirements on channel
coherence for minimum probability of error as opposed to
those for maximizing mutual information [6], [7]. From
a capacity point of view, channel uncertainty is the only
limiting factor. This was quantified in [7, Th. 1] where
k
we showed that with Nc = SNR
µ , first order optimality is
obtained for µ > 1 and second order optimality is obtained in
addition if µ > 3. The choice of signal parameters is driven
by the requirement to make the cost of channel estimation
as small as possible and the quality of the channel estimates
near-perfect (the conditions of Theorem 3). However, as
far as Pe goes, we have two competing effects. Given a
fixed amount of resources at the transmitter (energy), it is
not necessarily better to aim for arbitrarily good channel
estimation. Peaky signaling schemes of the kind proposed
in [6], [12], although good from a capacity point of view,
certainly do not provide the best Pe . In the context of our
framework, such schemes implicitly fall into the learnabilityenhanced but diversity-limited regime of Fig. 7. However,
as we have seen, the best error performance is obtained by
finding the right balance between learnability and diversity.
C. Energy-per-nat
Most practical communication systems have certain quality of service (QoS) requirements. The primary requirements
are transmission at a specified rate, say r nats/s and with
probability of decoding error guaranteed to be less than
a threshold value, Pe ≤ e−γ (γ−reliability). Furthermore,
delay requirements usually impose a hard constraint on the
codeword duration T . We would like to know what is the
minimum energy-per-nat to satisfy the requirements, given
the channel spread parameters and sparsity δ = δ0 . In other
words, what is the minimum transmit power P required to
ensure γ−reliability, given other system constraints. In the

framework of our analysis, it turns out that minimum energy
is expended when we jointly choose the power-bandwidth
pair (P, W ) so that the system operates at the optimal
tradeoff point. The result is summarized in the following
corollary.
Corollary 1. For communication at r nats/s and a fixed T ,
the choice of the power-bandwidth tuple (P , W ) to achieve
γ−reliability with the least amount of energy satisfies
hγ
i
k
∗
P = Pmin =
+
ρ
r
(35)
log(1 + k2 ) T
µ
¶ µ
¶1
1−δ0
Pmin δ0
1
W = Wcrit =
T δ0 (36)
Tm Wd
k
The corresponding minimum energy-per-nat equals
¶th
µ
i
h γ
k
En
∗
=
+
ρ
N
log(1 + k2 ) T r

(37)

Proof. We provide a sketch of the proof. The result follows
by combining the achievable upper bound to Pe in (22) along
with the requirement for threshold γ−reliability
Pe ≤ e−T W [Er

tr

(N,R)]

A PPENDIX
A. Proof of Theorem 3
To prove the result we will follow the approach of [7, Th.
k
1]. Using Nc = SNR
µ we rewrite

and we want Pe ≤ e−γ

Therefore the choice of P and W should satisfy
£
¤
T W Ertr (N, R) ≥ γ

channel coherence in time-frequency. The main result of
our work is the illustration of a fundamental tradeoff between channel learnability and diversity in sparse wideband
channels. For communication systems with practical delay
and energy constraints, we provided guidelines for choosing
signal parameters to match the channel behavior to obtain
the best tradeoff. Code construction using practical signaling
alphabets and designs based on the insights obtained here
would be a natural extension to pursue.
An assumption inherent in our model is the linear scaling
of channel power with signal space dimensions. We are
currently exploring the effect of sub-linear channel power
growth on capacity and reliability in the light of recent results
[18] that demonstrate the profound impact of channel power
on capacity scaling in MIMO channels. We believe that a
thorough investigation of these factors will ultimately lead to
a better understanding of finite-energy communication [19]
over multipath fading channels.

η∗
(38)

Given the values of Tm , Wd , δ0 and T , and for any fixed
power P , Ertr is maximized under the condition of Theorem
4. This means that we can guarantee γ−reliability with
the least amount of power when we choose (P, W ) jointly
satisfying both (38) and (34) and this leads directly to the
result.
³
´ The corresponding energy-per-nat is obtained by using
En
= PNmin
. For the low rate case of R < Rcr (ρ∗ = 1),
N
0r
the solution gets simplified since equations (35) and (36) can
be easily decoupled.
Communication with reliability greater than or equal to
γ is possible with the least energy-per-nat if we not only
choose P = Pmin as in (35) but in addition also use a
unique W = Wcrit according to (36). If we communicate
at W < Wcrit , we operate in the diversity limited regime at
δ = δ0 and cannot achieve γ−reliability. Similar behavior is
observed when W > Wcrit , this time the system operates
in the learnability limited regime. In either case, we³ require
´
n
P > Pmin at δ = δ0 and signaling takes place with E
>
N
³ ´th
En
.
N
VI. C ONCLUDING R EMARKS
In this paper we used random coding error exponents to
investigate the error probability of multipath fading channels
in the wideband regime. We introduced a sparse multipath
model in which the number of resolvable paths due to
multipath and Doppler shifts scales sub-linearly with the signal space dimensions, as motivated by recent measurement
campaigns. We used orthogonal STF signaling waveforms
for communication that maps sparsity in delay-Doppler to

K2

=
=

K1 K2 ,
·q
1+

K1 =

SNRµ−1 (kSNR+k−SNRµ )
k(k−2SNRµ )

¸

kSNR1−µ (k−2SNRµ )
kSNR+k−SNRµ

−1

(39)

1
In order to track the behavior of M SE = 1+E
we study
tr
1−µ
∗
Etr = η Nc SNR = k SNR
K1 K2 . We consider the
asymptotics in either of the following two scenarios: (i) fixed
µ and SNR → 0 (as would be the case if we increase W
and scale T appropriately) (ii) fixed SNR and increasing µ
(for a system with large but fixed W and increasing T ).
The analysis is done over the following three cases: Case 1:
µ < 1, Case 2: µ = 1 and Case 3: µ > 1.
Case 1: When µ < 1 we have
¢
Pj=∞ ¡
µ−1 P
i+jµ
K1 = SNRk
i={0,1}
j=0 O SNR
³
¡
¢´
1−µ P∞ P∞
i+jµ
k
K2 =
(40)
i=0
j=0 O SNR
2 SNR

This leads to
η∗

=

Etr

=

1
2
k
2

+

P∞ P∞
i=0
1−µ

SNR

which implies that η ∗ →
Case 2: When µ = 1
K1

=

K2

=

j=2 O
P∞
+ i=1

1
2

¡
¢
SNRi+jµ
¡
¢
P∞
i+jµ
(41)
j=1 O SNR

and M SE → 1.

1
+ o (SNR)
k
³p
´
1 + k + o (SNR) − 1

The above relationships imply that
µ√
¶
1+k−1
∗
η →
k
³√
´
Etr →
1+k−1
or

M SE → √

(42)

1
(43)
1+k

Case 3: For µ > 1, K1 is the same as in (40) but the
asymptotic expansion for K2 is
√
1−µ
K2 = k SNR 2 − 1 + o(1)
(44)
It is easy to see in this case that η ∗ → 0. Similarly it follows
that Etr → ∞ and so M SE → 0.
B. Proof of Theorem 4
We prove the result for the simple case of low rates
(R < Rcr ) for which ρ∗ = 1. The proof for the general
case follows by similar arguments. For fixed T and W ,
finding the minimum Pe is equivalent to maximizing the
exponent in the Pe upper bound of Theorem 2 which
equals T W Ertr (N, R) = T W Eotr (N, ρ) − T W R. Since we
consider transmission at a fixed rate, the maximization is just
over the first term, which using (30) equals
Ã
¡
¢!
(Nc − 1) K ∗ 1 − (K ∗ )1−²
TP
T1 =
log 1 +
Nc SNR
2
=

TP
log (1 + L)
Nc SNR

(45)

P
and we define L =
where we have used SNR = W
(Nc −1)K ∗ (1−(K ∗ )1−² )
. First we focus on the term K ∗ . Using
2
k
Nc = SNRµ , we get the following asymptotic expansion that
follows directly from [7, Th.1]
³
´
K ∗ = SNRmax(1,2−µ) + o SNRmax(1,2−µ)
(46)

Now we consider the low SNR asymptotics of T1 in the
following cases: Case 1: µ < 1, Case 2: µ = 1 and Case 3:
µ > 1.
³
´
Case 1: When µ < 1, K ∗ = SNR(2−µ) + o SNR(2−µ)
which implies
h
³
´i
¡
µ¢
L = k2 1 − SNR
SNR−µ SNR(2−µ) + o SNR(2−µ)
k
h
³
´i
× 1 − SNR(2−µ)(1−²) − o SNR(2−µ)(1−²)
¡
µ¢
= k2 SNR(2−2µ) (1 + o(1)) 1 − SNR
k
h
³
´i
× 1 − SNR(2−µ)(1−²) − o SNR(2−µ)(1−²)
Using the approximation log (1 + L) ≈ L since L → 0, we
get
¡
µ¢
T1 ≈ T2P SNR(1−µ) (1 + o(1)) 1 − SNR
k
´i (47)
h
³
× 1 − SNR(2−µ)(1−²) − o SNR(2−µ)(1−²)
Case 2: In this case K ∗ = SNR + o (SNR) which leads to
¡
¢
L = k2 (1 + o(1)) 1 − SNR
k
´i
h
³
× 1 − SNR(1−²) − o SNR(1−²)
=

k
(1 + o(1))
2

Thus we have
T1 =

µ
¶
TP
k
log 1 + (1 + o(1))
k
2

(48)

Case 3: Once again K ∗ = SNR + o (SNR) which implies
¡
µ¢
L = k2 SNR(1−µ) (1 + o(1)) 1 − SNR
k
h
³
´i
× 1 − SNR(1−²) − o SNR(1−²)
=

k
SNR(1−µ) (1 + o(1))
2

Therefore
µ
¶
TP
k
T1 =
SNR(µ−1) log 1 + SNR(1−µ) (1 + o(1))
k
2
(49)
It can be seen from (47),(48) and (49) that in the limit,
either as SNR → 0 for fixed µ (or) for fixed but small SNR
and increasing µ, the maximum value for T1 is obtained
when µ = 1. This concludes the proof.
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